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Introduction.  The evolution of the concept of function goes back 4000 years; 3700
of these consist of anticipations. The idea evolved for close to 300 years in intimate
connection with problems in calculus and analysis. (A one-sentence definition of
analysis as the study of properties of various classes of functions would not be far off
the mark.) In fact, the concept of function is one of the distinguishing features of
“modern” as against “classical” mathematics. W. L. Schaaf [24, p. 500] goes a step
further:

The keynote of Western culture is the function concept, a notion not even
remotely hinted at by any earlier culture. And the function concept is

anything but an extension or elaboration of previous number concepts—it
is rather a complete emancipation from such notions.

elements, two mental images: the geometric (expressed in the form of a curve)

and the algebraic (expressed as a formula—first finite and later allowing infinitely
many terms, the so-called “analytic expression”). (See [7, p. 256].) Subsequently, a third
element enters, namely, the “logical” definition of function as a correspondence (with a
mental image of an input-output machine). In the wake of this development, the
geometric conception of function is gradually abandoned. A new tug of war soon ensues
(and is, in one form or another, still with us today) between this novel “logical”
(“abstract,” “synthetic,” “postulational”) conception of function and the old “algebraic”
(“concrete,” “analytic,” “constructive”) conception.

The evolution of the function concept can be seen as a tug of war between two

In this article, we will elaborate these points and try to give the reader a sense of the
excitement and the challenge that some of the best mathematicians of all time
confronted in trying to come to grips with the basic conception of function that we now
accept as commonplace.

1. Precalculus Developments. The notion of function in explicit form did not emerge
until the beginning of the 18th century, although implicit manifestations of the concept
date back to about 20@0c. The main reasons that the function concept did not emerge
earlier were:

* lack of algebraic prerequisites—the coming to terms with the continuum of real
numbers, and the development of symbolic notation;

* lack of motivation. Why define an abstract notion of function unless one had many
examples from which to abstract?



In the couse of dout two hunded yeas (ca. 1450-1650)here occured a mmber of
developments thiawere fundamental to these of the function congd:

» Extension of the conpé of rumber to emlace eal and (to somexeent) een
complex numbes (Bombelli,Stifel, et al.);

* The cedion of a symbolic algora (Méte, Descates, et al.);
* The stug of motion as a cerdl problem of science (Kpler, Galileo, et al.);
* The wedding of alggbra and gomety (Femmat, Descates, et al.).

The 17th centyrwitnessed the emggnce of moder mahemaized science and the
invention of anajtic geomety. Both of these delopments sugested a yinamig
continuous viev of the functional elaionship as gainst the stic, discrete viev held
by the ancients.

In the Bending of algbra and gomety, the key elements wre the intoduction of
variablesand the epression of thealaionship between \arables by means of
equdions The ldter piovided a lage rumber of @amples of cures (potential
functions) br stud/ and set theirial stage for the intoduction of the function conpe
Wha was la&ing was the identi€ation of the indpendent and geendent ariables in
an equson:
Variables ae not functions.The concpt of function implies a unidéctional
relaion between arfindependent’and a‘dependent’vairiable. But in the case of
variables as thg occur in méhemadical or ptysical poblems,there need not be
sud a dvision of oles.And as long as no special imndentole is gven to one

of the \ariables irnvolved the \ariables ae not functions bt simpl variables
[2, p. 348].

See [6],[15], [27] for detalils.

The calculus desloped ly Newton and Leibniz had not therfn tha students see toga
In paticular, it was not a calculus déinctions The pincipal objects of studin 17th-
centuy calculus vere (geometic) curves. (For example the g/cloid was intoduced
geometically and studied>densvely well before it was gven as an eqaan.) In fact,
17th-centuy anaysis oiginated as a collection of methods fsolving poblems dout
curves,sud as inding tangnts to cwes,areas under cwes,lengths of cures,and
velocities of points mang along cuves. Since the pblems tha gave iise to the
calculus vere geometic and kinem#tc in naure, and since Nwton and Leibniz wre
preoccupied with xploiting the mavelous tool thathey had ceded time and eflection
would be equired bebre the calculus could becast in algbraic form.

The \aniables associtad with a cue were geometic—abscissasprdinaes,subtangnts
subnomals,and the adii of cuvature of a cuve. In 1692 Leibniz introduced the ward
“function” (see [25p. 272]) to desigrta a ggometic object assoctad with a cuve.
For example Leibniz assded tha “a tangent is a function of a cue” [12 p. 85].

