Compito di
Matematica per le Applicazioni Economiche 2
22 dicembre 2008

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (10)
Si dica per quali valori di a € R il seguente sistema ammette una, nessuna o infinite soluzioni:

T1+ T2 — T3 = 1
221 +3x2 +axz3 = 0
1+ axe + 3$3 = 0
Esercizio 2. (10)
Data la funzione
1:R® — R3, l(xl,xg,xg):( T1 — Zo, To — T3, T3 — T )

a. si verifichi che [ e’ lineare,;
b. si calcoli la matrice A associata a [;
c. si calcoli dimker! e dimIm{.

Esercizio 3. (10)
Dato l'insieme

a. si dimostri che S =[0,1];

b. si dimostri che Int S = (0,1).

Esercizio 4. (30)

a. Si discuta il seguente problema. Per dati 7 € (0,1), a € (0, +00),

max(; )7 u(z)+(1—mu(y) st. y<a— iz

y < 2a— 2z
x>0
y=>0

dove u : R — R ¢’ una funzione C? tale che Vz € R, v/ (2) > 0 e u” (z) < 0.

b. Si dica se esistono dei valori di (7, a) per i quali (x,y, A1, A2, A3, A\g) = (%a, %a,O,/\Q,O,O),
con Ag > 0, ¢’ una soluzione delle condizioni di Kuhn-Tucker - dove A; e’ il moltiplicatore associato
al vincolo j.

c. “Assumendo” che

il primo, il terzo e il quarto vincolo valgano in forma di disuguaglianza stretta,

il secondo vincolo valga in forma di uguaglianza e ’associato moltiplicatore sia strettamente
positivo,

si descriva in dettaglio la procedura per il calcolo dell’effetto di una variazione di a e m sulla
soluzione (z,y) del problema.



Traccia delle Soluzioni del compito del 22 dicembre 2008

Esercizio 1.

xr1 + Ty — X3 = 1
2x1 +3x9 taxs = 0
T +ars+3xz3 = 0
La matrice associata al sistema e’
1 1 -1 1
2 3 a | O
1 a 3 0
1 1 -1
det| 2 3 a :det3a7det2a7det23:
a 3 1 3 1 a
1 a 3

=9-a’—-6+a—-2a+3=—-a’—a+6

_ _ —1+ViF2d _ —145 _
a?+a—-6=0,a= \2/7* 5> = —3,2
Se a = -3,
11 -1 | 1
2 3 =310
1 -3 3 | 0
1 1 1 3
det{ 2 3 0 —det{1 _3]:—6 3=-9+#£0
1 -3 0
Sea=2
11 -1 | 1
23 2 |0
12 3 | 0
1 1 1
det [ 2 3 0| =4-3#0
1 2 0
Esercizio 2.
Data la funzione
1:R® - R3, l(xl,xg,m):(ml*wz, Tg — T3, J?B*I’El)

a. si verifichi che [ €’ lineare,

l(ax + By) = I (ax1 + By1, axs + By, axs + Bys) =

= (aw1 + By — (axa + By2),  (awa+ By2) — (axs + Bys),  (aws + Bys) — (ax1 + By1) ) =
= ( ax1 + By — (w2 + Bya) (axs + By2) — (az3 + Bys) , (axs + Bys) — (x1 + By1) ).
al (2)+6l(y) =a( z1—22, @2—x3, w3—21 )+B( Y1 —Y2, Y2—us, Y—y )=
=(a(@—z)+8W—y2) al@—z3)+06W2—ys) ales—xz1)+Bys—v1))

b. si calcoli la matrice A associata a [

1(1,0,0)0=(1-0, 0 0-1)=(1,0,-1)

1(0,1,0)=(0—1 1-0, 0)=(-1,1,0)

1(0,0,1)=(0 0-1, 1-0)=(0,-1,1)

c. e si calcoli dimker! e dimIm!
1 -1 0

det| 0 1 -1 det[(l) _11}+det{_01 _11}0
-1 0 1



1 -1
det { 0 1 } #0
e dunque dimker! =1 e dimIm! = 2.

Esercizio 3.
Si osservi che

1 1
S= MNneN <_71 + > = [07 1]
n n

a. Mpen (—2,1+ 1) € [0,1]

Vogliamo dimostrare che z € Myen (—2,14+ 1) = 2 € [0,1], ovvero che z ¢ [0,1] = = ¢
NneN (—%,1—!— %), ovvero = ¢ [0,1] = 3n € Ntale che x ¢ (—%,1 + %) : se x < 0 € sufficiente
prendere n tale che x < f%; se x > 1, €’ sufficiente prendere n tale che 1 + % <z

b. [0,1] € Npen (2,14 %) :

Ve e0,1], - <z <1+

Int [0,1] = (0,1).

a. Int [0,1] € (0,1).

Vogliamo dimostrare che z ¢ (0,1) = x ¢ Int [0, 1].

Se x ¢ [0,1], allora = ¢ Int [0, 1], per definizione di Int. Dobbiamo dunque dimostrare che se
x € {0,1}, allora = ¢ Int [0, 1].

Sex=0,Yr>0, -5 €I(0,7)e—5¢][0,1].

Sex=1,Yr>0,14+5cl(l,r)el+5¢[0,1]

b. (0,1) C Int [0,1]

Vogliamo dimostrare che Vz € (0,1) ¢’ un punto interno a [0,1].

Si prenda r = min{z,1 — z}. I (z,r) C [0,1].

e

1. Canonical form.
Per dati 7 € (0,1), a € (0, +00),

MaX(z,y)ck2 mou(@) +(1-muly) st a—lz—y>0 A
20-20-y>0 X
z2>0 A3
y>0 A4

—a_ 1L 9 5
{ ;/_ 2aa _223; , soluzione: [:p = jay= 34

y 27
1.5T
1-
0.5T

0 : , ; .

0 0.5 1 15 5
X




2. The set X and the functions f and g.
a. The domain of all function is R2.
b. X =R2
c. R? is open and convex.
d. Df (z,y) = (7 -u' (z),(1 —7)u (y)). La matrice Hessiana ¢’
m-u (x) 0
0 (1—m)u" (y)

Dunque f, g sono C? e f e strettamente concava e g sono affini.

3. Existence.

C' ¢’ chiuso. Limitato sotto da (0,0) e sopra da (a,a) :

y<a-— %x <a

2¢ < 2a —y < 2a.

4. Number of solutions.

La soluzione e’ unica perche’ f e’ strettamente concava e g; sono affini e dunque concave.
5. Necessity of K-T conditions.

g; sono affini e dunque concave.

z = (30,30)

11 1.1
@—530—30=30>0
2a—2§a—§a=§a>0
%a>0
§CL>O

6. Sufficiency of K-T conditions.

f €’ strettamente concava e g sono affini.

7. K-T conditions.

L(z,y, M, dyma) =mu(@)+(1—mu(y)+XM (a— 2 —y)+ X2 (20 — 22 — y) + A3z + My

7T~u/($)*%)\172>\2+>\3 =0
(1—7T)U/(y)—>\1—)\2+)\4 =

min{/\l,af%xfy} =

min {2, 2a — 2z — y} =

min {3, x} =0
min {\y, y} =0
W'u’(x)—%)\l—2>\2+)\3 =0
(1—7r)u'(a:)—)\1—)\2—|—)\4 =0
a— %x—y >0
A1 >0
prodotto =0
2a —2x —y >0
A2 >0
prodotto =

T >0
A3 >0
prodotto =

Yy >0
Ay >0
prodotto =0

8. "Solve the K-T conditions"



m-u (3a) — 2\, =0
(1—m)u (%a) — X =
a—1%2a—za =0
A1 >0
prodotto =0
2a — 2%@ — %a =
)\2 =0
prodotto =0
ja >0
)\3 =0
prodotto =0
3a >0
)\4 =0
prodotto =0
1 2 9
)\2=§7T-u’ (Ba):(l—w) u <3a> >0
1
57? =1-
™ = g, a € R++
mou'(3a) =2% =0
(=) (2a) ~ Ay =0
a—zr—y >0
A1 -
prodotto =0
2a —2x —y =0
A2 >0
prodotto =
r >0
)\3 =
prodotto =0
Y >0
)\4 =
prodotto =0
mu' () — 20 =0
(I=mu'(y) = A2 =
20 — 22 —y =0
€z Yy Ao T
moul (@) -2 weu(z) 0 2w ()
(I-mu (y) —A2 0 (1-mu'(y) -1 —u(y)
20 — 22 —y -9 -1 0 0
o (2) 0 »
det | O 1-mu(y) -1 | =
-2 —1 0
_ " (1 7T) u’ (y) 1 _ )
= mu’ (x) det ] 0 2det (- mu'(y) —1
=—mu”’ () =41 —-m)u" (y) >0
meu” (z) 0 —2 17 [ W (2)
D(Tl' a) (xaya AQ) = 0 (1 —7T)’U,” (y) -1 —u (y)
— -1 0 O

o o

N OO



Per curiosita’:

m-u'(z) 0 —2 17!
{ 0 1-mu(y) -1 ] =

-2 -1 0
[ -1 2 2u" (y) — 2wu” (y) ]
2 —4 mu' (x)
20 (9) ~ 2w () wi (@) T (o) () — 7 (@) ()

D(ﬂ’,a) (1‘, Y, )\2) =

2 —4 mu” (z)

" (y)(L=m) mu”(z) 7u”(z)u”(y)(1—m)
—u' (x) — 2u’ (y) 4"
2u’ (x) — 4u’ (y) 2mu

20" (y) (1 =m) - (z) + mu” (2) (v’ (y)) 2mu” (z)uw” (y) (1 — )

-1 2 2u” (y) (1 — )
_ 1
—mu' (x)—4(1—m)u' (y)
Yy

— 1
T wu (z)+4(1—m)u’ (y) [



Compito di
Matematica per le Applicazioni Economiche 2
14 genio 2009

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (10)
Discutere al variare di b € R, il sistema

bx +y = b—z
r+by—2 = —y
3z +4y = 2

Esistono valori di b per i quali il sistema ammette infinite soluzioni? In tal caso esplicitare le
soluzioni.

Esercizio 2. (8)

Data la funzione
1:R® =R I (21,20,73) = (1, —Tg, x1 )

a. si verifichi che [ e’ lineare,;
b. si calcoli la matrice A associata a [;
c. si descriva kerl e Im/{.

Esercizio 3. (12)

Si considerino sottoinsiemi di R. Si dimostri la verita’ o falsita’ delle seguenti affermazioni:
a. Unione finita di compatti ¢’ compatta,;

b. Intersezione finita di compatti e’ compatta;

c. Unione infinita di compatti €’ compatta (suggerimento: [0,1] U [1,2]U...U[n,n+1JU...).
b. Intersezione infinita di compatti €’ compatta.

Esercizio 4. (30)

a. Si discuta il seguente problema

max(,,) h(z)+In(y+1) st z+ gé < a,
x 20,

con a € (0,+00), e h: R — R di classe C? e tale che Vz € R, b/ (x) > a%rl e b (z) <0.
b. Si dica se (x = 0,y = a) €’ soluzione del problema per qualche valore dei parametri;

c. Restringendosi all’insieme dei parametri per i quali esiste una soluzione del problema di
massimo con = € (0,a), si studi leffetto di una variazione di a sul valore della coppia (z*,y*)
soluzione del problema.



Traccia delle Soluzioni.
Esercizio 1.

b1 1 | b
1 b+1 -1 | 0
3 4 0 | 2

che sommando la prima riga alla seconda diventa:

b 1 1 ] b
b+1 b+2 0 | b
3 4 0 | 2
b 1 1
detA=det | b+1 b+2 0 |=det| 1 P T2 —upra3p-6=0—2
3 4
3 4 0
Dunque se b # 2, il sistema ammette un’unica soluzione.
Se b= 2, si ha
2 1 1 ] 2
3 4 0 | 2
340 | 2
Dunque il sistema ha come matrice associata
21 1 | 2
34 0 | 2
Poiche’
11
det [ 40 } =—4
il sistema ha oo soluzioni;
y+z = 2-—2x
494 = 2-3z
Esercizio 2. (10)
Data la funzione
1:R® — R3, l(xl,mg,mg):( x1, —xa, 1 )
a. si verifichi che [ e’ lineare;
b. si calcoli la matrice A associata a [;
1 0 O
A=[(0 =1 0
1 0 0

c. si descriva kerl e Im/1.
rank A = 2 e percio’ dimker! = 1. In effetti,

kerl:{x€R3:m1:$2:0}

Esercizio 3. (12)
Sia {K;}!_, una famiglia di compatti.
a. Unione finita di compatti e’ compatta: VERO.



Unione di chiusi €’ chiusa; Vi, 3a;,a; € R tale che Vz; € K;

! "
a; <z < ay

Si prenda ¢ = min; {a}} e a** = max; {a}}. ...

b. Intersezione finita di compatti e’ compatta. VERO.

Intersezione finita di chiusi e’ chiusa e Vi, ﬁ;‘:lKj C K;. ...

Sia {Ka},e 4 una famiglia infinita di compatti. Falso

c. Unione infinita di compatti e’ compatta (suggerimento: [0,1]U[1,2]U..Un,n+1]JU...).
L’insieme suggerito ¢’ I'unione infinita di compatti, ma tale unione ¢’ Ry che non €’ limitato.
b. Intersezione infinita di compatti €’ compatta.

Intersezione infinita di chiusi e’ chiusa e Vi, N1 K; C K. ..

Esercizio 4.

MaX(y y)cRx(~1,400) N (2) +In(y+1) st z+y<a,

0. R x (—1,400) e’ aperto e convesso.
1. Esistenza. L’insieme vincolato non e’ compatto.
2. Forma Canonica.

MaX (g )eRx(—1,400) N () +In(y+1) st. a—x—y>0, 1
x>0, Ay

3. Unicita’.
L’insieme vincolato e’ chiaramente convesso perché’ definito tramite diseguaglianza relative a
C . . . e[ R (@) 0
funzioni lineari. La matrice Hessiana della funzione obiettivo e 0 1 ,
(y+1)?
Dunque la funzione obiettivo e’ strettamente concava e la soluzione e’ unica.

4. Necessita’ delle condizioni di K-T.

Le funzioni vincolo sono lineari e dunque pseudo-concave; (z,y
in forma di disuguaglianza stretta.

5. Sufficienza delle condizioni di K-T.

La funzione obiettivo e’strettamente concava e dunque pseudo-concava e le funzioni vincolo sono
lineari e dunque quasi-concave.

6. Condizioni di K-T.

L(x,y)=xz+In(y+1)+upla—z—1y)+ \x.

)= (%,2) soddisfa i vincoli

min{a —z —y,u} =0
min{z, A} =0

g—g:(): R (z)—p+X=0
_ 1 _
({Ty—():& y+1*,Uz—0
Se (x =0,y = a) si ha
min{0,u}=0=pu>0
min {0, A\;} =0= X, >0
RO)—p+Xr,=0
1
a1 —n=0
Dunque p = T}H e, =—h(0)+ ail < 0, una contraddizione.

[c]
min{a—z —y,u} =0
min{z,\;} =0= X, =0
=0= MWE)—p=0=a—z—-—y=0

— 1 —

SIS



10

Dunque si ha

W(z)—p=
g —H=0
a—z—y=0
R (x) 0 -1
det 0
—1 -1 0

() | =@ - e (o

E’ forse piu’ semplice riscrivere il sistema come segue

1 Ja—
a—z+1

/

B (z)=0
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Compito di
Matematica per le Applicazioni Economiche 2
27 gennaio 2009

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (10)

Dato il sistema lineare
ar—3r+y+z=a—3
3z —y=2
r—ay—3 —y=a—5+z2

dopo averlo riportato in forma normale, discuterlo al variare del parametro a € R. Dire se esistono
valori del parametro per cui il sistema ha infinite soluzioni e, in questo caso, esplicitarle.

Esercizio 2. (8)
Siano dati X C R™ aperto e convesso, le funzioni f : X — R, g : X — R e la funzunione
h : R — R strettamente crescente.
Sia P il problema
maxzex f(x) st g(x) >0

e @ il problema
maxgex h(f(z)) st g(z)=0

Si dimostri che
arg max (P) = argmax (Q)

(Suggerimento: si scriva la definizione di arg max; = €’ ovvio; per dimostrare < si proceda per
assurdo).

Esercizio 3. (12)

Si dimostri la verita’ o falsita’ delle seguenti affermazioni:

a. Esistono insiemi chiusi e convessi e illimitati;

b. Unione di insiemi convessi e’ convessa;

c. f:R—R, f(z)=—|z| ¢ una funzione concava.

Esercizio 4. (30)
1. Si discuta il seguente problema di massimo:
Per dati 7 € (0,1),wq, w2 € Ry 4,

MaX(; y m)er?  xg Tlogz + (1 —m)logy s.t
wy—m-—x>0
wya+m—y >0

Si tralasci il problema di esistenza di soluzione; e’ comunque possibile dimostrare che esiste una
soluzione.

2. Si diano condizioni sui parametri che implicano che tutti i vincoli sono attivi e che i due
moltiplicatori siano uguali.