Newton'’s “method of fuxions” applies to“fluents; not functions. Neton calls his
varnables“fluents"—the imge (as in Leibniz) is gometic, of a point“flowing” along
a cure. Newton’s major conibution to the deelopment of the function congewas
his use of pwer seies.These vere impotant for the subsequent dgdopment of

tha concept.



As increased emphasis came to be placed onotineufas and equeons elaing the
functions assoctad with a cuve, attention was bcused on theote of the symbols
appeamg in the brmulas and equens and thus on thelgions holding among these
symbols,independent of the aginal cuve. The corespondence (1694-1698) betm
Leibniz and dhann Benoulli traces hw the ladk of a geneal tem to represent
gquantities dpendent on other quantities in Buormulas and equens bought dout
the use of the ter “function” as it gpeas in Benoulli’'s defnition of 1718 (see[3p. 9]
and [27,p. 57] for details):

One calls hex Function of a ariable a quantity composed in yammanner
whaever of this ariable and of constants [28, 72].

This was the if st formal defnition of function,although Bemnoulli did not eplain what
“‘composed in anpmanner agever” meant. See [3]6], [12], [27] for details of this
section.

2. Euler’'sIntr oductio inAnalysin Infinitorum. In the frst half of the 18th centyr
we witness a@dual sparation of 17th-centur anaysis from its ggometic origin and
badground This piocess ofdegeometization of anaysis” [2, p. 345] s& the
replacement of the conpeof vanable, applied to ggometic objectswith the concpt of
function as an algraic formula. This trend was embodied in Eules’dassicintroductio
in Analysin Infnitorumof 1748,intended as a suey of the concpts and methods of
analsis and angtic geomety neededdr a stug of the calculus.

Euler's Introductiowas the if st work in which the concpt of function plgs an eplicit
and cental role. In the peface Euler daims tha mahemdical anaysis is the gneal
science of anables and their functions. He dias by defning a function as atanalytic
expression”(that is, a “f ormula”):

A function of a \anable quantity is an anglical expression composed in ®n
manner fom tha variable quantity and ambes or constant quantities [23, 72].

Euler does not dife the tem “analytic expressiori,! but tries to gve it meaning
explaining tha admissilte “analytic expressions’involve the bur algebraic opeations,
roots,exponentialsjogarthms, trigopnometic functions,delivatives,and intgrals. He
classifes functions as being agraic or tanscendental; singlealued or naltivalued;
and implicit or &plicit. The Introductiocontains one of the deast treaments of
trigonometic functions as mmeical ratios (see [13])as well as the ediest algrithmic
treament of lganthms as gponentsThe entie gproad is algbraic. Not a single
picture or dewing gopeas (in v 1).

Expansions of functions in p@r seres play a cental role in this tedise In fact,
Euler daims tha ary function can bexpanded in a pger seies:“If anyone doubts
this, this doubt will be emoved ty the expansion of eery function”[3, p. 10]2 This
remak was cetainly in kegping with the spit of mahemdics in the 18th centyr

Hawkins [10,p. 3] summakees Eulers contibution to the emeence of function as
an impotant concpt:

1 This tem, which will appear often troughout this pper, was brmally defned ony in the lde
19th centuy (see sec7).

2Yousdkevitch [27,p. 54] daims tha “because of pwer setes the congat of function
as anajtic expression occupied the ceatiplace in mthemdical anaysis’



Although the notion of function did notigmate with Eulerit was he vino first
gave it pominence  treding the calculus as aifmal theoy of functions.

As we shall segEuler’s view of functions vas soon towlve. See [2]][3], [6], [27]
for details of the laove.

3. TheVibrating-String Controversy. Of crucial impotance or the subsequent
evolution of the congat of the function \as theVibrating-Sting Pioblem:

An elastic sting having fixed ends (0 and, s&y)

is debrmed into some initial sipe and then

released to vilate. The poblem is to detenine ~
the function thadescibes the shage of the sing f//- &

at timet. -
0] £

The contoversy centeed apund the meaning dfunction.” In fact, Grattan-Guinness
suggests thain the contoversy over various solutions of this pblem, “T he whole of
eighteenth-centyranal/sis was bought under inspectiothe theoy of functions the
role of algebra, the eal line contimum and the corergence of sees . ." [9, p. 2].