3. Usando quando detto al punto 2, si calcoli I’ effetto di una variazione di w; sulla soluzione
z* del problema.
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Traccia delle Soluzioni.

Esercizio 1.

ko1 0
A=|1 1 ol,b=]0
1 -1 k 1

detAz—det[i H+det[’f H:—(—k+1)+k2—1:k2+k—2=o

Le soluzioni sono: k = %\/14—78, cioe’, —2 e 1.
Dunque per k # —2, 1, il sistema ammette una unica soluzione.
Per k = -2,
-2 -1 1 | 0
[A]b] = 1 1 0 | O
1 -1 -2 | 1

-1 1

1 0 ] #0, rangoA = 2. Inoltre

Dunque, poiche’ det {

2 -1 1 ] 0
rango[Albl =rango| 1 1 0 |
0 0 0 | 1

o
I
w

Dunque il sistema non ammette soluzioni.
Per k = 1,come sopra rangoA =2 e

o
o
Il
wo

rango [Alb] = rango | 1 1

Dunque il sistema non ammette soluzioni.
Esercizio 2. (10)
Data la funzione

. T3 3 —
[:R>—R 5 l(.’)ﬁl,xg,l‘?,)—( T, —Z2, Tl )
a. si verifichi che [ €’ lineare;

b. si calcoli la matrice A associata a [;

1 0 0
A=]10 -1 0
1 0 0

c. si descriva kerl e Im (.
rank A =2 e percio’ dimker! = 1. In effetti,

kerl:{x€R3:m1:x2:0}

Iml:{LUERngl:IL‘g}

Esercizio 3. (12)

Sia {K;}!_, una famiglia di compatti.

a. Unione finita di compatti €’ compatta: VERO.

Unione di chiusi e’ chiusa; Vi, Ja’, a € R tale che Vz; € K;

1
/ "
a/Z' < ZT; < a/Z'
Si prenda a* = min; {a}} e a** = max; {a}}. ...

b. Intersezione finita di compatti e’ compatta. VERO.
Intersezione finita di chiusi e’ chiusa e V1, N K; CK;. ...
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Sia {Ka},e 4 una famiglia infinita di compatti. Falso

c. Unione infinita di compatti ¢’ compatta (suggerimento: [0,1]U[1,2]U..Un,n+1]JU...).
L’insieme suggerito ¢’ I'unione infinita di compatti, ma tale unione ¢’ Ry che non €’ limitato.
b. Intersezione infinita di compatti €’ compatta.

Intersezione infinita di chiusi e’ chiusa e Vi, N1 K; C K. ..

Esercizio 4.

1. OK

2. Esistenza ...

3. Forma canonica.

MAX (7,4 m)eR2 , xR T logz + (1 —7)logy s.t
wr—m—x>0 A
wy+m—y=>0 Ay

2. Unicita’.
La funzione obiettivo e’ strettamente concava ... e i vincoli sono lineari.
3. Necessity of Kuhn-Tucker conditions.

Le funzioni vincolo sono lineari o concave. Si scelga (z, y, m)+Jr = (%7 =, 0) .
4. Sufficiency of Kuhn-Tucker conditions.
OK
5. Condizioni di Kuhn-Tucker.
D,L=0= %—)\m:O
DyL=0= “5-XA=0
DpL=0= —X+X,=0
min ...
min

6. Soluzioni.

I vincoli sono chiaramente attivi. A\, = Ay = A > 0.
wi—m—xz=0

{ wy+m—y=0
wp—m—5=0

{ wg—i—m—l_T’T:O

{ wy, — g = —wq + 17771—

w17§:7w2+177”.
1

T witws
m=w;, — 7 (wy + ws)
x =7 (wy + we)
y=(1-m) (w1 +ws)
Il calcolo delle derivate ¢’ immediato.
Applicazione del Teorema della funzione implicita (e’ sufficiente impostare i calcoli).
Sia F' la funzione definita dal lato di sinistra delle condizioni di K-T del problema:
T—-X=0
Ex ), =0
A+ Ay =0
wp—m—x=0
we+m—y=20
Il risultato voluto si ottiene dalla seguente espressione:

* * * -1
D(Tr,wl,wg) (:E Y ,m ): [D(:v,y,m)F(xayamaﬂ-vwlan)] D(Tr,wl,wg)F(x7y7m77raw1aw2)
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Compito di
Matematica per le Applicazioni Economiche 2
10 febbraiuo 2009

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (10)
Si discuta il seguente sistema al variare del parametro a € R:

1 0 —a 0
l1—a 0 a | a
1 a —1 1
1 0 -1 0
Esercizio 2. (8)
Si consideri la funzione f: R — R,
1 se z#0
fz) =
0 se z=0

Si verifichi per tale funzione che e’ falsa la seguente affermazione
per ogni insieme A aperto, si ha che f~' (A) e aperto

(il che dimostra che f non e’ continua).
Esercizio 3. (12)
Dato n € N\ {0}, e la funzione

[:R" — Rn727 l((l‘,):lzl) = ( L1y oo Tp—3, Z?:l ZT; )

a. si verifichi che [ ¢’ lineare;

b. si calcoli la matrice A associata a [;

c. si dia una base di ker! e Im/.

Suggerimento. Si usi il seguente fatto: per trovare una base di Im [, e’ sufficiente considerare un
sottoinsieme di vettori linearmente indipendenti dei vettori colonna di A, sottoinsieme di cardinalita’
uguale alla dim Im [.

Esercizio 4. (30)
1. Si discuta il seguente problema di massimo:
Per dato a € R4 4,

MaX(z,y)er? Inz+Iny s.t. —1"”? fé/?jLaz 0 A
7%7%4’&20 )\2
z—a>0 I
y—az=>0 thy

2. Si calcoli I’ effetto di una variazione di a sulla soluzione z* del problema.
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Traccia delle Soluzioni di alcuni esercizi.
Esercizio 1.
Si discuta il seguente sistema al variare del parametro a € R:

1 0 —a 0
l1—a 0 a | a
1 a -1 1
1 0 -1 0
Soluzione.
1 0 —a O
l1—a 0 a a
[A (CL) |b (0’)] - 1 a _1 1
1 0 -1 0
1 0 —a O
det [A (a) |b(a)] = det I=a 0 aay
0 a 0 1
1 0 -1 0
a0 4 L0 L
det =—adet| 1—a a a | =da’det =
0 a 0 1 1 10 1 -1
1 0 -1 0
=a*(-1+a).
Dunque, il sistema non ha soluzioni per a € R\ {0, 1}.
Caso a = 0.
1000 1 0 0 O
1 0 0 O
rango | o o g 1 | =rango 00 0 1]|=
10 -1 0 1 0 -1 0
1 0 O
=rango| 0 0 1 | =3 (1)
1 -1 0
1 0 0
1 0 0 1 0 0
rango 00 o0 = rango 10 —1 =2
1 0 -1

e il sistema non ha soluzioni.

Ovviamente si poteva concludere che il sistema non ha soluzioni dal fatto che dalla seconda riga
della matrice in (2) si ha che il sistema e’ equivalente a un sistema contenente la equazione 0 = 1.

Caso a = 1.

-1

L0 0 00 1 1
00 1 1
rango =rango| 0 1 0 1 | =3
0 1 L 10 -1 0
10 -1 0
0 0 1
rango| 0 1 0 =3
1 0 -1

e dunque il sistema ammette un’unica soluzione.

Esercizio 4.
Analizziamo solo il caso a = 1.
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Max(; ,)er? Inz+1Iny s.t. —L X 4+1>0 A

_3% - ;TUO +1>0 A2

z—1 > 0 jis

y—12>0 Hy

y

62.5
507
37.57
25]
12.5]
0

1. Esistenza.

2. Unicita’.

L’insieme vincolato e’ convesso. La matrice Hessiana della funzione obiettivo.
e7
1
-4 0
0 _ 1
y2

e dunque, poiche’ I’'Hessiano e’ negativo definito, la funzione obiettivo e’ strettamente concava.
Dunque la soluzione e’ unica.
3. Forma canonica.

max(, yepz, mr+hy st —H-H+H1=20 N
—Z L 4+1>0 A
.%'—120 jus
y—1>0 Lhy

4. Necessita’ delle condizioni di Kuhn-Tucker.

I vincoli sono lineari e dunque pseudo-concavi. Si prenda (z*+, y*t+) = (2,2) :

30 s T l=1s

5. Sufficienza delle condizioni di Kuhn-Tucker.

La funzione obbiettivo e’ strettamente concava e dunque pseudo-concava. I vincoli sono lineari
e dunque quasi-concavi.

6. Funzione Lagrangiana e Condizioni di Kuhn-Tucker.

L2,y A, Moy iy o) =Inz+Iny + X - (=75 — & +1) +

o (g =5+ 1) Fp, (@ —1) +p, (y—1)

D,L=0= %—H%Al—%o&jwm:o

Dy£:0:> 5_@)\1_%>\2+My:0

min {— % — &% +1,M} =0

min{z —1,pu,} =0

min {y - l,uy} =0.

Sulla positivita’ dei moltiplicatori. Si congetturi che u, = By =0, A1, A2 > 0.
D,L=0= - L)\ —LX=0

T
DyAC:Oi %—&)\1—3*10)\2:0
%5 e+t1=0

35— 35 +1=0



{

—%P—%%Jrlzo ’
_E—E‘Fl:o

§ )

Solution is : {y = 24,z = 6}

=0
21 ~ g0 g2 =07

Solution is : {Xo = 3, X\

3
2

}.
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Compito di
Matematica per le Applicazioni Economiche 2
6 marzo 2009

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (10)
Si discuta il sistema

A(k)-z=0b(k)
al variare del parametro k € R, dove
1 0 —k 0
| 1-k 0 &k |k
A (k) = 1 -1 ) b (k) = 1
1 0 -1 0

Esercizio 2. (10)

Si discuta la verita’ o falsita’ delle seguenti affermazioni:
1. Un insieme chiuso e convesso e’ compatto.

2. {z € R:0 <z <1} ¢ un insieme convesso.

3. La seguente funzione e’ concava: f: R — R,

0 se <0

f(x) =

x se x>0

Esercizio 3. (8)
Dato n € N\ {0}, z = (2;)]"_, e la funzione

fiR" =R f(z)= D T
T —+ T — Z?:?, xX;

a. si verifichi che [ €’ lineare;
b. si calcoli la matrice A associata a [;
c. si dia una base di kerl e Im .

Esercizio 4. (30)
1. Si discuta il seguente problema di massimo:
Per dato k € (1,+00),

m(l+2)+m@2+z+y)+In(l+2) st.  22+y2+22<1
x>0
y=>0
z>0

My y,2)e(~ 4 +00)°

Non si calcolino le eventuali soluzioni (z*,y*, z*). Si dica solo se e’ possibile averne una in cui
*
z* = 0.
2. Si calcoli I’ effetto di una variazione di k sulla soluzione z* del problema.

Esercizio 3.

,_.
oxoco
|
L=
R )
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1 0 -k 0
1-k 0 k &k
det [A (k) |b (k)] = det 0 PR
1 0 -1 0
1 0 -k 0
1 -k 0
T e AL [P B A A A R I
0 k 0 1 0 1 -1
1 0o -1 0
=k (-1+k).
Dunque, il sistema non ha soluzioni per k € R\ {0, 1}.
Caso k = 0.
1 0 0 O 10 0 o0
1 0 0 O
rango =rango| 0 0 0 1 | =
00 0 1 10 -1 0
10 -1 0
1 0 0
=rango| 0 0 1| =3 (2)
1 -1 0
10 0
10 0| Lo oo0)_,
rango | o g | =rengo| | o | =
1 0 -1

e il sistema non ha soluzioni.
Ovviamente si poteva concludere che il sistema non ha soluzioni dal fatto che dalla seconda riga

della matrice in (2) si ha che il sistema e’ equivalente a un sistema contenente la equazione 0 = 1.
Caso k = 1.

10 -1 0 00 1 1
00 1 1
rango =rango| 0 1 0 1 |=3
0 1 1 1 0 -1 0
1 0 -1 0
0 0 1
rango| 0 1 0 =3
1 0 -1

e dunque il sistema ammette un’unica soluzione.
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Compito di
Matematica per le Applicazioni Economiche 2
22 aprile 2009

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (10)
Si discuta il seguente sistema al variare del parametro a € R:

r—ay+z=a
20 +y+az=0
3r—y+3z=a

Esercizio 2. (10)
Si discuta la verita’ o falsita’ delle seguenti affermazioni:
1. 1 € un punto di accumulazione per I'insieme

1
{mER:HneNtalechele—i—(—l)”3n}

2. {x ¢ R:z >0} ¢’ un insieme convesso, chiuso e limitato.
3. La seguente funzione e’ concava: f: R — R,

f(z)=
1+x se >0
Esercizio 3. (8)
Data la funzione
l:R* > RY, I(x1, 22,23, 24) = ( —Z1, +T2, —T3 +4 )

a. si verifichi che [ e’ lineare,;
b. si calcoli la matrice A associata a [;
c. si descriva kerl e Im1.

Esercizio 4. (30)
1. Si discuta il seguente problema di massimo:
Per dati a,b,c € (0, +0),

ming, ,yer2 ax? + 2 s.t. Yy > %IE +2
y>—2z42

Non si calcolino le eventuali soluzioni (x*, y*).

2. Usando il teorema della funzione implicita, si calcoli I’ effetto di una variazione di b sulla
soluzione x* del problema, assumendo che il moltiplicatore associato al primo vincolo sia stretta-
mente positivo e che il seconodo vincolo valga in forma di disuguaglianza stretta.



0.87
0.67
0.47

0.27

0

-075 -0.5 -0.25
-0.27

-0.47
-0.67
-0.87

—2x+2

2.5 5
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Compito di
Matematica per le Applicazioni Economiche 2
9 giugno 2009

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (10)

Dato il sistema lineare
ar—3z+y+z+3=a
3z —y =2
r—ay+3y—z+5=a

dopo averlo riportato in forma normale, discuterlo al variare del parametro a € R. Dire se esistono
valori del parametro per cui il sistema ha infinite soluzioni e, in questo caso, esplicitarle.

Esercizio 2. (10)

Si dimostri la verita’ o falsita’ delle seguenti affermazioni:

1. 1 € un punto di accumulazione, interno e di frontiera per N.
2. Se un insieme e’ chiuso, allora €’ limitato.

3. Il seguente insieme €’ chiuso

{x = (z;);, €R™: Z (z:)° > 1}

i=1

Esercizio 3. (10)
Data la funzione

LRY = R%, I(z,20,33,24) = (21 +22 a1+22+233 a1+ a2+a3+as)

a. si verifichi che [ e’ lineare,;
b. si calcoli la matrice A associata a [;
c. si descriva kerl e Im.

Esercizio 4. (30)
1. Si discuta il seguente problema:

ming ,er2  pr+y s.t. u(z)+v(y) >a

dove p,a € (0,400), u,v: R - R, V,z,y € R, v/ (x) > 0,u” (z) < 0,7 (y) > 0,v" (y) < 0. Per
semplicita’, si assuma l’esistenza di soluzione.

2. Usando il teorema della funzione implicita, si calcoli I’ effetto di una variazione di p sulla
soluzione x* del problema, assumendo che il moltiplicatore associato al primo vincolo sia stretta-
mente positivo.
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Compito di
Matematica per le Applicazioni Economiche 2
25 giugno 2009

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (10)

Dato il sistema lineare
c+y+226—-22=6—-4p0
2280 —-2x4+3y+z28—2=3
—x+2z=-5

dopo averlo riportato in forma normale, discuterlo al variare del parametro 3 € R. Dire se esistono
valori del parametro per cui il sistema ha infinite soluzioni e, in questo caso, esplicitarle.

Esercizio 2. (10)

Si dimostri la verita’ o falsita’ delle seguenti affermazioni:

1. Se z € un punto interno di A C R, allora x ¢’ un punto di accumulazione per A .
2. Se un intervallo €’ aperto e limitato, allora ha frontiera non vuota.

3. Data la funzione f: R — R, il seguente insieme e’ aperto

{z=R: f(z)>1}

Esercizio 3. (10)
Data la funzione

LR >R, I(z1,20,23) = (21— 22— 23 —1 4+ 29 + 23 z1 )

a. si verifichi che [ e’ lineare,;
b. si calcoli la matrice A associata a [;
c. si descriva kerl e Im{.

Esercizio 4. (30)
1. Si discuta il seguente problema:

max(;yerz u(r)+v(y) st r+y>a
z>0
y>0

dove a € (0, +00), u,v: R — R, ¥, 2,y € R, o/ (z) > 0, (z) < 0,2/ (y) > 0,0 (3) < 0.

2. Usando il teorema della funzione implicita, si calcoli I’ effetto di una variazione di a sulla
soluzione (z*,y*) del problema, assumendo che i moltiplicatore associati al secondo e terzo vincolo
siano strettamente positivi.
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Compito di
Matematica per le Applicazioni Economiche 2
10 luglio 2009

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (10)
Dire quale condizione devono verificare i parametri a,b € R affinche il sistema

x4y =b+z
—r+4dy+z =a—y
—z+1Ty+2 =a-—b
sia compatibile (ossia ammetta almeno una soluzione). Specificare un caso in cui tale condizione ¢
soddisfatta e determinare le soluzioni esplicitamente.
Esercizio 2. (10)
Si dimostri la verita’ o falsita’ delle seguenti affermazioni:
1. Se z €’ un punto isolato di A C R, allora x ¢’ un punto di frontiera per A .
2. Se un insieme contiene infiniti punti, allora contiene almeno un punto di accumulazione.
3. Data la funzione continua f: R — R, il seguente insieme ¢’ chiuo

{z=R:f(z)+2*>1}

Esercizio 3. (10)
Sia n € N, n > 2. Data la funzione

[:R" — R3, L)) = ( X 1 z3 )

a. si verifichi che [ €’ lineare,;
b. si calcoli la matrice A associata a [;
c. si descriva kerl e Im1.

Esercizio 4. (30)
1. Si discuta il seguente problema:

max(y y)er2 PT + qY s.t. G (z,y) >0
dove p,q € (0,+0) e G:R? =R, G e C?,Y(x,y) € R?, DG (v,y) <0, D2G (x,y) € negativa
definita. Si tralasci il problema di esistenza
2. Usando il teorema della funzione implicita, si calcoli I’ effetto di una variazione di ¢ sulla
soluzione (z*,y*) del problema.
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Compito di
Matematica per le Applicazioni Economiche 2
10 settembre 2009

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (10)
Discutere il il sistema lineare per qualsiasi valore reale del parametro 5:

r+y—z=0-1
r—2y+z28—2=0
3z+y=2

Esercizio 2. (10)
Si dimostri la verita’ o falsita’ delle seguenti affermazioni:
1. Se z € un punto interno di A C R, allora x ¢’ un punto di frontiera per A .

2. Se un sottoinsieme di R €’ inferiormente e superiormente limitato, allora a. e’ chiuso e b. ¢’
convesso

3. Data la funzione f: R — R, il seguente insieme e’ chiuso

{x=R: f(z)>1}

Esercizio 3. (10)
Data la funzione

ZZR3—>R2, l($1,$2,$3):(I1+JE2+I3 71‘1727273?3)
a. si verifichi che [ e’ lineare,;
b. si calcoli la matrice A associata a [;
c. si descriva kerl e Im .
d. Si dica se
l:R?> - R?, l(a:,y):(x-l-y x2)
e’ lineare.

Esercizio 4. (30)
1. Si discuta il seguente problema:

MAX (5y,2)ERY | Inz+alny
s.t.
z+2<b

y<f(2)

dove a € (0,1),b € Ry . Si tralasci il problema di esistenza di soluzione.

2. Usando il teorema della funzione implicita, si calcoli I’ effetto di una variazione di b sulla
soluzione (x*,y*,2z*) del problema, assumendo che i moltiplicatori associati al primo e secondo
vincolo siano strettamente positivi.
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Compito di
Matematica per le Applicazioni Economiche 2
14 dicembre 2009
(programma anno 2009-2010)
FAC-SIMILE

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (6) (Esercizio 18, capitolo2)

Show that

a.

V = {(z1,22,23) €R®:z1 + 22 + 3 =0}
is a vector subspace of R3;

b
S ={(1,-1,0),(0,1,~1)}

is a basis for V.

Esercizio 2. (6) (Ultimo esempio del Capitolo 6)
Si consideri il sistema Az = b, dove

E—+v3 1 —V/3
A= 0 1 5 b= —k ’
-2 1 0

e z ¢ il vettore di variabili incognite. Si dica per quali valori di £ € R, il sistema ammette
soluzioni.

Esercizio 3. (6) (Esercizio 7, capitolo 7)
Dato

S = {xER:HnEN\{O} tale che z = i}u[l,Z]U{S}

si dimostri che
a. 0 non e’ un punto interno per .S;
b. 0 € un punto di frontiera per S.

Esercizio 4. (6) (Esercizio 6, capitolo 10)
Compute total derivative and directional derivate at xg in the direction w.

1

1 -1
og o + ogx
6 g T2 9 g L3

1
f:R3, =R, f(x17x27x3):§10gw1+

o= (1,1,2), u = % (1,1,1).

Esercizio 5. (6) (Esercizio 354)
Given the utility function f : R2++ — R,

f(z,y) ==y

compute the Marginal Rate of Substitution in (zg, yo).
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Compito di
Matematica per le Applicazioni Economiche 2
14 dicembre 2009
(programma anno 2009-2010)

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (6)
Data la funzione lineare

iR 5 RY ly(wy,30) = (21, @1+@2, @1 -T2, —11 )
si calcoli ker/ e Im 1.

Esercizio 2. (6)

Dato il sistema lineare
dr+2z=1

r+ay=1
ar—3y+z2=0

dopo averlo riportato in forma normale, discuterlo al variare del parametro @ € R. Dire se
esistono valori del parametro per cui il sistema ha infinite soluzioni e, in questo caso, esplicitarle.

Esercizio 3. (6)
Usando la caratterizzazione di funzione continua in termini di insiemi chiusi, si verifichi che la
seguente funzione non €’ continua:

1 se <0
fR—R, f(x) =
-1 se x>0.
Esercizio 4. (6) Siano date le funzioni differenziabili

g:R—=>R, z1-g(21)

f:R* = R? f(z,20) = (g(x1), 21 + 22)

h:R2_>R27 h(ylva): (ezylayl'yQ)

Se possibile, si calcoli il differenziale di h o f.

Esercizio 5. (6)
Siano date la funzione di utilitita’ u : R — R, x — u () di classe C" e tale che Vz € R, v/ (x) > 0
e la probabilita’ m € (0,1). Si definisca

U:R* =R, (z,22) =7 u(z)+(1—7)-u(@).

Si calcoli il saggio marginale di sostituzione in un punto arbitrario.
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Compito di
Matematica per le Applicazioni Economiche 2
13 gennaio 2010
(programma anno 2009-2010)

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (6)

Si dica se i seguenti insiemi sono sottospazi di R™, con n € N\ {0}

a.
{xeR”:ZmiZO},
i=1
b. n
{xER":Zazizl},
i=1
c.

1
R™ : — =0
{:c € Z = } )

dove z = (z;);_, -

Esercizio 2. (6)

Data la funzione lineare

LR* R, [(z)=(=z 0, 0)

conn € N\ {0} e z = (z;);—_, € R", si calcoli ker[ e Im .

Esercizio 3. (6)
Discutere al variare di b € R il sistema

r—by+z+t = 0
r+y—z—t = b
3z 4y = 2
Esercizio 4. (6)
Sia
f:R? SR, f(z,y) =2%+e” —cosy
e

S ={(z,y) eR*: f(x,y) > 3}.
Si dimostri che S €’ un insieme chiuso.

Esercizio 5. (6)
Siano date le funzioni
f:R2 =R, f(zx,z2) =e" +siny

2
. 2 . 22+ z
g:R— R?, g(z)—<2008Z>

Se possibile si calcoli la derivata direzionale di h = g o f nel punto (0, 0) nella direzione (1, 1).

Esercizio 6. (6)
Si consideri la funzione

7Ry = R m(x) =pf(x) — wx

con f: Ry, — R diclasse C? e tale che Vo € Ry, f'(z) > 0 and f” (z) <0,

p,w € Ry4 (7 € una funzione di profitto).

Assumendo che il massimo globale di 7 esista e sia unico, si scriva ’equazione che lo caratter-
izza. Come varia la soluzione al variare di p? (ovvero, il profitto aumenta se aumenta il prezzo
dell’output?).
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Compito di
Matematica per le Applicazioni Economiche 2
10 febbraio 2010
(programma anno 2009-2010)

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (6)

Si dica se le seguenti afferamzioni sono vere o false. Si motivino le proprie risposte, anche citando
precisamente risultati contenuti negli appunti del corso.

Sia data una funzione lineare [ : R™ — R™.

1. Se m = n, allora dimker! =0 < dimIm! = n.

2. Se m > n, allora dimker/ > 0.

3. Sem=nedimlm!=n—2, allora Vb € R", 3z* € R™ tale che | (z*) = b.

Esercizio 2. (6)

Siano dati gli spazi vettoriali U e V. Si dica se le seguenti funzioni sono lineari e in tal caso se
ne calcoli ker e Im. Si motivino le proprie risposte, anche citando precisamente risultati contenuti
negli appunti del corso.

1.L:U—-V,VuelU,l(u) =

2. l:U—-V,YuelU,ly(u)

3. l:U—-UYueU,lz(u)

Esercizio 3. (6)

Discutere al variare di a € R il sistema

a l1l—a a—2 -—a z | | 2a+1
—-a a 2a 3 y | | 3a+1

, dove v* e’un fissato e diverso da zero vettore di V.

0.
Uu.

Esercizio 4. (6)
Dato l'insieme

1 1
S = Npen\{0} (-n, 1+ n) ;

si dica se:

1.0e€8S,

2. 0€ Int S,

3. 1 € un punto di accumulazione di S.
Esercizio 5. (6)

Siano date le funzioni

f:R? - R? f(x,y)z(em—’—y)

eY+ux

g:R=R, zg(x)

h:R— R? h(z) = f(z,9(z))

Si assume che g e’ di classe C?.

a. Si dica cosa €’ il differenziale di h;

b.se possibile, si calcoli il differenziale di h nel punto 0;

c.se possibile si calcoli la derivata direzionale di nel punto 0 nella direzione 1.

Esercizio 6. (6)
Si consideri la funzione

m:Ryy — R, T (y) =py —c(y)

con ¢:Ryy — R diclasse C? e tale che Vy € Ry, ¢/ (y) >0 and ¢’ (y) >0,epe R,y (7€
una funzione di profitto e ¢ €’ una funzione di costo).

Assumendo che il massimo globale di 7 esista e sia unico, si scriva I’equazione che lo caratterizza
e si spieghi perche’ tale equazione ha come soluzione il massimo globale. Come varia la soluzione
al variare di p?
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Compito di
Matematica per le Applicazioni Economiche 2
15 giugno 2010

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (6)

Si dica se le seguenti afferamzioni sono vere o false. Si motivino le proprie risposte, anche citando
precisamente risultati contenuti negli appunti del corso.

Sia data una funzione lineare [ : R™ — R™.

1. Se m = n, allora dimker! =0 < dimIm/ = n.

2. Se m > n, allora dimker[ > 0.

3. Sem=mnedimIml=n—2, allora Vb € R”, 3z* € R™ tale che [ (z*) = b.

Esercizio 2. (6)

Siano dati gli spazi vettoriali U e V. Si dica se le seguenti funzioni sono lineari e in tal caso se
ne calcoli ker e Im. Si motivino le proprie risposte, anche citando precisamente risultati contenuti
negli appunti del corso.

1. lliUHVT,VUGU, ll(u)

2. l:U—=V,YuelU,l(u)

3. l:U—-UNYueU,l;(u)

Esercizio 3. (6)

Si dica per quali valori di a € R, il seguente sistema ammette una, nessuna o infinite soluzioni:

| 2a+1
T 3a+1

, dove v* e’un fissato e diverso da zero vettore di V.

v*
0.
u.

a l—a a—2 -—a
—a a 2a 3

+ e s

Esercizio 4. (6)
Dato l'insieme

1 1
S = Nnen\{o} <_n’ 1+ n) ;

si dica se:

1.0eS,

2. 0€Int S,

3. 1 € un punto di accumulazione di S.
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Esercizio 5. (6)
Siano date le funzioni

f:R? - R? f(m,y)z(em—’—y)

ey +x

g:R—=R, zmg(2)

h:R— R2 h(z) = f(z,g(x))

Si assuma che g e’ di classe C?.

a. Si scriva h in forma espicita, cioe’, in una forma in cui non appaia la funzione f.

b. Si calcoli il Jacobiano di h usando quando ottenuto al punto a. e usando la formula relativa
alle funzioni composte.

Esercizio 6. (6)
Siano date le funzioni, f,g: R,y — R, di classe C? e tali che Vo € Ry,

f'(x)>0, f"(z)<0, g¢(x)<0, g¢"(x)<0.
Sia inoltre data la funzione
h:Riy =R, h:z—(gof)(z).

Assumendo che la funzione h ammette massimo globale, si dica se esiste una equazione che lo
caratterizza, e in caso affermativo si scriva tale equazione.
Si assuma che tale equazione sia

¢(xaa):0

con ¢ di classe C? e tale che per qualsiasi valore di x e a sia W >0e W < 0. Qual €’
Peffetto di una variazione di a sul valore massimo.
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Compito di
Matematica per le Applicazioni Economiche 2
8 luglio 2010

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (6)

Siano dati a € R e la funzione

s ) ar —ay + 2
la.R —>R, (xvyvz)'_)<m+(a+1)y+(a—1)2)

Si calcolino gli insiemi dei valori di a € R tali che:

a. dimkerl, = 0;

b. dimkeri, = 1;

b. dimkerl, = 2

Esercizio 2. (6)

Sia V lo spazio vettoriale di tutte le funzioni f : R — R. Si dica se i seguenti sottoinsiemi di V'
sono sottospazi vettoriali di V:

1. L’insieme delle funzioni derivabili;

2. linsieme delle funzioni non continue.

Esercizio 3. (6)

Si discuta il seguente sistema rispetto al parametro b € R :

r—2y+bz = 2
z — 3y = 3
bx —y = 1

Esercizio 4. (6)
Siano datipy,p2 € R, w € Ry . Sidica se il seguente insieme (di bilancio) e’ chiuso e/o limitato:

{(z1,20) € RY : pray + poxs < w}

Esercizio 5. (6)
Date le funzioni g, h : R — R di classe C?, si calcoli la matrice Jacobiana di

—

FiR SR, f(oye) = (3, gh@) ey, (9@ +h()

Esercizio 6. (6)
Siano dati (i parametri) a,b € R e le seguenti funzioni (rispettivamente, di domanda e di offerta)
di classe C? :
d:Riy =Ry, ped(pa),

s:Ryy — Ryy, p—s(p,b).
Si assuma che Va,b € R, esista una unica soluzione p* (a, b) della equazione (cioe’, un cosidetto
prezzo di equilibrio sul mercato)
d(p,a) =s(p,b).
Si dica sotto quali condizioni e’ possibile calcolare 'effetto di una variazione di @ sulla unica
soluzione p* (a, b).



Esercizio 1.

. a —a 1
dlmkerla—3—rank[1 at1 a—l]

a -a | _ 2 _ _
det[1 a+1]—2a+a.DunqueseaeR\{ 2,0}, rank [l,] = 2.
Se a = =2,

-2 2 1
rank{ 1 -1 _3}22’
Se a =0,

Dunque Va € R, dimker [l,] = 1.

33
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Compito di
Matematica per le Applicazioni Economiche 2
7 settembre 2010

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Esercizio 1. (6)

Si dica se esistono valori di a € R per i quali la seguente funzione lineare

3 9 axry + 2x9 + x3
fR _>]R7 (.’E171L'27:L'3)'—> ( CL.’132+$3

e’ a. iniettiva b. suriettiva c. invertibile.

Esercizio 2. (6)

Si dimostri che {z := (;)!; € R: Vi € {1,...,n} .z, > 0} non e’ un sottospazio vettoriale di R".
Esercizio 3. (6)

Discutere al variare di a € R il sistema

z4+ay—z=0
20 —y—az=a—2
r—3y—z=0

Esercizio 4. (6)
Si dica se esiste una soluzione al sequente problema:
Sia
C:{(z,y)€R2:$2+y2+x§0, x>0, y>0}.
Si trovi (z*,y*) € C tale che V(z,y) € C, f(z*,y*) > f(z,y), dove f € la composizione di
funzioni continue.
Esercizio 5. (6)
Date le funzioni g, h: R — R di classe C?, si calcoli la matrice Jacobiana di

fiR3 - RS, f(x,y7z)=(ef(””+y7 g(h(x) -2, W)

Esercizio 6. (6)
Si consideri la seguente equazione:

I(r,a) = S(rb)

dove I, S : R? — R sono funzioni di classe C? ( I, S, r stanno per Investment, saving e interest
rate). Si assuma che per ogni valore di a, b esiste una soluzione r della equazione, e che le derivate
parziali di ciascuna funzione rispetto a ciascuna variabile sono diverse da zero. Si dica qual €’
leffetto di una variazione di a sul valore della soluzione.
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Compito di
Matematica per le Applicazioni Economiche 2
25 gennaio 2011

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Exercise 1. (7)

Say if the following statement is true or false.

Let V and U vector spaces on R, W a vector subspace of U and [ € £ (V,U). Then [~ (W) is
a vector subspace of V.

Exercise 2. (7)

Say for which values of «, § € R the system below admits one, none or infinite solutions.

where

B
«
2
Jr

B a+

Exercise 3. (7)
Given n € N and n > 2,find a basis for ker/ and Im[ if [ : R® — R™+!