To undestand the degtes tha surounded thé&/ibrating-Sting Pioblem, we nust frst
mention arf‘article of faith” of 18th centuy mathemadics:

If two analytic expressions gree on an interal, they agree eerywhetre.

This was not an unrnaral assumptiongiven the type of functions (arydc expressions)
consideed d tha time. On this viav, the whole couse of a cure gven by an anaftic
expression is detenined ty ary small pat of the cuve. This implicitly assumes thdhe
indgpendent ariable in an anaftic expression anges ver the wole domain ofeal
numbes, without restiction.

In view of this,it is bafling (to us) thaas edy as 1744Euler wiote to Goldbac
staing tha

T— X isinnx
=~ n

> =
(See [27]p. 67.) Hee, indeed is an éample of tvo anaytic expressions thiaagree on
the intewal (0, 27), but navhere else?

n

3 Euler nmust suely have recaynized this,but “T his is not the ol occasion on wich EULER
knew examples vhich did not compt with his concptions lut which he mg have considezd to
be insignifcant eceptions flom the @neal rule” [27, p. 67]. See also [19].



In 1747,d’Alembett solved theVibrating-Sting Pioblem by shaving tha the motion of
the sting is govemed ty the patial differential equéon

L

proiliagew: (ais a constant),
the so-calledvave equdion. Using the boundgrconditionsy(0, t) = 0 andy(¢, t) = O,
and the initial conditions

y(x,0) = f(x) and w 0,
dt|t=o0
he sohed this patial differential equéion to obtainy(x, t) = [¢(x + at) + ¢(x — at)]/2
as the‘'most genearl” solution of theVibrating-Sting Pioblem, ¢ being art‘arbitrary”
function. It ollows readily tha

y(x, 0) = f(x) = ¢(x) on (0, ¢),
o(x + 2€) = ¢(x),
and

e(—x) = —¢(x).

Thus, ¢ is detemined on(0, ) by the initial shae of the sing, and is contined
(by the*“article of faith”) as an od peiodic function of peiod 2¢.

D’Alembett believed tha the functiong(x) (and hencé(x)) must be arfanalytic
expression”—thais, it must be gven by a formula. (To d’Alembet, these vere the ony
pemissilde functions.) Moeover, since this angtic expression sisfies the vave
equdion, it must be twice dfferentiable.

In 1748,Euler wiote a paer on the same @olem in which he greed completgl with
d’Alembett concening the solution bt differed from him on its intguretaion. Euler
contended thtad’Alembett’s solution vas not theémost genenl,” as the Igter had
claimed Having himself soled the poblem mahemadically, Euler daimed his
expeliments shwed tha the solutiony(x, t) = [p(x + at) + ¢(x — at)]/2 gives the
shapes of the sing for different \alues oft, even when the initial shge is not gven by
a (single) érmula. FFom ptysical considations, Euler agued thathe initial shpe of
the stmg can be yen (a) ly several anaytic expressions in dferent subinterals of
(0, €) (say, circular acs of diferent radii in different pats of (0, €)) or, more ceneally,
(b) by a cuve diawn free-hand* But accoding to the*article of faith” prevalent & the
time, neither of these tavtypes of initial shpes could beigen ty a single angtic
expressionsince sub an &pression detenines the shae of the ente cuwve by its
behaior on ary inteval, no mater hav small. Thus,d’Alembett’s solution could not be
the most gneal.

4 Euler called functions of types (a) and {biscontiruous; reseving the word “continuous”
for functions @ven ly a single angtic expression. (fius,he regarded the tw brandes of a
hyperbola as a single contious function! [18p.301].)This concetion of “continuity”
persisted until 1821when Cauhy gave the dehition used nwadays.



D’Alembert, who was nuch less integsted in the vilations of the sing than in the
mahemdics of the poblem, claimed tha Euler's agument vas“against all ules of
analsis” (Euler beli@ed tha it is admissike to gply cettain of the opeations of
anaysis to arbitary cuves.y Langer [16,p.17] eplains the difering views of Euler and
d’Alembeltt concening theVibrating-Sting Pioblem in tems of their gneral gproath
to mahemdics:

Euler's tempeament vas an imginative one He looled for guidance in laje
measue to pactical considations and pisical intuition,and combined with a
phenomenal ingruity, an almost nae faith in the inéllibility of mathemadical
formulas and theesults of maniputdons upon them. D’Alembémwas a mos
critical mind, much less susq#ible to cowviction by formalisms A personality of
impeccéle scientifc integrity, he was neer indined to minimiz shot-comings
that he ecaynized be the in his avn work or in tha of othes.

Daniel Benoulli enteed the pictue in 1753 |y giving yet another solution of the
Vibrating-Sting Pioblem. Benoulli, who was essentialla plysicist,based his
argument on the prsics of the ppblem and the knen facts &out nusical vibetions
(discoveredeatier by Rameau et al.). It as gneally recaynized d the time tha
musical sounds (aneh paticular, vibrations of a‘musical” stiing) ale composed of
fundamental fequencies and their lmonic overtones.This ptysical ezidence and
some“loose” mathemdical reasoningcorvinced Benoulli tha the solution to the
Vibrating-Sting Pioblem rmust be gven by

nmx n7rat
y(x E b smT cos—,—.

This, of course meant thaan arbitary functionf(x) can be epresented off0, €) by a
seies of sines,

o0

y(x, 0) = f(x) = 2

(Bemoulli was ony interested in solving a pisical poblem, and did not e a
definition of function. By ar‘arbitrary function” he meant afiarbitrary shae” of the
vibrating sting.)

Both Euler and d’Alembér(as vell as other mhiemadicians of thatime) found
Bemoulli’s solution dsud. Relying on the 18th centyr‘article of faith; they agued
that sincef(x) and the sine s@s=>° ;b sin(nmx/€) agree on(0, ), they must ayree
everywhere. But then one aived d the maniéstly absud condusion tha an“arbitrary”
functionf(x) is odd and peodic. (Since Bemnoulli’s initial sh@e of the sing was gven
by an anattic expression Euler ejected Bamoulli’s solution as being the mostreeal
solution.) Benoulli retotted tha d’Alembett’s and Eules solutions constitutébeautiful
mahemdics kut wha has it to do with vikating stings?”[22, p. 78].

5 Euler’s, but not d’Alembef’s “rules of analsis” would allov him to admitfor example
the cuve _—~_ as the initial shae of a vibating sting. For, Euler would ague tha

one could bang the shpe of the cuwre & the“top” by an infnitely small amount and thus
“smooth” it out. Since inhitesimal diangs were ignoked in analsis, this would hare no
effect on the solution.



The déae lasted dr several more yeass (it was joined lger by Lagrange) and then died
down without being esohed Ravetz [22,p. 81] daracterzed the essence of theldee
as one beteen d’Alember's mahemadical world, Bemoulli’s plysical world, and
Euler's “no-man’s land”between the tw. The déae did however, have impotant
consequence®f the @olution of the function cong®. Its major dfect was to &tend
tha concet to indude:

(a) Functions dehed piecwise by anaytic expressions in dferent intewals. (Thus,

X, x=0
f(x):{—x X<0

was nav, for the frst timg consideed to be a bonade function.)

(b) Functions dawn freehand and poss$ibnot gven by ary combinaion of anaytic
expressions.

As Lutzen [17] put it:

D’Alembert let the concgt of function limit the possik initial values,while
Euler let the ariety of initial values &tend the conga of function.We thus see
tha this etension of the congd of function vas forced upon Euler i the
physical poblem in question.

To see hw Euler's ovn view of functions golved over a peiod of several yeass,
compae the deahition of function he gve in his 1748ntroductiowith the bllowing
definition given in 1755jn which the tem “analytic expression”’does not ppear
[23, pp. 72-73]:
If, however, some quantities geend on othexrin sut a way tha if the later ae
changd the dbrmer undego changes themseks then thedrmer quantities &
called functions of the teer quantitiesThis is a ery compehensre notion and
compises in itself all the modes thugh which one quantity can be deteined
by othes. If, therefore, x denotes aatiable quantity then all the quantitieshigh
depend onx in ary manner Vinatever or ae detemined ly it are called its
functions ...