H(z) = (z,71)
where, as usual, z := (z;);_; € R™.
Exercise 4. (7)
Let the following differentiable functions be given:
fiRP =R (z1,22,23) — f (21,72, 23)

g:R¥ =R (1,22, 23) — g (21,22, 73)

f (xlana 1:3)

a:R3 — R3, (1,22, 23) — g (w1, 22, 73)
T
b:R? — R2, oys) o 9 WY 08)
(yl Y2 y3) ( f(ylay27y3)

Compute the directional derivate of the function b o a in the point (0,0,0) in the direction
(1,1,1).
Exercise 5. (7) Let the following C? functions be given:

f:R* =R (,y) = [ (2,9)
9:R*—>R (z,y) = g (z,y).
Assume that V (z,y) € R?,
6fé(;;,y) >0 aféﬂ:,y) <0 ng;,y) >0 89(89;711) <0
and that Vk € R, the level curves

f(x,y)—l—g(x,y)—k;zo

are well defined.
Say under which condition it is possible to compute the slope of a level curve in the point
(z0,y0). Say if its sign is not ambigous.
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Sketch of the solutions.

Esercizio 1. (7)

Say if the following statement is true or false.

Let V and U be vector spaces on R, W a vector subspace of U and [ € £ (V,U). Then [~ (W)
is a vector subspace of V.

Solution.

We want to show that

1L.oelt(w),

2. Va, 8 € R and v!,v? € 71 (W) we have that av! + Bv? € 71 (W).

1.
leL(v,U) . W vector space

1(0)

2.Since v!,v? € 71 (W),
I(v'),1(v?) e W (3)
Then
l (avl + ﬂvQ) L) al (ful) + Bl (v2) (é) w

where (a) follows from (3) and the fact that W is a vector space.
Esercizio 2. (7)
Say for which values of «, § € R,the system below admits one, none or infinite solutions.

A(a7ﬁ)~m:b(a,ﬁ)

where
1 o B
_ o 0 _ «
Ao, p) = 9 9 , b(a, ) = 9
a+l a+p a+p
Solution.
~ means equivalent to.
1 « I5) 1 « 153
«a 0 «a | « 0 «a
2 2 2 Tl 1 1
a+l a+f8 a+p 1 a+p pB
1 a B
det | @ 0 a|=af—a=a(f—-1)
1 1 1
1. If @ #£ 0 AB # 1, then the system has no solutions.
2. If @« =0, then we have
10 10 8
0 0
11 ~|[1 1 1
1B 0 8 0

B
0
1
B
10 8

det| 1 1 1| =8(B-1)
03 0

2i. f a =0 AB # 0A B # 1, then the system has no solutions.
21ii. If =0 AS = 0,then we have

1 00 10 0
1 1 1|~ 01 1
0 0 O

and the system has a unique solution.
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2 iii. If « = 0 AB = 1,then we have

1 0 1 1 0 1
11 1]~|101]~ { é (1) (1) ]
0 1 0 01 0
and the system has a unique solution.
3. If « £ 0 AB =1, then we have
1 « 1 1 a1 1 « 1
« 0 al|l |a 0 af |« 0 «
1 1 171 1 1710 1-a 0
1 a+1 1 0 a O 0 o 0

whose rank is at most 2, since the first and the third columns are equal. Then, since
1 « 2
det { o 0 } = —a“ #0,

the system has a unique solution.

Summarizing,

if (a#0NB#L1)V(a=0AL#0AS #1),then the system has no solutions; otherwise, the
system has a unique solution.

Esercizio 3. (7)

Given n € N and n > 2,find a basis for ker! and Im/{ if [ : R» — R™+1,

! (Z‘) = (l’, 331)
where, as usual, z := (z;);_, € R™.
Solution.
I
] = { " } .
10...0 (n+1)xn
Then

dimIm! = rank [l] =mn,

and a basis of Im! is the set of column vectors of [I]. Moreover, from the Dimension Theorem,
dimker! = 0.

Esercizio 4. (7)
Siano date le seguenti funzioni tutte differenziabili

f:R* =R (z1,22,23) = f (21,72, 73)
g:R3—>R (x1,2,23) — g (1,22, T3)

f (])1,1‘2, x3)

a:R3 —>R3, (.Tl,.’lﬁg,xg) — g(mla$2,1’3)
T

b:R3 — R2 s) 9 (y1,92,93)

) (Y1,92,93) < (1,92, 93)

f(y17y27y3) f(f (‘TlvxZuxB) (fEl,.’EQ,.’Eg 1'1)
Si calcoli derivata direzionale della funzione b o a nel punto (0,0, 0) nella direzione (1,1, 1).

Solution.

)

boa() = ( 9 (1,92, 3) ): ( g (f (z1,22,23),9 (1’1,1’2,$3;,(£1) >

D (b0 ) () = Dyb (y) )y —ae) - Dra ().

ly=a(z)
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_ | Dyg(y) Dyg(y) Dyg(y)
PO =1 Dof W) Duf@ Duf®) |,
Dzlf(x) szf(x) Dmf(x)
Dya(x) = | Dyyg(x) Dayg(x) Daiyg()
1 0 0
D, (boa)(x) =
Dz1f($) Dzzf(x) D
Dy1g(f (x),g(a?),asl) Dyzg (f (x)’g(m)wml) y39 (f (.’L‘) (CI?),.’)Sl) z x
R I AR B el Dag (&) Deat(z) Dent

p Dy, f Dayf Dy f
f Dyyg Diyg Desg | =
s 1 0 0

|: Dylg DT1f+Dy2.gDT1g+Dysg Dy1g DT2f+Dy2.g D”ﬂzg Dy1g DT3f+Dng Dng:|
Dylf belf+Dy2f DI19+Dysf Dylf Drzf—’_Dyzf Dfﬂzg Dy1f DI3f+Dyzf Drsg

Exercise 5. (7) Let the following C? functions be given:

f:R?=R (z,y) = [ (z,y)
g:R* >R (z,y) — g (z,y).

Assume that V (m, y) S RZ,
Af(z,y) 0 Af (z,y) 0 Ag(z,y) 0 dg(z,y) 0
ox > oy =< 8a:J > ByJ <

and that Vk € R, the level curves

f(@,y)+g(z,y)—k=0

are well defined.
Say under which condition it is possible to compute the slope of a level curve in the point

(z0,y0). Say if its sign is not ambigous.
Solutions.
of (x, 9g(x,
dy _ TR 2R (1)

dr Gfg;’y) + 89((92@/) (-)

f (fEl,.’EQ,.’Eg)

a:R®—R3, (1, 22,23) — | g (21,22, 23)
T

bIR3—>R2, , , s ( g(ylayQ,yB) )
(1,42, y3) I (W1, 92,93)
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Compito di
Matematica per le Applicazioni Economiche 2
22 febbraio 2011

Avete due ore e mezzo a disposizione. Il numero accanto a ogni esercizio indica il punteggio
ottenibile in caso di risposta corretta. Spiegate con molta cura le vostre risposte.

Exercise 1. (7)
Show the following fact.
Proposition. Let a matrix A € M (n,n), with n € N\ {0} be given. The set

Ca:={BeM(n,n): BA= AB}
is a vector subspace of M (n,n) (with respect to the field R).

Exercise 2. (7)

Let the following objects be given: n € N\ {0} , A e M (n,n),b,c € M(n,1),0 € M(1,n),a,d €
M (1, 1) .Assume that A has full rank n. Let the following linear systems in the unknown (z,y) with
z:= (2;);_, € R" and y € R be given:

A b| jz|_|c
0 a y | | d]|’
Say for which values of «, b, ¢, d,the system admits one, none or infinite solutions.

Exercise 3. (7)
Given n € N and n > 3, a € R, let the following function be given:

n
3 N Zi:l T4
lo :R" = R, x:= (2;),_, — { az1 + T2
To + 3

a. Compute dimIm/, and dimker/, (as a function of a);
b. If a = 0,find a basis for kerl, and Im,.
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Exercise 4. (7)
Let the following differentiable functions be given:

T + Inxg
fiRE - RE, (21,22, 23) — ( oS5 )
. Y1+ Y2

g:RL, —RE, (Y1, 42) — ( Y1 Yo )
hZR%r+—>R, (Zl,ZQ)H,Zl‘ZQ.

Compute

a. g:=hogof,

b. D¢ (z),

c. The directional derivative of ¢ in the point (1,1, 1) in the direction (1,1,1).
Exercise 5. (7) Let the following C? function be given:

u:R? =R (x,1) — u(z,1),

and assume that V (z,1) € R?, D,u (x,1) > 0 and Dju (x,1) < 0.
Let the following function be given:

F:R*xR;, - R

D,u(x,l) — Ap
(z,,\,p,w) — | Diu(z,l) —  w
wl — px

Consider the solutions (z,1, A\, p, w) to the system
F(:r’ l? >\?p7w) = O' (4)

Carefully state under which conditions it is possible to study the effect of changes of the para-
meters (p,w) on the the variables (z, [, A) solution to system (4). Do not compute any determinant.
Show the procedure to compute those effects.

If it can help you, observe that system (4) characterize the solutions to the problem: for given

(p,w),
max(; yer2 4 (z,0) s.t. wl—pr=0
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Solutions.

Exercise 1.

1. 0e M(n,n): A0 =04 =0.
2. Va,B € R and VB, B’ € Ca,

(aB+ BB'YA=aBA+ BB'A=aAB+ SAB' = AaB + ABB' = A(aB + 8B').

Exerxcise 2.
If a # 0,then there is a unique solution. If a = 0,the augmented matrix becomes:

A b ¢
0 0 d |-

Therefore, if d # 0,then the system has no solutions. If d = 0,the system has infinite solutions.
Exercise 3. (7)

a.
1 1 1 1 1
laJ=]a 1 0 0 0
01 10 0
Since
1 1 1 0 1 1 01 0
rank | 1 0 O | =rank| 1 0 O |O=rank| 1 0O O [ =3
1 1 0 0 1 0 0 1 0
then

Va € R,dimIml, = 3 and dimkerl, = 0.

A basis of Im, is given by the column vectors of

o=
=
o O =

Exercise 4. (7)
Let the following differentiable functions be given:

3 9 r1 4+ Inxs
fiR, — RS, (Z‘1,$2,$3)l—>< cos 5 )
+ Y2
2R2 R2 , — Y1
g 4+ 7RGy (y1,92) ( Y1 Yo
hZR%r+—>R, (Zl,ZQ)Hzl'ZQ.

Compute
a. ¢):=hogof:R‘j_+—>R,

T1 + Inxo ) —h( z1 + Inxe + cosxs

COS T3 (1 4+ 1Inwy) - cosxs ) = (@14 Inma & cosama) (@1 + In ) cos s,

bloraaian) = (hog)
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Matematica per le applicazioni economiche 2
June 10th, 2011

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (7)
Let a full rank matrix

| @11 a2
a21 A22

be given. Say for which values of k£ € R, the following linear system has solutions.

0 0 a11 Q12 0 1 1

0 0 az1r ao2 0 T2 o 2

1 kK 0 0 k+2 S B

10 2 3 k 4 -3
x5

Exercise 2. (7)
Let = (z;);—, € R" and
[:R*™ = R", [(z)=(z,2),

be given. Compute a basis for ker! and a basis for Im .

Exercise 3. (7)
Let a vector space V' of dimension n and two vector subspaces (of V') U and W be given. Define

Z ={2z€V:3ueUand Jw € W such that z = u + w}.

Show that Z is a vector subspace of V.

Exercise 4. (7)
Let the following functions and parameters be given:

f:R? SR, x— f(z1,22)

g:R—=R, p—yg(p)
such that f and g are C2. Consider the following (non inear) system:
fzr,22) +g((p)—7=0

Say under which conditions it is possible to describe the effect of changes of p on z; and x4
satisfying the above system.

Exercise (7)
Let the following C? functions be given.

h : R2 — R, (y1,92) — h(y1,y2)
h(yl yz)

:R?2 — R? '
g:R*— (yl,yz)H< v + 1

9 5 631'2
fRP—=R (z1,22) — 9

(cosxq)

Compute the direction derivative of go f in the point (0, 1) in the direction (1,1). (Hint: compute
golf.)
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Matematica per le applicazioni economiche 2
July 7th, 2011

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (7)
Let the following full rank matrices

A{au a12} B[bu b12
as1 Aa22 b21 b22

be given. Say for which values of k € R, the following linear system has solutions.

x1

1 a1 a12 O 0 O T k

2 a21 Q22 0 0 0 2 1

3 5 6 by b 0 i“ = 2

4 7T 8 by by O x“ 3

0 ail a12 0 0 k 5 k
Ze

Esercizio 2. (7)
Consider the following Proposition contained in Section 8.1 in the class Notes:

Proposition Vv € V,
[0y - [l = 1), (5)

Verify the above equility in the case in which
a.

+
1:R?2 5 R, (xq,20) < ii_iz )

b. the basis v of the domain of [ is

Esercizio 3. (7)

Using the definition of directional derivative, compute f’ (xo;u) where

a. f:R2 =R, (z122) — (21 + 12);

b. g =u=(1,1).

Verify the result you obtained is the same you could have obtained using the “standard” formula.

Esercizio 4. (7)
Condider the function f:R?, x R* — R?

e"l —logxo + 10 —t1 + to
(xlax27t17t2) =
log(14+ 1)+ 23+ 23 —ts— e+ 1

Using the notation of the statement of the Implicit Function Theorem presented in Class Notes,
say if that Theorem can be applied to the cases described above in the point (m?,x%,t?,tg) =
(0,e,1,1). If it can be applied, compute the Jacobian of g, i.e., “the effect of the changes of ¢; and
to on x1 and z5”.
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Esercizio 5. (7)

Complete the following proof.

Proposition. Let

n,m € N\ {0} such that m > n, and

a vector subspace L of R™ such that dimL =n

be given. Then, there exists [ € £ (R",R™) such that Im [ = L.

Proof. Let {vi}?zl be a basis of L CR™. Take [ € L (R"™,R™) such that

Vie{l,..,n}, I (&) =o',

where ef, is the i—th element in the canonical basis in R™. Such function does exists and, in fact,
it is unique as a consequence of a Proposition in the Class Notes that we copy below:

Then, from the Dimension theorem
dimIml = ..

Moreover,

Summarizing,
LCIm [, dimL=nand dimIml <n,

and therefore
dim Im! = n.

Finally, from Proposition 179 in the class Notes since L C Im [ , dim L = n and dimIml = n,
we have that Im [ = L, as desired.
Proposition 179 in the class Notes says what follows:
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Solutions.

Esercizio 3. (6)

Let

n,m € N\ {0} such that m > n, and

a vector subspace L of R™ such that dim L =n

be given. Then, there exists [ € £ (R",R™) such that Im [ = L.

Proof. Let {vi}"zl be a basis of L C R™. Take [ € £ (R™,R™) such that

Vie{l,...n},l (e;) =,

where €, is the i~th element in the canonical basis in R™. Such function does exists and, in fact,

it is unique as a consequence of a Proposition in the Class Notes that we copy below:

Let V and U be finite dimensional vectors spaces such that S = {vl, s v"} is a basis of V' and

{ul, e u”} is a set of arbitrary vectors in U. Then there exists a unique linear function [ : V. — U
such that Vi € {1,...,n}, [ (v') = u’ - see Proposition 273, page 82.

we

Then, from the Dimension theorem
dimIml = n — dimker! < n.
Moreover, L = span {vi}?zl C Iml. Summarizing,
LCIm [, dimL=nand dimImil <n,

and therefore
dim Iml = n.

Finally, from Proposition 179 in the class Notes since L C Im [ , dim L = n and dimIml = n,
have that Im [ = L, as desired.

Proposition 179 in the class Notes says what follows: m

Proposition. Let W be a subspace of an n—dimensional vector space V. Then

1. dimW < mn;

2. f dimW =n, then W = V.

Esercizio 6. (6)

e’ —loge—1+1 (0.0
log(1+0)+0+e2—-1—¢e2+1 )\ 0.0

1 )
et —logxy + 2122 e’ + xo *i + 1 =
2 2 1
log (14 1) + o7 + 3 Tz, T 271 222 1(0,e,1,1)
€™ + xa —i—l—xl eV +e f% 1+e f%
1 B 1 -
T+ 21, 219 (0.e1,1) 1 2e 1 2e
l+e —1 2 | 1
det 1 265>:2e+26 +2>0
1 (2e* +2¢3 +1)
e’ —logy + xy
log (1 + z) + 2% + 92
d(e’Liyﬂ’y) =y+e”
dle"—logytay) _ . 1
dy y
d(log(1+x)+z%+y?) 1
P =2z + 47
d(log(1+mg)/+a:2+y2) _ 2y
Exercise 77.
limp_,0o M = limy_.g f((l’th(l}Ll))if((l’l)) = limp, .o f((Hhu’H’;LU))if((Ll)) == limp—o

24+2h—2
h
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Matematica per le applicazioni economiche 2
September 13th, 2011
You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (7)
Say for which values of o, § € R, the following linear system has solutions.

tHIBEH

n

=1’

Exercise 2. (7)
Let V be a vector space with a basis V = {vi}
function

n > 3 be given. Consider the following
1: V>R we ([w]},,[w]i)

where [w]; , [w]i denote the first and the second coordinate of the vector w with respect to the
basis V, respectively.

1. Show that [ is linear;

2. Compute .

U

where & is the canonical basis of R2.

Exercise 3. (7)

Let x = (xi)zlzl € R* and

[:R* - R?, | ((331‘)?:1> = (w1,23),

be given. Compute a basis for ker! and a basis for Im .
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Exercise 4. (7)
Let the following functions be given.
For any i € {1,...,m},
gi :R— Rz g (2:);

¢:R" =R, (i) = (g0 (@3))izy 5

f:R" =R, (%)7:1 = f( (yl)?:l)

If possible compute,

1. h:= fog;
2. h/( 7(1a15 71))7
3. s:=¢of.

Exercise 5. (7)

Let the following function be given

1
f:R? SR, (x,y)»—>x+y3—2x2y—§.

Say if you can apply the Implicit Function Theorem to

f(may):O

1
(x07y0) = <17 2)
to compute

a. the effect of “small” changes of z on y, and
b. the effect of “small” changes of y on z.

around
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Solutions to
Exercise 1.

det[g ﬂ}:a2—62=(a+6)<a—ﬂ)-

«

(1) Therefore, if & # 8 and « # —f3, the system has a unique solution.
(2) If a = B, the system becomes :

or

If 3 =0, then R? is the set of solutions.
If B # 0, then the set of solutions is an affine space of dimension 1.
(3) If & = —pf, the system becomes :

FEIE

(-5 8]| 2] =-s

or

If B3 =0, then R? is the set of solutions.
If p # 0, then the set of solutions is an affine space of dimension 1.
Exercise2.
1. Consider
cry:V—-R"  wr ([w]t,,[w]%) ,

and
Prog: R" — R?, (z)iy — (z1,22) .

Since the above functions are linear and [ = pr;, 2 o cry, the desired result follows.

Exercise 3.
to be done
Exercise 4.

1.
h:R" - R, (x;);_y — f((gi(@i));)-
2.
Dah @lhcn = [ Do Wiysin] 1020 @y
gy (z1)
9n (n)

= [Dy1 f (6 () - g1 (1), o0s Dyn [ (¢ (2)) - gy, (20)] = [(Dyi f (6 (2)) - g (2)),_, ]

Then
1 n
W0, (1,1,...,1)) = [(Dyi f (¢(0)) - g; (0)) ] ! => Dyif(¢(0))-g;(0)



Exercise 5.
FlL})=1+t-2b-4=0
Dy f (z,y) = 2z — day;

49
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Matematica per le applicazioni economiche 2
January 9th, 2012

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (8)
Let | € £ (R%R?),
_ (™
l(wlny)_ < x1+2$2 )

be given. Verify that the following condition holds true:

Vo = (x1,22) € R?,

in the case in which
a. the basis v of the domain of [ is

Exercise 2. (8)
Let V be a vector space (on R) of finite dimension and W7 and Ws vector subspaces of V.Say if

the following statements are true.
a. Wy x Wy is a vector subspace of V' x V.
b. Ifl € L(V x V,V x V), then [ ({0} x W>) is a vector subspace of V' x V.

Exercise 3. (8)
If possible, find a basis for the kernel and Image of the function below.

() = (z2)i,

l:R* —R",



o1

Exercise 4. (8)
Using the definition of directional derivative, compute the directional derivative of I € £ (R™,R™).

Exercise 5. (8)
Let the following maximization problem be given:
for given a € R,

max _u(z) + v (y) s.t. y—g(z,a)=0,
(z,y)ER?

where u,v and ¢ are C? functions.

a. Check if the assumptions of the theorem presented in the Section 17.6.“Extremum problems
with equality constraints”, are satisfied;

b. Using the Implicit Function Theorem, give conditions under which it is possible to compute
the effect of local changes of a on the solutions of the system found in point a. above. Write the
expression describing such effects.
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Sketch of the Solutions.
Exercise 1.
Letle L (RQ,RQ),

T
Hwy,22) = < T +12332 )

be given. Verify that the following condition holds true:
Vo = (21,3) € R?, [y - [y = [ ()], (7)

in the case in which
a. the basis v of the domain of [ is

(2 )eo(0) = (T )

Oé-i-ﬁ = I
2c = x1+ 229
B = 1‘1—(%$1+332)=%$1—$2
o = Tl g,
1
_ =T1 + X2
tl= ()

=
<
I
| —— |
N
— =
~_
<]
N
N O
N~
£
I
| — |
7 N\
D00 [

(1) )] o compun o
“(2)(5)=(1)

a+p = 1
2 =1
8 = 1
e

Q
7N\
N =
SN—
+
=
7 N\
O =
SN—
I
N
N O
N—

a+6 = 0
2a = 2
g = -1
a = 1
Let’s now verity the statement:
[y - 2], = (@), (8)

—
N[0 | =
|~
—
[
—
RS
[
[ I
|
—
SIS
8 8
-
I+
8 8
VN
—
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Exercise 2.

a.

WTS

1. 0 € Wi x Ws, and

2. Va, 5 € R and Yu = (w},wd) ,v = (w},wd) € W1 x W, we have that au + fv € Wy x Ws.

b.

{0} x W5 is a vector space from the argument above. Then the result follows from the fact that
Im1 is a vector space.

Exercise 3.

(1] =[0,el,0,€2,..,0,e] .

dimIm! = rank [I] = n.

Basis of Im/ is canonical basis.

I(z) =0 if and only if

X9 = 0
X4 = 0
Top = 0
Basis of kerl = {e3,,€3,,...,0,e3n1}
Exercise 4.
.Uz +hu) —1(xo) . I(wo)+hl(u)—1(xo)
o) = Jimy T = h i

Exercise 5.
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Matematica per le applicazioni economiche 2
February 6th, 2012

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (8)
Say for which values of a € R, the following linear system has solutions.

a—1 a a 1 | 6
0 1 al||™]|7]6a
Zs3
For a = 1,if possible, write the set of solutions as an affine subspace of R3.

Exercise 2. (8)

Say if the following statements are true or false.

a. let V be a vector space and W a vector subspace of V. Then V\W :={v eV :v¢W}is
not a vector subspace of V.

b. The product of linear functions is a linear function.

c. Let F be the vector space of functions f : R — R. Then

{feF:Vzel0,1], f(z)=0}
is a vector subspace of F.

Exercise 3. (8)
Let the following linear function be given

l: R" — Rna ('rl)?:l — (Z : xz):L:l 3

with n € N§.

a. Show that [ is invertible,

b. compute the inverse of I;

c. Describe the kernel of the inverse and find a basis of the image of the inverse.

Exercise 4. (8)
Using the definition of differentiable functions, show that the sum of differentiable function is a
differentiable function.

Exercise 5. (8)
Let the following C? functions be given

s:R? =R, (p,a) — s(p,a),
d:R? =R, (p,a) — d(p,a).

Assume that V (p,a) € R?,

9s(p,a) 9s(p,a)

op > 0, 5o > 0,
dd(p,a) dd(p,a)

o < 0, 54 <0,

and that 3 (p*,a*) € R? such that s (p*.a*) = d (p*.a*).
Say if you can study the effect of local changes of a on p around p*.
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Matematica per le applicazioni economiche 2
June 8th, 2012

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (8)
Let the following linear function be given

ary + 2azxs + 3azxs
la : R3 — RQ, la (.’1?1,.’)32,1133) =
z1

where a € R. For any value of a, compute a basis of kerl, and Im1,.

Exercise 2. (8)

Say if the following statements are true or false.

1. Foranyn e Ny, le L (R”,RQ”) is not onto;

2. Foranyne N, , e L (RQ”,R”) is not one-to-one;
3. Given a € Riif [, € £ (R?,R?) is such that

=] 1]

then [ is an invertible function.

Exercise 3. (8)
Let C°(]0,1],R) be the set continuous functions from [0, 1] to R. Consider the function

1:¢°([0,1],R) — R, 1(f)= f(0).

1. Show that C°(]0,1],R) is a vector subspace of vector space of functions from [0, 1] to R;
2. Show that [ is linear;
3. Describe kerl!.

Exercise 4. (8)
Let the following function be given:

2 2
L i a0
fiRP—R, (z,9)—
Y if =0

Using the definition of directional derivative, if possible, compute f’(0;u) for every u € R2.

Exercise 5. (8)
Let the following functions and parameters be given.
g:R—>R, g+ g(l)such that VI € R, ¢’ (I) > 0 and ¢" (I) < 0;
s € R,
w:R? — R, (I,5) — w(l,s) such that V¥ (I, s) € R?,

Dyw (l,s) > 0,Dsw (l,s) >0, Dyw (l,s) >0, Dysw(l,s)>0.
Consider the problem

max;cr m(l,s)=g()—w(l,s)- .

Assuming that the solution of that problem is characterized by the critical points of the objective
function, i.e., by the equation
Dy (l,s) =0,

compute the effects of changes of s on the solution itself.
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Exercise 4.
Let’s compute f' (0;u). If uy # 0.

. fO+hu)— f(0) . h2u? - h2u? . Up - U Uy - Uz
lim = lim 5 T = lim — 5 = — S
h—0 h h—0 (R3uf + h3u3)h  h—0ui +us  uf+ uj

If u; = 0,we have

lim fO+hu) = f(0) _ lim [0, hug) = £(0) lim huy — oy
h—0 h h—0 h, h—0 h
1. Canonical foﬁrm.
For given s e R, L € R, ,,
maxier g (1) —w (l,s) -1 s.t. l > 0 Ao
L-1 >0 A1

2. The set X and the functions f and g.

Obvious.

3. Existence.

[O,E is compact.

4. Number of solutions.

The first and second derivatives of the objective function are

g (1) —Dw(l,s) 1 —w(l,s)
g’ () = Dyw (l,8) -1 — Dyw (l,s) — Dyw (I,8) - I —w(l,s) <0

The solution is unique.
5. Necessity of K-T conditions.
Since each g; is affine and therefore pseudo-concave, we are left with showing that there exists

I*+ € R such that g (I*+) >> 0. Just take | = £.
Therefore
MCS

6. Sufficiency of K-T conditions.
f is strictly concave and therefore pseudo-concave, and each g; is linear and therefore quasi-
concave. Therefore

MD2S
7. K-T conditions.

maxier g (1) —w (l,8) -1 s.t. l > 0 Ao
L-1 >0 X\
L’(l,)\o,)\l,;s,f) =g()—w(l,s) I+ l+ N\ (f—l)

g —Dw(l,s) - l—w(l,s)+X—-XN = 0

min{l,)\o} = 0

min {f—l,)\l} = 0

or —Dsw(l,s)- 1 —Dsw(l,s)

ds  —1g" (1) — Dyw (l,s) -1 — Dyw(l,8) — Dyw(l,s) -1 —w(l,s)] >0
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Matematica per le applicazioni economiche 2
July 4th, 2012

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (8)

Let the following sets be given:a.{(z,y) € R : z =0},
b. {(z,y) eR?: 2z —y =0},

c. {(z,y) €R?:[z| - |y| = 0},

and let the following linear function be given:

1:R* = R? I(z,y) =

Say if

i. the sets described above are vector subspaces of R?;

ii. for those sets which are vector subspaces of R?, compute a basis of their image through the
function [.

Exercise 2. (8)
Say for which values of k € R, the following system admits one solution, no solutions, infinite
solutions.

Z1
4k [E[1 zo || [ 5k
—k 1 k k+1 T3 - 6
Ty

If the system admits solutions, say what is the dimension of the affine space of such solutions.

Exercise 3. (8)
Siano date le funzioni differenziabili

g:R?> SR, (,y) — g (z,y)

h:R* >R, (z,y)+— h(z,y)

f:R2 =R, (tu)— f(tu)
h5R2_’R7 (m,y)Hf(g(x,y),h(x,y))

Se possibile si calcoli la derivata direzionale di h in (0,0) nella direzione (1,1).

Exercise 4. (8)

Let the following functions and parameters be given: s € R,
g:R—R, g g(x)suchthat VI e R, ¢’ () >0 and ¢" (z) < 0;
p:R? =Ry, (x,8) — p(l,s) such that V(z, s) € R?,

D,p(x,s) >0,Dsp(x,8) >0,Dyup(x,8) >0, Dysp(x,s)>0.
Consider the problem
max,cr m(x,8) =p(z,s)g(x) — .

Assuming that the solution of that problem is characterized by the critical points of the objective
function, i.e., by the equation
Dym(z,s) =0,

compute the effects of changes of s on the solution itself
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Exercise 5. (8)
Let Vi, V5 be vector subspaces of R™. Say if the following set

VixVy= {(’Ul,vg) eR®>™ :v € Vi, 09 € Vg}

is a vector subspace of R?".
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Complete the following proof.

Definition. A vector subspace V' C R™ is orthogonal to a vector subspace U of R™ if Vv € V
and Yu € U, v-u = 0. Then, we say that V and U are orthogonal.

Example. Given n = 2, an example of orthogonal subspace is the following one.

use an additional sheet of paper

Proposition. Let A, S € N, with S > A be given. If L is an A- dimensional vector subspace
of RS, then there exists { € (RS, RS_A) such that kerl = L.

Proof. Proof. Take a basis {ll, ...ZA} C RS of L. Define

ll
c=1 ..
lA
|

where the vectors are taken to be row vectors. By definition of basis,

From the Dimension Theorem,

dimkerlc = coooeeiiiiiiiiiiieeeeeee,
where
lc is

Let {kl, ...,kS_A} C R¥ be a basis of kerlc. Then, Vs € {4,...,S — A},

Ck® = i ,
and
Yael,..  AVse{l,...S5— A}, 1 - k* =0,
ie,!
€
L = (kerlc) . (9)

Define

kil

M =
S—A
k (S—A)xS
By definition of basis,
rankM =

Moreover, from the fact that {kl, ...,kS*A} C RY is a basis of kerlg and from (10), we have
that

L={zeR:Vse{l,..,5—A}, k* 2=0}={zeR5: M 2 =0} =ker

I'We are using the obvious fact that:

Two vector spaces V and W are orthogonal iff each each element in a basis of V' is orthogonal to each element in
a basis of W.



60

Exercise 1.

Let the following sets be given

a{(z,y) eR?*: 2 =0};

b. {(z,y) eR? 1z —y =0}

¢. {(z,y) €R?: || — |y| = 0}

and let the following linear function be given:

1:R? = R? I(z,y) =

Say if

i. the sets described above are vector subspaces of R?;

ii. for those sets which are vector subspaces of R?compute a basis of their image through the
function I.

Definition 1 A wvector subspace V- C R"™ is orthogonal to a vector subspace U of R™ if Vv € V and
Vu e U, v-u=0. Then, we say that V and U are orthogonal.

Example 2 Given n = 2, an example of orthogonal subspace is

Proposition 3 Let A,S € Ny with S > A be given. If L is an A- dimensional vector subspace of
RS, then there eizists | € (RS,RS_A) such that kerl = L.

Proof. Proof. Take a basis {ll, ...ZA} C R of L. Define

o= .. ,

]
where the vectors are taken to be row vectors. By definition of basis,

rankC = A.
From the Dimension Theorem,
dimR® = dim I'mic + dim ker I

or
dimkerls =S — A.



Let {kl, ...,kS_A} C R? be a basis of kerlc. Then, Vs € {4,...,S — A},

Ck® =0,
and
Yael,..  AVse{l,...S— A}, 1 - k*=0,
ie.?
€
L = (kerlc)
Define
k’l
M =
S—A
k (S—A)xS
By definition of basis,
rankM = S — A.
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(10)

Moreover, from the fact that {k‘l, ...,k‘S*A} C RY is a basis of kerlc and from (10), we have

that

L={zeR:Vse{l,..,S—A}, k* 2=0} ={z €R°: M -2 =0} =kerly.

2We are using the obvious fact that:

Two vector spaces V and W are orthogonal iff each each element in a basis of V' is orthogonal to each element in

a basis of W.
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Exercise 5.

Let the following functions and parameters be given.

g:R—>R, g+ g(z)such that VI € R, ¢’ () > 0 and ¢" (z) < 0;
s €EeR,

p:R?2 =Ry, (x,5) — p(l,s) such that V (z, s) € R?,

D,p(z,8) >0,Dsp(x,8) >0,Dyep(x,8) >0, Dysp(x,s)>0.
Consider the problem
max,eg m(z,s) =p(z,s)g(z) — =

Assuming that the solution of that problem is characterized by the critical points of the objective

function, i.e., by the equation
D7 (z,s) =0,

compute the effects of changes of s on the solution itself.
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Matematica per le applicazioni economiche 2
September 3rd, 2012

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (8)

Let S and S’ linearly independent sets of vectors in R™. Say it the following statements are true
or false:

a. SN S’ is linearly independent;

b. SU S’ is linearly independent.

Exercise 2. (8)

Let U be a vector space an ljand lsbelong to £ (U, U). Say it the following statements are true
or false:

a. Iy oly is linear;

b. l1 - I3 is linear.

Exercise 3. (8)
Desribe the solution set of the following linear system for each b € R

b-lx—y = b—-1-—2
r+by—z = b4+1—y
2z +y = -1

Exercise 4. (8)
Let f,g;R — R be C?functions. Define

F:R* =R, (z,9)— fxz4+g(y)).