Euler’s view of functions vas einforced lder in tha centuy by work in patial
differential equ#ons:
The work of Monge in the 1770sgiving a geometic intempretdion to the
integration of patial differential equons,seemed to j@vide a contusive pioof

of the fact tha functions'more genearl than thosexg@ressed  an equaon’ were
legitimate mahemadical objects ... [22p. 86].

See [3],[4], [9], [16], [18], [19], [22], [27] for details on section 3.

4. Fourier and Fourier Series. Fourier’s work on heé conduction (submitted to the
Paris Acadeny of Sciences in 180ut published ony in 1822 in his assicAnalytic
Theoly of Hed) was a evolutionary step in the @olution of the function congx.
Fourier's main esult of 1822 as the dllowing.

Theorem. Any functionf(x) defned aer (— ¢, €) is representhle over this intewal by
a seres of sines and cosines,

8 & nmx . N7X
f(x) >t nZl[ancos v bnSII’lT}



where the codicientsa, andb, are gven ly

4 ¢

Fourier's announcement of thiesult met with incedulity. It upset seeral tenets of
18th-centuy mahemadics. The esult was knavn to Euler and Lgrange (among othes),
but only for cetain functions. Burier, of coursg claimed tha it is true for all functions,
where the tem “function” was gven the most gneal contempaay interpretaion:

In geneal, the functionf(x) represents a succession @lwes or adinaes eah of
which is arbitary. An infinity of values being igen to the bscissa, there ae an
equal mmber of odinaesf(x). All have actual nmeical values,either positie
or nagative or rull. We do not suppose thesealimraes to be subject to a common
law; they succeed e#&cother in ap manner vinaever, and eah of them is gven
as if it were a single quantity [23. 73].
Fourier’'s “proof’ of his theoem was loose wen by the standais of the edy 19th
centuy. In fact,it was brmalism in the spit of the 18th centyr—"a play upon
symbols in accatance with acqaed wles lut without nmuch or ary regard for content
or signifcance”[16, p. 33].To corvince the eluctant mtéhemaical comnunity of the
reasonbleness of hislaim, Fourer needed to shotha:

€ €
a, = lf f(t) cosn—7Tt dt and b, = %f f(t) sinnTzTt dt.
€ —€

(a) The coeficients of the Burier seres can be calculed for any f(x)
(b) Any functionf(x) can be epresented Y its Fourier sefes in(—¢, £).%
He shoved this ly:

(@) Intempreting the codicientsa, andb,, in the Purier sefes expansion off(x) as
areas (vhich made sensef “arbitrary” functionsf(x), not necesséy given ky anaytic
expressions)

(b’) Calculaing thea, andb, (for small \alues ofn) for a ged variety of functionsf(x),
and noting thelose @reement in—¢,¢) (but not outside thantewval) between the
initial segments of theasulting Burier seres and the functionalalues off (x).

Fourier accomplished all this using thamadical reasoning thiawould be tealy
unaccetable to us todg. However,

It was,no doubtpattially because of hisery disregard for rigor tha he was dle

to take concetual st@s which were inheently impossitke to men of mag ciitical

genius [16,p. 33].
Fourier's work raised the angtic (algebraic) expression of a function tat éeast an
equal boting with its gometic representtion (as a cure). His work had a fundamental
and frreating impact on subsequentvdéopments in nhiemdics. (For example it
forced m#hemadicians to eexamine the notion of inggal, and was the staing point of
the eseaches thaled Cantor to his edion of the theoy of sets.)As for its impact on
the evolution of the function cong#, Fourier's work:

» Did away with the“article of faith” held by 18th-centuy mahemadicians. (Thus,it
was nav clear tha two functions gven ly different anajtic expressions cangaee on
an intewal without necessty agreeing outside the inteal.)

6 Fourier was among theirkt to highlight the issue of ceergence of sees, which was of
little concen to mahemadicians of the 18th centyr



» Shawved tha Euler’s concet of “discontiruous”was fawed (Some of Eules
discontiruous functions wre shovn to be epresentale by a Founer seres—an
analtic expression—and ere thus contioous in Eules sensg

* Gave renaved emphasis to angic expressions.

As we shall segall this forced a e-evaluaion of the function congs. See [3][6], [7],
[9], [16], [19] for detalils.