Find the Jacobian and Hessian matrices of F' and say if for any (z,y) € R. the following equality

is true:
DacF (%y) : Dac,yF (x,y) = DyF (xvy) : Dac,mF (xay)

Exercise 5. (8)
Given the utility function

u:RE, SR, (z1,22) — (z1)? — In (z2)°,

say if the associated indifference curves are increasing and concave.
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Matematica per le applicazioni economiche 2
December 19th, 20112

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (8)
Show that the following set

WH={weR":VweW, v -w=0}
is a vector subspace of R".

Exercise 2. (8)
Let the following objects be given:
the canonical bases £ of R? and the basis V = {(1,1), (1, 1)} of R?,

the function [ € £ (R? R?),
(1, 29) — ( 1 + X )

X1 — Tg

1. Compute

g and [,

2. If possible find a basis of ker! and Im .

Exercise 3. (8)

For any k € R, say if the affine space of solutions to the following system is empty or nonempty;
in the latter case, compute its dimension.

k-1

k T o
2k —1 To -

2k

o N O
ISR R

Exercise 4. (8)
Let the following function be given

e*cosz—y
[iR =R, (2,y,2) —
e’sine —y+ 1.

Showif it is possible to apply the implicit function theorem to f in (z¢,yo,20) := (0,1,0) to
prove that there exists a C! function (z,y) = g (2) = (g1 (2), g2 (2)) around 2o = 0 and, if possible,
compute Dg (0).

Exercise 5. (8)

Let the following objects be given:

fiRY, - Ryy, (kLz)— f (k).

YiRyy = Ryy Iy (D)

h: R?Hr = R++,(l,1’) = f(’)’(l) vlax)'

Assuming that for any (k,l,z) e R3, Df (k,l,z) >> 0 and 4/ (I) > 0, say if the curve

{(l,z) eR: : h(l,z) —1=0}
is decreasing or increasing.

Exercise 6. (8)

Say if the following sets are vector subspaces of M (2,2) .
1L {AeM(2,2): A= AT};

2. {AeM(2,2): AAT = ATA};

3. {AeM(2,2): A2=1}.
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Exercise 7. (8)

Let the following exogenous objects be given.

parameters b, py, pg, € R4, w > py - b, and

a C? function u: R2 | — R, (y1,y2) — u(y1,y2) such that ¥V (y1,y2) € R2

Dy, u(y1,y2) > 0, Dy,u(y1,92) <0,

Dy, y,u (y1,92) <0

Dyzyzu (ylay2) <0

Dy, y,u (Y1,92) - Dy,y,u (Y1,92) — (Dy1y2u (Y1, y2))2 >0

i. Following the steps presented in the Class Notes, analyze the following problem. For given
objects introduced above,

max  u(zy,b—xp) s.t. PgZg + Doy < W,
(zg,20)ERY 4
x4 >0
Ty € [0, b]

Exercise 8. (2)

In the problem described in the above exercise, restricting your analysis to the set of parameters
for which the solution (x;xz) is such that

Pgy — Ppxy, = w and the associated multiplier is strictly positive,

g > 0, and

Ty € (O, b) s

describe the procedure to compute the effect of a change of on the solution values.
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Sketch of the solutionsolutions
Exercise 1.
1. Yw € W, 0w = 0.
2.Assume that oy, as € R and v!,v? € W+. Then
Yv e W, (alvl +0421)2) w = aq (vlw) + ao (v2w) =a;-0+ay-0=0.

Exercise 2.

1. Compute

2. Im[ = R?; kerl = {0}.
Exercise 3. (8)

E k-1 1
det | 0 k 2 | =4k — k% —4 =0, Solution is: 2
2 2k—-1 3
If k£ # 2,no solutions.
Ifk=2
E k-1 1 2 11
0 k 2 1=[10 2 2
2 2k-1 3 2 3 3
1 solution.

Exercise 4. (8)
Let the following function be given

e*cosz—y
fiRP =R (2,y,2) =

e’sine —y+ 1.

Show that it possible to apply the implicit function theorem to f in (xq,yo, 20) := (0,1,0) to

prove that there exists a C' function (z,y) = ¢ (2) = (g1 (2), 92 (2)) around zy = 0. Compute
Dg (0).

The Jacobian of f is
e*cosz—y —1 —€e®sinz
e’ sinx + e* cosx 1 0

a. fisChL

b. f ((w0, %0, 20)) = 0.

c. BUT

Dy f (@00, 20)) = | €, 32 - } = [ € cos0 -1 ] _ [ L -1 ]

e’sinx +e*cosx 1 eVsin0+e®cos0 1 1 1

which does not have full rank. Therefore, we cannot apply the implicit function theorem.

Exercise 5. (8)
is decreasing or increasing.

dr Dih(l,x)  Dpf(..)-
dl ~  Dyh(l,z)

Therefore the curve is decreasing.
Exercise 6. (8)



max u(zg,b— xp) s.t. W — Pgy — PpTy > 0
(zg,xp)ER

Ty >0
zp >0
bfbeO

Tg Ty
Dylu(a:g,bf SCb) D11 7D12
7.Dy2u($g,b7 I]fb) 7D12 D22

. Dy, u(xg,b—xp) + A1pg + A2 =0
—Dy,u(zg,b—xp) +App + A3 — X =0
min {A1, w — pyxy — PoTp} =0

min {Ag, 24} =
min {Ag, xp } =
min {\g,b — zp} =0
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Matematica per le applicazioni economiche 2
January 16th, 2013

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (6)
Let V = {v',v?} be a basis of a vector space V and o € R\ {0}, define V,, = {av', av?}, which

indeed is a basis of V' (you do not have to show it). Given [ € L (V, V), write [l]gz in terms of [l]“j .

Hint. Call [l]\‘? = { le 212 } . Then [ (v') = a11v! + ag1v? and | (av!) = ...
21 (22

Exercise 2. (9)
Given the function [ € £ (R™,R™) such that

(@) = ((@a-)i 0)

if possible, find a basis of ker ! and Im .

Exercise 3. (9)

Let Vy := {vl, v?, ...v"} be a basis of a vector space V. Say if the following statements are true.
i. For any 8 € R, V; := {v! + Bv?, 0%, ..v"} is a basis of V.

ii. For any (8;)/_; € R™, Vy := {B1v!, Byv?, ..., B,,v" } is a basis of V.

iii. For any (8;);_; € R}, V3 := {Bv!, By0%, ..., 30"} is a basis of V.

Exercise 4. (8)

Let the following function be given

f:R? =R, (2,9) 2" —z+y.

Show that it is possible to apply the implicit function theorem to f(x,y) = 0 in (zg,yo) :=
=0.

(1,—1) to prove that there exists a C! function g : B (wg,€) — B (yo,d) such that f (x, g (x))
Compute ¢’ (zg) e g’ (x0).

Exercise 5. (8)

Complete the following proof.

Let V = {vl,v2, ...,v"} be a set of vectors in R™ such that for any 4,5 € {1,...,n},

vt = (11)
1 if i=j

Show that V is a basis of R™.

Proof.

From Proposition ..................... in the Class notes (write the statement:

it suffices to show that V is linearly independent, i.e., given (a;):_; € R", if

n

Z vt = o, , (12)

i=1

then
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(2) TOlLOWS fTOIML. .. eviiiiieiieiiie ittt ,

(3) TOlLOWS fTOMML. .. eviiiiieiie ittt .

Exercise 6. (8)

Let the following exogenous variables (or parameters) be given: s € (0,1),g9,m € Ry ,.
Let the following C? functions be given:

L:RE, - R, (y,7)—1L(y,7)

and
i:Ryy =R, re—i(r).
Assume that V (y,r) € R:, Dyl(y,7) >0, D,l(y,r) <0and (r) <O0.
Given the following system
scy—i(r)—g = 0

l(y,r)—m = 0

(which is a basic version of the so-called IS-LM model you may have studied in Macroeconomic
courses), describe very carefully the procedure to compute the effects of changes in the exogenous
variable g on the (endogenous) variable y. You do not need to explicitily compute the inverse of a

matrix.

Exercise 7. (8)
Following the steps presented in the Class Notes, analyze the following problem. For given

«Q €R++a

max log (1 + ) +log (1 +y) — 1022 — > — ax s.t. x € [0, 10]
(w,y)e(—l,-{-oo)z
y €[0,1]

il. Say if there exists values of &« € Ry such that (z.y) = (0,1) is a solution to the problem.
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Sketch of the solutions.
Exercise 1.

Call [Z]E = ZH 212 } . Then [ (vl) = a11v' + a91v? and l(owl) = al (vl) = aj; (cwl) +
21 @22
as (av2); similarly [ (owz) =al (vg) = ais (owl) + as9 (avg). Then
L P R

Exercise 2.

r1 T2 I3 Tpn—2 Tpn—-1 Tn

Tn 0 0 O 0 0 1
Ty 1 0 0 0 1

Typ—o 0 0 0 1 0 0

T3 0o 0 1 0 0 0

To 0 1 0 0 0 0

0 0 0 0 0 0 0

Then
rank [[]=n— 1.

dimIm! =n — 1. A basis of Im! is the set of the last n — 1 columns of [I].
dimker! =mn — (n — 1) =1 and a basis of ker! is the vector (1,0, ...,0).
Exercise 3.

i. True.

0=o (vl + B'UQ) +agv? + 4 " = ool + (e + a1 B) V2 + o+ @t = = s+ a8 =
az =...= a, = 0. But then 0 = as + a1 5 = o, as desired.

ii. False.

Take (8;);_; = 0.

iii. True.

, 7 ER
0=>3"aiBvt =Vie{l,..,n},(;B;) =0 ('BZ)“:]E vie{l,.,n},a; =0

Exercise 4. (8)

solution.
2eTY — 1
/ - =
9@ ="3gm +1
' (x) = — 907 +9(x) _ 1\’ — -1 (291 (z) (@) (26z+g(x) + 1) — 24 (2) (@) (26x+g(z) _ 1))
2ert9(@) 41 (2ev+9(@) 4+ 1)°

~4g' (z) e"tot®)
(26m+g(w) + 1)2
Exercise 5.

Complete the following proof.
Let V = {v!,v?,...,v"} be a set of vectors in R™ such that for any i,5 € {1,...,n},

(0 i i)
') = (13)
1 if i=j.
Show that V is a basis of R™.

Proof.
From Proposition 77?7 in the Class notes (write the statement:

Proposition 4 Let V' be a vector space of dimension n.

1. ..
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2. If S = {ul7 ...7u”} C V is a linearly independent set, then it is a basis of V;
3. If span (ul,...,u") =V, then {ul,...,u”} is a basis of V.

Remark 5 The above Proposition 4 shows that in the case of finite dimensional vector spaces, one
of the two conditions defining a basis is sufficient to obtain a basis.

)

it suffices to show that V is linearly independent, i.e., given (o;)!"_, € R™, if

then

Now, for any j € {1,...,n}, we have

=1

i=1

where (1) follows from| (14) |;

(2) follows from ’ properties of the scalar product ‘;

(3) follows from | (13) |
Exercise 6. (8)

Y r g
scy—i(r)—g s =i’ (r) -1
l (y7 7“) —m (yﬂ’) 31(;;7’) 0

det Dy F (-..) = sa“w") + ALl (r) < 0.
Exercise 7.

max log (1 +z) +log (1 +y) — 102? — y? — ay s.t. x>0
(a:’y)e(711+oo)2

10—x2>0
y=0
1—y>0
1T$ 201’—0&4-)\0—)\1 = 0
Tig — 2Y T o — iy = 0
min {x, \g } =0
min {10 — z, A} =0
min {y, po} = 0
min {1 —y, py } =0
We must have
min{0,\} = 0 A > 0
min {10, \;} = 0 Moo= 0 {1—a+)\0 = 0
. ’ or and therefore
min{l,ps} = 0 g = 0 %—2—/11 =0
min{0,m} = 0 mo= 0

Then, p, = % — 2 < 0 and there is no solution to the system.
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Matematica per le applicazioni economiche 2
February 20th, 2013

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (6)
1. Take for granted that M (2,2) is a vectors space of dimension 4 (Just assume it). Show that

a basis of M (2,2) is
ool [0 o] 2 o) [o V]

2. Show the set of symmetric 2 X 2 matrices, i.e., the set

S—{AGM(?,Q):Ha,b,ceRsuchthatA— [Z l;}}

is a vector subspace of M (2, 2)

3. Compute dimS.

Exercise 2. (9)

Given the function [ € £ (R4, RS) such that

T1 — X9 + T3+ X4
1((z1,22,3,24)) = | @1+ 223 — 24 ;
1 + 22 + 323 — 324

if possible, find a basis of ker! and Im .
Exercise 3. (9)
Let n € Ny and A € M (n,n) be given. Show that the following function is linear

I1:M(n,n) = M(n,n),

Il :Mw— AM +MA

Exercise 4. (8)
Let the following function be given

2

2y
. 2 2 xTr-e
FiRee =B (x’y)H(log(wy))

a. Say why the function f admits partial derivative in (1,1) in the direction (2,2).
b. Compute it.

Exercise 5. (8)
Describe the set of solution of the system below for each value of a,b € R:

o
a b a b z2 | | a
{baba] T3 {b}
T4

Exercise 6. (8)
Let the following utility function be given.

UZR3,+—)R7 (m,y)'_)u(xay)a

where z is a good and y a bad. Assume that u is C* and that V (z,y) € R3 |, Dyu(z,y) > 0
and Dyu (z,y) < 0 and D?u (z,y) < 0.

If possible, say if associated indifference curves are increasing and convex.

Recall that given u: R, — R, (z,y) — u(z,y), w = Dyu(z,g(z)) + Dyu(z,g(x)) -
9 (z).

Exercise 7. (8)
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a. Following the steps presented in the Class Notes, analyze the following problem. Let the
following objects be given:

p,weERLy,

a C? function g : R? — R, (x,y) — g (z,y) such that V (z,y) € R?, Dg (z,y) < 0and Dyg (z,y) <
0 and D?u (z,y) is negative definite.

max — wx s.t. z,y) > 0.
Jhax by g9(z,y) =

Do not study the problem of existence of a solution.
b. In the case in which the multiplier associated with the constraint is strictly positive, describe
the strategy to compute the effect of changes in p and w on the solution (z*,y*) of the problem.
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Sketch of the solutions.
Exercise 1. (6)

1. Define
B 1 0 0 1 0 0 0 0
B 0O 0|’fO O’ O]’|0 1 '
From Proposition ....,it suffices to show that either B is linearly independent or span B =
M (2,2).
2.
3

It suffices to show that

is a basis of S.
Exercise 2. (9)
1.

1 -1 1 1
m=(1 0o 2 -1 ],
11 3 =3
1 -1 1 1 1 -1 1 1 1 -1 1 1
rank [ 1 0 2 -1 |J]=rank|{ O 1 1 -2 |=rank| O 1 1 -2 (15)
1 1 3 -3 0o 2 2 -4 0 0 0 O

Then,
rank [[| = 2 = dimIm/. Since det [ i _01 } = 1, thena basis of Im/ is the set of the first two

columns of [].
dimkerl=4-2=2
From (15), a basis of ker! is obtained solving the system

T1 — Ty = —T3 — T4
{ To = —x3 + 214

Choosen (z3,z4) = (1,0), we have zo = —l and z1 = —z3 — x4+ 20 =—-1-0—-1= -2;
choosen (x3,24) = (0,1), we have zg =2 and x1 = —ax3 — 24+ 22 =0—-1+2=1
Then, a basis is

-2 1

-1 2

1 1710

0 1

Exercise 3. (9)

We want to show that Ve, 5, and VM, N € M (n,n), | (aM + SN) = al (M) + I (N).
l(aM 4+ N)=A(aM + BN)+ (oM + fN) A = aAM + AN + aM A+ 3NA
(M) =AM + MA

I(N)=AN+NA

al(M)+Bl(N)=a(AM + MA)+ (AN + NA) = aAM + aM A+ BAN + BN A.



Exercise 4. (8)
Let the following function be given

2 2y
. 2 2 xr-e
f'R-H-_)R: (x’y)'_}<log(xy)>'

a. Say why the function f admits partial derivative in (1,1) in the direction (2,2).

b. Compute it.
a.
The Jacobian is:

T

x2e2y 2xe?y 2x2e2Y
1 1
log (zy) z v

and therefore the function is C* :

b

Tz Y

, . [ 2ze?v 2a%e? 2] [2?% 2] [2] [ 4e?+4e
e e A HE FBE

|
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Exercise 5. (8)
Describe the set of solution of the system below for each value of a,b € R:

x1
a b a b z2 | | a
b a b a zs | | b
T4
Since
a b
det{b a}zaQ—bzz(a—i-b)(a—b),
if

(a #b) A (a# —b)
the system admits solutions, and the affine space of solutions has dimension 4 — 2 = 2.
Let’s now consider the case = ((a # b) A (a # —b)) = (a =b) V (a = =D).
Case 1. a = 0.
The system becomes

Z1
bbb b]|a | [0
b b b b zz3 | | b
T4
ie.,
il
(bbb b]| ™| =0b
3
T4

If b # 0, the affine space of solutions has dimension 3.

If b # 0, the affine space of solutions has dimension 4.

Let’s now consider the case = ({a # b) A (a # —b)) = (a =b) V (a = —b).
Case 2. a = —b.

The system becomes

Z1
(bbb b a | [0
bbb b || |0b
Lq
ie.,
x1
(bbb b]| ™| =0
3
T4

If b # 0, the affine space of solutions has dimension 3.
If b # 0, the affine space of solutions has dimension 4.
Summarizing, ...



Exercise 6. (8)

d Dy (z,
dy _ _Dau(@y)
dx Dyu(z,y

~—

Dyu(z,y(x))
dy (Dyuw,y(w))) _
dz2 — dx -

_ (Dawu(@,y(2)+Dayu(@,y(x))-y' (z))-Dyu(e,y(z)) = (Dysu(z,y (@) +Dyyu(e,y(@))y' (z))-Daulz,y(z))

(Dyu(z,y(z)))?

7
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Exercise 7. (8)
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Matematica per le applicazioni economiche 2 - February 20th, 2013

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (5)
Let k,n € N and [ : R"*% — R™,

l ((ﬂfz)::_f) =4 (xz)?:1

be given. Find a basis of ker{ and Im .
Exercise 2. (5)
Describe the cardinalities of the sets of solutions to the system below for each value of a € R:

1

T2
|51

Ty

Ts

— Q
Q=
— Q
Q=
o

Exercise 3. (4)
Given the function f:R? — R,

a:2+y .

f(z)= ;
0 if y=-=x

if possible, compute f’' ((1,—1);(1,1)), i.e., the directional derivative in the point (1,—1) in the
point (1,1).

Exercise 4. (5)

Given

1 1
=loi]
the basis U = {(1,0),(1,1)} of R?, and the canonical basis & := {(1,0), (0,1)} of R?, using the
definition presented in the class notes, for any & € R?, compute
l%,gg (z).

Exercise 5. (5)
Let the following function be given
e“’2fy27u3+v2fe4+8
f:Ri+ _)RQa ($7yau7v) =
In (y?) — 2u® + 3v* +5

i. Say if it is possible to apply the implicit function theorem to f in (zo, yo, uo,v0) = (2,—1,2,1)
to prove that there exists a C* function (z,y) = ¢ (u,v) in an open neighborhood of (ug, vo) = (2, 1).

ii. Write the formula to compute D, )9 ((2,1)).

Do not miss the exercise in next page.
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Exercise 6. (6)
i. Following the steps presented in the Class Notes, analyze the following problem. For given
a, b7 qc R-‘r-‘ra

. 2 2
min az® + b s.t. z+y<
(o0 e Y Y= q,
x>0,

y > 0.

ii. If possible, find an explicit solution for (x,y) and compute the effect of a change in a on the
solution value of z.
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Matematica per le applicazioni economiche 2 - February 20th, 2013

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (4)
Let V be the vector space of functions from R to R. Say if the following sets are subspaces of

0 Wi={feV:f)
b Wo={feV:f(0)=
Exercise 2. (6)

Consider the function I, € £ (R? R?) such that

f(2) =0},
0 and for any z € R, f'(z) ==z}.

where

QO

0
1
0
and a € R. For any a € R, find a basis of kerl, and Im1,.

Exercise 3. (4)

Show the following result.

Given z,y € R | if x # 0,y # 0 and 2y = 0, then {z,y} is linearly independent.

Hint. You want to show that ax + fy =0 = o = g = 0. Multiply ... by ... and ...; use the fact
that zy =0 ... .

Exercise 4. (5)

Given

and the basis B = {(1,1),1,2} of R?, compute [T .
Exercise 5. (5)
Let the following function be given

3+ (zty)t+az
fiRY = R% (2,y,t,2) =
2t — (1 4 x) - etl@=1)

i. Say if it is possible to apply the implicit function theorem to f in (xg,yo,t0,20) := (1,1,1,1)
to prove that there exists a C! function (z,y) = g (¢, 2)in an open neighborhood of (¢, 29) = (1, 1).
ii. Write the formula to compute D(; .)g (1,1) € M(2,2).

Do not miss the exercise in next page.
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Exercise 6. (6)
Following the steps presented in the Class Notes, analyze the following problem.

(zgﬁRB% (a:2+y2—|—z2) s.t. r+y+z< =3,
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Matematica per le applicazioni economiche 2 - September, 2013

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (4)
Let V be the vector space of functions from R to R. Say if the following sets are subspaces of

0 Wi={feV:f)
b Wo={feV:f(0)=
Exercise 2. (6)

Consider the function I, € £ (R? R?) such that

f(2) =0},
0 and for any z € R, f'(z) ==z}.

where

QO

0
1
0
and a € R. For any a € R, find a basis of kerl, and Im1,.

Exercise 3. (4)

Show the following result.

Given z,y € R | if x # 0,y # 0 and 2y = 0, then {z,y} is linearly independent.

Hint. You want to show that ax + fy =0 = o = g = 0. Multiply ... by ... and ...; use the fact
that zy =0 ... .

Exercise 4. (5)

Given

and the basis B = {(1,1),1,2} of R?, compute [T .
Exercise 5. (5)
Let the following function be given

3+ (zty)t+az
fiRY = R% (2,y,t,2) =
2t — (1 4 x) - etl@=1)

i. Say if it is possible to apply the implicit function theorem to f in (xg,yo,t0,20) := (1,1,1,1)
to prove that there exists a C! function (z,y) = g (¢, 2)in an open neighborhood of (¢, 29) = (1, 1).
ii. Write the formula to compute D(; .)g (1,1) € M(2,2).

Do not miss the exercise in next page.
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Exercise 6. (6)
Following the steps presented in the Class Notes, analyze the following problem.

(zgﬁRB% (a:2+y2—|—z2) s.t. r+y+z< =3,
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Matematica per le applicazioni economiche 2

Modalita’ 2

December 16th, 2013

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (5)

a. Show that the set of concave functions from R to R is not a vector subspace of the vector
space of functions from R to R.

b. Show that the following set is a vector subspace of M (2,2) :

W= {A:[‘; HEM(272):a+b=c+d}.

Exercise 2. (5)
For any a € R, consider the function [, € £ (R* R?) such that

(a—1Dx1+(a—1)xs
lo (21, 22,23) =
X +£U2 +(L’3

For any value of a € R, find a basis of Im [, and kerl,.

Exercise 3. (4)
Let V be a vector space. Show that if {u,v} C V is linearly independent, then {u 4+ v, u — v} is
linearly independent as well.

Exercise 4. (6)

Let the following objects be given:

u: R — Ry, (21,22, 23) — u (w1, 22,23),

g R =R, L gy (1),

g iR R, L go (1),

Assume that

u, g1, 92 are C?,

for any (21, 2,23) € R®, Dy u (21, 2,23) > 0, Dyyu (21,22, 23) > 0, Dy,u (21,72, 23) < 0 and
D?u (xy1,x9,23) << 0

for any I € R, g1 (I) > 0,97 (1) <0, g5 (1) > 0,95 (1) <O0.

Following the steps presented in the class notes, discuss the following problem.

max u (g1 (D), 92 (D), 1) s.t. lelo,L].

Exercise 5. (5)
Let the following utility function be given.

u:R3, — R, (2,0)— log(z)—log(l).
If possible, say if associated indifference curves are increasing and convex.

Do not miss Exercise 6 on next page.
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Solve only one between Exercises 6a and 6b.
Exercise 6a. (5)
a. Show that the following set is R? open

{(amy) € R? : 22 +sin (zy) + et > 0} ;
b. Show that (0,1) U {3} is not R open.

Exercise 6b. (5)
Given the function f:R? — R,

2 .
ﬁ if y+#-—2x

f(z)= ,
x4y if y=-2x

if possible, compute f’ (0;u) for any u € R2.
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Matematica per le applicazioni economiche 2

Modalita’ 2

January 16th, 2013

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (5)
a. Let be 2o € R™\ {0}be given. Show that the following set is not a vector space

Wyo :={z €R" : z-z¢ > 0}.

Hint: Does z( belong to W7
b. Let V and U be vector spaces and vy € V. Show that the following set is a vector subspace
of L(V,U):
Lo={le L(V,U):1(vg) =0}.

Exercise 2. (5)
For any a € R, consider the function [, € £ (R47 R2) such that

ari + T2 + ars + T4
lo (x1,22,%3,74) =
1+ axo + x3 + axy

For any value of a € R, find a basis of Im [, and kerl,.

Exercise 3. (4)

Let a vector space V of dimension n € Ny, n > 5 and {v',v?} be given. Say if the following
statements are true or false:

a. There exists {113, ...,v”} C V such that {vl,v2,v3, ...,v"} is a basis of V;

b. There exists {v3,...,0",v" ™} C V such that {v!,v2,0v*,...,v""} is a basis of V.

Exercise 4. (6)
Using the steps described in the Class Notes, discuss the following maximization problem.
For given ao € R, 4,

max(, yepz o (log () +1log(y)) —a? —y* st x>1
y=>1
r+y <10

Exercise 5. (5)
Let the following function be given.

f(z7y7t) -1
F: Ri—-‘,— - R2a (l'vy’t) = )
22+ e —log (vy) +t2 — (1 +e)

where f:R3, — Ris a C' function such that f(1,1,0) =1 and Df (1,1,0) = (1,1,1).

Say if the solution vector (x,%) to the system F (x,y,t) = 0 is a Cfunction in a neighborhood
of t = 0 and compute the derivative of that function (with respect to ¢). Hint: Apply the implicit
function theorem to F (z,y,t) = 0 at the point (1,1, 0).

Solve only one between Exercises 6a and 6b.

Exercise 6a. (5)

Using

a. the characterization of continuous functions in terms of open sets,
b. the characterization of continuous functions in terms of closed sets,
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show that the following function is not continuous.

x| if x#0,
fR=R z—
2 if z=0.

Exercise 6b. (5)
Given the function

[iR? =R, f(zy) = +y?
using the definition show that f is differentiable in (1,0).
f(@ot+u)—f(x0)—dfug (uw)

[

Df (1,0) - (uy,up) = 2uy; recall that ||(u, u)||> = (u1)® + (ug)’.

Hints: use the definition which involves lim,,_g = 0; “guess” that df(; o) (u) =
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Proof. Take v € V. Then

L (g1o(fi+ f2))(0) = 1 ((f1 + f2)(®) = g1(f1(v) + fa(0) ™ 2" g1 (f1(0)) + g1(fo(v)) =
= (910 f1)(v) + (g1 0 f2)(v) = (g1 0 f1 + g1 © f2)(v).
)

2. ((g1+92) 0 f1)(w) = (g1 + g2)(f1(v)) = 91 (f1(v)) + g2(f1(v)) = (g1 © f1)(v) + (g2 0 f1)(v) =
(g10 f1+g20 f1)(v).
3. (k(g10 f1))(v) = k(g1 0 f1)(v) = k(g1(f1(v))) = (kg1)(f1(v)) = ((kg1) © f1)(v), and
(k(g1 0 f1))(v) = k(g1 0 f1)(v) = k(g91(f1(v))) = q1(kf1(v)) = g1 ((kf1)(v)) = (g1 © (kf1))(v).
6b.
lim f (w0 +u) = f(z0) — dfz, (v) — lim J (1 4wy, uz2) — f(1,0) = Df(1,0) - (u1,us) _
u—0 i u—0 (u, uz)|?
~ i 1+ 2u,q +U%+u%_1_2u1 T u%""u% T ||(u1,u2)|| _ liH%JH(ULUQ)H:O

u=0 [[(ur, ua)l w0 [(ur,u)ll w0 [[(un, )l e



90

Matematica per le applicazioni economiche 2

Modalita’ 1

February 4th, 2014

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (5)
Let V be a vector space be given.
a. Show that for any wo € V' \ {0},

W, :={v € V : Ja € R such that v = awg}

is a vector subspace of V;
b. Show that dim W,,, = 1. Hint. Show that {wg} is a basis for W,,,.

Exercise 2. (5)
For any a,b € R, consider the function I, € £ (R*,R*) such that

ary

axro
la,b (xlv x2,T3, .T4) =
bxg

bz 4

For any value of a € R and b € R, find a basis of Im [, ; and kerl, .
Hint. Consider the four case: i. a # 0,b # 0;ii. a = 0,b=0; iii. a # 0,b =0; iv. ... .

Exercise 3. (5)
a. Show that the following statement is false: given a matrix A € M (2,2),

A#0= A% #£0.

0 1
A= [ 01 } |
b. Show that for any A € M (n,n) such that A2, the system Ax = 0 has a solution z* # 0.
c. Show that for any A € M (n,n) such that A% rank A < n.

Hint: take

Exercise 4. (5)
Using the steps described in the Class Notes, discuss the following maximization problem.
For given p1,ps € Ry 4,

MaX(z, z,)eR? P1%1 + P2T2  S.t. z9 < —€” + 1.

Do not study the existence problem. Do not compute solutions.
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Exercise 5. (5)
Let the following function be given.
f:Ri+_)RJ (x,y,z)Hewyz—i—log(xy)—i—z—e—l,

Say if
a. a solution = to the system f(x,y,t) = 0 is a C! function g (y,z) in a neighborhood of

(y,2) = (1,1)
and compute Dy, .)g(1,1);
b. a solution y to the system f(z,y,t) = 0 is a C! function h (z,z) in a neighborhood of

(:E, Z) = (13 1)
and compute D, . h (1,1).
Hint: Apply the implicit function theorem to f (z,y,z) = 0 at the point (1,1, 1).

Solve only one between Exercises 6a and 6b.

Exercise 6a. (5)

Let a € Ry be given.

a. Show that N2} (a— L a+ 1) = {a};

b. Compute Int ({a}) , F ({a}) and D ({a}), without proving your statements.

Exercise 6b. (5)
A function f:R? — R, x — f(z) is homogenous of degree n € N if

for every © = (1, 22) € R? and every a € Ry, f (aw1,ars) = a" f (x1,72) .
Show that if f is homogenous of degree n and f € C! (RQ, R), then
for every x = (x1,x2) € Rg, x1- Dy, f (21,22) + 22 Do, f (21, 22) = nf (x1,22) .
Hint. Differentiate both sides of
flazy,az2) = a" f (x1,x2)

with respect to a and then replace a with 1.
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Lemma 6 Let v,v' € V.Then

LhoveWsov+W=W, and

. o+W=0v4+W<«= v, eW.
>

Proof.

i. [=] We want to show that if v € W, then a) v+ W C W and b) W C v+ W.

a) Since v € W and W is a vector space, for any w’ € W, v+w’ € W, i.e., the desired result.

b) Take w € W. We want to find w’ € W such that w = v+ w’. Take w' =w —v; w' € W,
since w,v € W. Then
w=v4+w =v+(w—0v)Ev+W,

as desired.

[«<] Since 0 € W, v+ 0 € v+ W =W by assumption.

Exercise 5. (5)
Let the following function be given.

PRI, SR, (2,9,2) — €™ 4 log (oy) + 2 — e — 1,

f(z,y,2) =e"¥* +log(zy)+2z—e—1
f(1,1,1)=0

Dwf (x,y, Z) = yzexyz + !

Dy f(x,y, z) = zze™* +

D.f (z,y,2) = zye™* + 1

Dy g (1,1) = —@ (xze””yz + g ayettt + 1)
Dz b (1,1) = —ﬁ (yzexyz + %,xyeryz + 1)
—e” +1 ’

-5 -3.75 -2.5 -1.25 Cb y 125 2.5
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Matematica per le applicazioni economiche 2
Modalita’ 2
June 17th, 2014

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (5)
a. Find a basis of R3which contains the following set

S ={(1,2,5),(0,1,2)}.

b. Say if the following set is a vector subspace of M (n,n):

S = A = [aij]ihje{l,“.,’ﬂ} c M(?’L,’n) : Zza/lj =0

i=1 j=1
Exercise 2. (5)
Find a basis of Im![ and ker!{ if
[:RFL o REL (x1,22,...Tk—1, Tk, Tk+1) — (T1,T2,...Tx—2,0).

Exercise 3. (5)
Given the set
W = {(m,y,z) eR? :x:y},

a. show that W is a vector space,
b. find a basis of W,
c. say what is the dimension of W.

Exercise 4. (5)
Using the steps described in the Class Notes, discuss the following maximization problem.
For given a € (0,1),

min(xhwz)eRz 1 + axg s.t. x1-x9 > 100
Iy Z 0
i) Z 0

Exercise 5. (5)
Let the following function be given.

fiRY, x (0,1) x Ryy — R,

f($1)$27)‘;a7u): To — O —

Assuming that f (210, 220, Ao; @0, ug) = 0; say if it possible to study the effect of changes of «
on (x1,x2,A) assuming that f (x1,z2, A\;,u) = 0.

See next page.
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Solve only one between Exercises 6a and 6b.

Exercise 6a. (5)
Provide an example of a subset of R which is open and bounded. You have to show your

statements.

Exercise 6b. (5)
If possible compute the directional derivative f’(0; u) for any u € R3, if f is defined as follows

, —“’;Z if z#0
R >R, f(@,y,2) =
0 if z=0.



A
,lj,E
.’EQ*O&A

z2

log (1) + alog (z2) — u
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Matematica per le applicazioni economiche 2

Modalita’ 2

July 7th, 2014

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (5)
a.
Let A, B be n x n matrices. Show that if det A # 0 and AB = 0, then B = 0.
b. Show that the following statement is false: if A € M (2,2), AB =0 and

B=|1 1)
then A = 0.
Exercise 2. (5)
Find a basis of Im ! and ker! if
1:R% — RS, (1,2, T3, %4, T5) — (X5, T4,23,0,21 + 3) .

Exercise 3. (5)
Say if the following set is a vector space

AeM(2,2): Jx,y € Rsuch that A =
Tty Y

Exercise 4. (5)
Using the steps described in the Class Notes, discuss the following maximization problem.
For given a € (0,1),

ming, z,)er? 1 + Q2 s.t. Ty -9 > 100
I Z 0
X9 Z 0

Exercise 5. (5)
Suppose that the demand and supply functions of a given good are described by the following

functions ) 9
demand function : d:R7, —R (p, ) = d(p, ),

supply function : s:R2, —R (p,B) — s(p,B),

where p is the price of the good and « and S are exogenous variables.
Assume that d and s are C* functions and that there exists an equilibrium price p® € R, at
(040,60) € Ri+7 i.e.,
d (pev O{o) =S (pea BO) .
Assume also that Vo, 8,p € Ry, Dd(p,a) << 0 and Ds (p, ) >> 0.

Is it possible to compute the effect of a change in « on the associated equilibrium price in a
sufficiently small neighborhood of (p, ag, By)-

See next page.



Solve only one between Exercises 6a and 6b.

Exercise 6a. (5)
Provide an example of a subset of R which is closed and unbounded. You have to show your
statements.

Exercise 6b. (5)
Let the following C! functions be given.

FIRVOR, = (@), — £ ().
g :R—R t— g; (t) for any i € {1,2,...,n}

Defined
h:R—R tH(gl (t)vvgz (t)aagn (t))a

if possible, compute A’ (t).
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Matematica per le applicazioni economiche 2

Modalita’ 2

December 9, 2014

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (5)
Define

MC(2) =1 AeM22):3a,beR such that A= | & 2|1
b a

Show that
a. MC (2) is a vector subspace of M (2, 2);
b. dim MC (2) = 2;

Exercise 2. (5)
Find a basis of Im ! and ker! if, given n € N, n > 5,

l : RQH — Rn, (xl):;_ll — ((Ii+1 —+ I")ie{l,...,n—?} ,IE"_A,_Q)

Exercise 3. (5)
Discuss the following system for all values of k € R,

E 1 0 0
2 N I e B O |
E 0 k 207 o
10 k 3 0

Exercise 4. (5)
Given a,b € R, 4, following the steps presented in the Class Notes, analyze the following prob-
lem.
min ,)erz ax + by s.t. ba? +ay® <1

Say for which values of (a,b) € R? | if any, the associated solution solution (z*,y*) is such that
ia* <0
ii. y* <O0.

Exercise 5. (5)
Let the following function be given

f(.%‘l,.’ll‘g,t) -1
h:R3 = R%  (21,29,t) —
r1+ a0 — 1

Assume that fis C', f((1,1,2)) =1and D f((1,1,2)) = (1,0,1).

i. Say if it is possible to apply the implicit function theorem to h in (fl,ig,f) = (1,1,2) to
prove that there exists a C! function (x1,22) = ¢ (t) = (¢ (t), ¢4 (t)) in a open neighborhood of
t=2.

ii. If possible, compute Dy (2) € R

Solve only one between Exercises 6a and 6b.

Exercise 6a. (5)

Say if the following statement is true or false.

If z is a boundary point for S C R"”, then it is an accumulation point for S.



Exercise 6b. (5)
Assume that the following functions are C?,

g1 : R — R, l— g (1),

g2 R =R, k— go(k),

f : R4 - Ra (1’1,.’172,133,1:4) — f($171‘27m3a1:4) .

Defined
h/:RQHRa (lvk)Hf(gl(l)aQQ(k)7l7k)a

compute Dh (I, k).
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Matematica per le applicazioni economiche 2

Modalita 2

January 9th 2015

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (5)
Defined
Vi ={(z,y) € R: 2 =2a and y = a for some a € R}

Vo={(z,y) e R:xz = band y =b for some a € R}

Say if
Vi, Va, Vinvs, Viuv,

are vector subspaces of R2.
Exercise 2. (5)
Find a basis of Im [ and ker!{ for the linear functions {; and I3 defined below.

ll IRB — RS, (xlny;x?)) — (O7x17x2)7
lo: R3 — Rs, (x,y,Z) = (:137y70)7
lg :l20l1.

Exercise 3. (5)
For any value k € R |, let S (k) be the solution set of the following linear system:

T
1 k£ 0 k k o 0
01 kK 0 k z3 | =0
1 0 k 2k k Ty 1
zs5
1 k k
det | 0 1 0 | =k
1 0 2k
10 000
010 00
1 0 000
For any k € R, say if S (x) is empty, and, if it is not empty, compute its dimension.

Exercise 4. (5)
Let the following objects be given: a € Ry, f,g : R — R of class C? and such that Vz € R,

f(x)>0,9 (z)>0,f"(z) <0,¢" (z) <O0.
Following the steps presented in the Class Notes, analyze the problem below. For givena € R, 4,

min, ,yer2 ©> — 8z + ye! ~? s.t. z+y<a
z>0
y=>0

Exercise 5. (5)
Let a € Ry and the following function be given

—2x—8—pu
f : Ri-‘,— - R37 (x7y7:u’) = _eyf?» - yeyi?) — M

a—x—y
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Assume that there exists (Z,7,z,a) € R3, such that f (Z,7,%,a) = 0.
Carefully check the assumptions needed to apply the implicit function theorem to f in (Z,7,z, a)
to prove that there exists a C* function (z,y, 1) = ¢ (a) in a open neighborhood of a.

Solve only one between Exercises 6a and 6b.

Exercise 6a.(5)

Say if the following statement is true or false.

The maxization problem described below admits a solution.
Let the continuous functions f : R® - R, g : R — R" be given;

min /() st g(f(x) <0and o] <1

Exercise 6b. (5)
If possible, compute f’ (0;u) for any (uq,us) € R? for the function defined below.

22 4y? .
Ty—x if y#ux,
[R? =R, (z,y) —

x? if y=uwx.
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Matematica per le applicazioni economiche 2

Modalita 2

January 9th 2015

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (5)
Defined
Vi={(z,y) € R: 2z =2a and y = a for some a € R}

Vo ={(z,y) e R: 2= band y =b for some a € R}

Say if
V17 V27 Vlm‘/Qa ‘/lUVQ

are vector subspaces of R2.

Exercise 2. (5)
Find a basis of Im [ and ker! for the linear functions /1 and I3 defined below.

ll N R?’ — R3, ($1,$2,$3) = (071}1,1’2),
12:R3_)R3a (xay7z)'_)(x7y70)a
l3 :lgoll.

Exercise 3. (5)
For any value k € R , let S (k) be the solution set of the following linear system:

x
1 k0 k k o 0
01 k 0 k s | =10
10 k 2 k T4 1
5

For any k € R, say if S (x) is empty, and, if it is not empty, compute its dimension.

Exercise 4. (5)
Following the steps presented in the Class Notes, analyze the problem below. For givena € R, 4,

min(; ,)er2 2% — 8z + ye¥ 3 s.t. z+y<a

z>0
y=>0

Exercise 5. (5)
Let a € Ry and the following function be given
—2x—8—pu
fiRY, =R, (zy,p)—q —eV 2 —yev™? —p
a—x—y
Assume that there exists (Z,7,71,a) € R, such that f (Z,7,%,@) = 0.

Carefully check the assumptions needed to apply the implicit function theorem to f in (Z,7,z, @)
to prove that there exists a C! function (x,y, 1) = ¢ (a) in a open neighborhood of @.
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Solve only one between Exercises 6a and 6b.
Exercise 6a.(5)
Say if the following statements are true or false. For any n € N,

S C R" is compact < S C R" is convex.

Exercise 6b. (5)
Using the definition, say if the following function is differentiable in (0, 0)

f:R2 SR, (z,y) — x + 2y.

Hint: Knowing that f is O, “guess” the expression for df(y o
( K )
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Matematica per le applicazioni economiche 2

Modalita 2

February 6th,2015

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (5)
Define C° (R, R) as the vector space of continuous functions from R to R and given ¢g* € C° (R, R)
define also

I={feC’(R,R):3heC’(R,R) such that f=g*h} = {f = g*h for some h € C° (R,R)}.

Show that I is a vector space.
Exercise 2. (5)
Let the following linear function be given: [ : R* — R*,

axy
axrs
blEg
b.’£4

l(x1, 22,3, 24) =

where a,b € R. Find dimker/ and dimIm/ for any value of a,b € R.
Hint. Analize the following cases. i. a # 0,b # 0; ii. a = 0,b # 0; iii. a # 0,b = 0; iv.
a=0,b=0.

Exercise 3. (5)
For any value a € R , let S (a) be the solution set of the following linear system:

a 2a+1 a+2 il _|a
1 a+1 a 20 7 a |
T3

For any a € R, say if S (a) is empty, and, if it is not empty, compute its dimension.

Exercise 4. (5)
Following the steps presented in the Class Notes, analyze the problem below. For given p € R, 4,

min(z’l)eﬂp u (.’E) —f (l) —pl s.t. le [O, 8]

z<g(l)
x>0,
where f, g, u are C? functions from R to R such that
u' >0, u” <0,
/>0, f">0,
g >0 g’ < 0.
Do not discuss the existence problem.
Exercise 5. (5)
Let the following function be given
r+y—a
22 +y — 3a

1. Solve explicitely the system f (z,y,a) = 0 in the unknowns z, y as a function of the parameter
a. Compute the derivatives of the solutions with respect to a.
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2. Carefully check the assumptions needed to apply the implicit function theorem to f to get
the same values of the derivatives found in 1. above.

Solve only one between Exercises 6a and 6b.
Exercise 6a.(5)
Say if the following statements are true or false. For any n € N,

S CR"is closed < S C R" is bounded.
Exercise 6b. (5)
If possible, compute the directional derivative of the following function

x4+ xy
‘RZ2, — R2, T,Y) —
++ Yy .
x log (yS)

in (1,1) in the direction (1,1).
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Matematica per le applicazioni economiche 2

Modalita 2

June 11, 2015

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (5)
Let W7 and W5 be subspaces of a vector space V. We say V is the direct sum of Wiand Wy,
and we write V = Wy @ Wh, if

for any v € V, there exists a unique (v!,v?) € Wi x Wy such that v = v! + v2.
Let the following subspaces of R? be given.
U={(z,y,2) €ER?: 2 =0},
i.e., the xy plane;
W = {(z,y,2) € R®: 2 =0},
i.e., the yz plane;
Z={(z,y.2) €R* iz =y =0},
i.e., the z axis; L = {(k, k, k) : k € R}.
Verify that
a. R®*=U®qZ.
b. R? is not the direct sum of U and W.

Exercise 2. (5)
Let F (R,R) be the vector space of functions from R to R. Show that the following set is a
vector subspace of F (R, R):
W={feFR,R):VzeR, f(-z)=f(2)}.

Exercise 3. (5)
For any value @ € R | let S (a) be the solution set of the following linear system:

a a O 0 il a

1 2 a 1—a 2l=1a

a 2a 4a 4a T3 1
T4

For any a € R, say if S (a) is empty, and, if it is not empty, compute its dimension.

Exercise 4. (5)
Given

N
Il
oo o
oo~
oo

a. compute A3 := A- A A;
b. find a basis of ker! and Im{, where [

Exercise 4. (5)
Following the steps presented in the Class Notes, analyze the problem below. For given a,w €

R++7 )
ming, ,)er, . xR y+a-logx s.t. y>0
r+y<w

Do not miss exercises on next page.
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Exercise 5. (5)
Let the following (production) function be given:

o=

R, =R, (zy)— (07 +(1=8)y ") 7,

where p > 1, 6 € (0,1).
Compute the slope the level curve (isoquant) f (x,y) =k with k € R4 ;.

Solve only one between Exercises 6a and 6b.
Exercise 6a. (5)x*
Say if the following statements are true or false. For any n € N,

S CR"isopen & S CR"is convex.
Exercise 6b. (5)*
Let the following differentiable functions be given
giR-R, £ g(t)
h:R—R, t— h(t)
fR* =R, (z,y) — f(z,y)

F:R—R, t— f(g(t),h(t)
Using the chain rule,compute F” (t).
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Any vector (a,b,c) € R? can be written uniquely as follows:
(a" b? C) = (a7 b7 0) + (07 07 C)
where (a,b,0) € U and (0,0,¢) € Z.

Example 7 ii. R3=U @ L.
Any vector (a,b,c) € R® can be written uniquely as follows:

(a,b,¢) = (a—¢,b—¢,0)+ (c,c,c)
where (a,b,0) € U and (0,0,¢) € Z.
The projections py and pr, of V into U and L respectively are.

pU(a‘7b7 C) = ((l ) b—,O) and pL(au bv C) = (C, & C)

iii. R3 AU W.
Since any vector in R can be written as a sum of a vector in U and a vector in W, R? = U+W.

However, R? is not the direct sum of U and W since such sums are not unique: for instance,
(1,2,3) = (1,1,0) +(0,1,1) = (1,3,0) + (0, -1, 3).

Exercise 3.

a a O

det | 1 2 a | =4a>-a*>=da*(4—aq)
a 2a 4a

Case a =0

T

000 0 . 0
1 2 0 1 2l=1o0
00 0 3 1
T4
no solution
Case a =4
4 4 0 0 1 4
1 2 4 -3 T2 ]y
4 8 16 16 3 1
T4

infinite solutions
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Matematica per le applicazioni economiche 2

Modalita 2

July, 2015

You have two hours and a half to complete the exam. The number next to each exercise tells
you the score you get in case of correct answer. Explain carefully your answers.

Exercise 1. (5)
Let V be the vector space of differentiable function from R to R.For given a € R, say if the
following set is a vector subspace of V.

{feV:VzeR, f'(zx)=a- f(x)}.

Exercise 2. (5)
Let the following vector subspace of R? be given (you do not need to show it is a subspace):

W ={(z,y,2) ER’: 2 =0} .
Say if the following sets are a basis of W:
i. {(0,1,0),(0,0,1)};
i. {(1,1,0),(1,0,1)};
i, {(0,1,2),(0,2,4)}.

Exercise 3. (5)
Find a basis of ker [ and of Im [ if [ is the linear function defined below. Givenn € {1,2,...} := N,
n>5and x = (T1,..., T4y ey Tny)
fiR* S R"

[ (x) = (1 + 22 + 23,21 + T2,21,0,...,0)]_;
Exercise 4. (5)
Let A and B be two n x n matrices with n > 3. Given the system

[A B]a::b,

where, obviously, z € R?” and b € R, describe its solutions set in the cases described below.
a. det A =T,

b. rank A = n;

c. A=0and rank B=n —1.

Exercise 4. (5)
i. Following the steps presented in the Class Notes, analyze the following problem. For given
a < R++a
max logz + alogy s.t. g(z,y) >0,
(z,y)€RT |
where g is a C? concave function such that g (1,1) > 0. Do not analyze the existence of solution
problem.

Exercise 5. (5)
Let the following function be given

f:R> SR, (gc,y,z)»—>x+x2yz—e3zz—y—1+e3

i. Say if it is possible to apply the implicit function theorem to f in (zo,yo0,20) = (1,1,1,) to
prove that there exists a C! function x = g (y, 2) in an open neighborhood of (yo, z0) = (1,1).

ii. Write the formula to compute D, .yg ((1,1)).

iii. Say if it is possible to apply the implicit function theorem to f in (xo,yo0,20) = (1,1,1
prove that there exists a C* function y = h(z, 2) in an open neighborhood of (z¢,20) = (1, 1).

Do not miss the exercise on next page.
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Solve only one between Exercises 6a and 6b.

Exercise 6a. (5)

Using the characterization of continuous functions in terms of closed set, verify that the following
function is not continuous:

2 if <0
[R=R, f(z)=
1 if z>0.

Exercise 6b. (5)
Using the definition of directional derivative, compute f’ ((xo,%0); (u1,us2)), where for
given a € R,
fiR SR, (2,y) > az + 92,

(z0,y0) = (0,0) and (u1,u2) = (1,1).
Compute that derivative using theorems you know.
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Exercise 5. (5)
Let the following function be given

f:R® =R, (x,y,z)»—>x+x2y276322fy—1+63

i. Say if it is possible to apply the implicit function theorem to f in (zo,yo0,20) = (1,1,1,) to

prove that there exists a C! function x = ¢ (y, 2) in an open neighborhood of (yo, z0) = (1, 1).
ii. Write the formula to compute D, .yg ((1,1)).

iii. Say if it is possible to apply the implicit function theorem to f in (x,yo0,20) = (1,1,1
prove that there exists a C* function y = h(z, 2) in an open neighborhood of (z¢,20) = (1, 1).
f(z,y,2) —ztatyz—e3* —y—1+¢63

f(LL,)=e3l —e3 =0
of (2,y,2)

,) to

5 =2zyz+1
f(zyz) _ 42, 1
oy
Af(z,y,2)

2, 322
5. = a7y — 6ze