As we hare notedthe perod 1720-1820 was dhamacteized by a derelopment and
exploitation of the tools of the calculus beqtiead ly the 17th centyr These tools
were emplged in the solution of imptant“practical” problems (eg., the Vibrating-
Stiing Pioblem, the He&Conduction Reblem). These poblems,in tum, clamored for
attention to impatant“theoretical” concets (eg., function, contiruity, corvergence) A
new subject—analsis—bean to tale form, in which the concpt of function vas
cental. But both the subject and the copiceere still in their brmative staes. It was a
peiiod of “f ormalism” in anal/sis—formal manipuléions dictded the‘rules of the
game” with little concen for rigor. The concept of function vas in a sti& of lux—an
analtic expression (arfarbitrary” formula), then a cure (drawn freehand)and then
again an anaftic expression (lot this time d'specific” formula, namey a Fourer
seiies). Both the subject of aals (cetainly its basic notions) and the copt®f
function were ripe for a eevaludion and a eformulation. This is the net stage in our
development.

5. Dirichlet’s Concept of Function Dirichlet was one of the e exponents of the
critical spint in mahemaics usheed in ly the 19th centyr (othes were GaussAbel,
Caudy). He undeiook a caeful anaysis of Fourier’s work to male it mahemadically
respecthle. The task vas not simple:

To male sense out of ma he [Fourier] did took a centyr of effort by men of
“more citical genius, and the end is notey in sight [4,p. 263].

Fourier’'s result tha any function can beapresented ¥ its Fourier seres was,of couise
incorrect. In a fundamental par of 1829Dirichlet gave suficient conditions ér sud
representaility:

Theorem. If a function f has ol finitely mary discontimities and ihitely mary
maxima and minima if— ¢, €), then f mg be epresented P its Fourier seiies on
(=€, €). (The Purier seiies cowverges pointwise to f kaere f is contimous,and to
[f(x+) + f(x—)]/2 at eath point x vhere f is discontinous.)

For a mahemadically rigorous poof of this theoem,one needed (a)ear notions of
contiruity, corvergence and the defite intggral, and (b) tear undestanding of the
function concpt. Caudy contibuted to the drmer, and Diiichlet to the I&er. We first
turn very briefly to Cauty’s contibutions.

Caudy was one of theirfst mahemdicians to usher in a mespirt of rigor in anaysis.
In his famedCours d’Analyseof 1821 and subsequenbiks, he igorously deined the
concepts of contimity, differentiability, and intgrability of a function in tems of limits’

It should be noted thatandads of igor have dhanged in mahemadics (not alvays from less
rigor to moe), and tha Caudy’s rigor is not ous. Kitcher [14] sugests thaCaudy’s
motivation in rigorizing the basic congas of the calculus cameoin work in Fourier seres. See
also [8] r bakground to Caulgy’s work in anaysis.



(Bolzano had done uth of this edlrer, but his work went unnoticeddr fifty yeass.) In
dealing with continity, Caudy addresses himself to Eulerconcetions (botnote 4) of
“continuous”and“discontinuous’ He shavs thd the function

X, Xx=0
f(x):{—x X<0

(which Euler considexd discontimous) can also be itten asf(x) = /2, and

£(x) =3foox—2dt

o X+t

which means thtaf(x) is also continous in Eules senseThis paadaxical situdion,
Caudy claims, cannot hapen vhenhis definition of contiruity is used

Caudy’s concetion of function is not ey different from tha of his pedecessar

When the warnable quantities ar linked tagether in sub a way tha, when the
value of one of them isigen, we can inér the alues of all the other we
ordinaiily conceve thd these arious quantities @& expressed { means of one of
them which then taks the name oindependent ariable; and the emaining
gquantities,expressed H» means of the ingeendent aiiable, are those wich one
calls thefunctionsof this \ariable [3, p. 104].

Although Cauby gives a ather geneal defnition of a function his subsequent
comments sugest tha he had in mind something nelimited (see [10p. 10]). He
classifes functions a%simple” and“mixed” The*“simple functions™are a + x, a — x,
ax, a/x, x&, a, log x, sinx, cosx, arcsinx, arc cosx; and the‘mixed functionsare
composites of thésimple” ones—syg, log(sinx). See [3]][6], [8], [9], [12], [14] for
Caudy’s contibution.

Now let us consider Dichlet’s defnition of function:

yis a function of a ariable x, defined on the interal a < X < Db, if to every value
of the \ariable x in this intewal thee coresponds a difite value of the ariable
y. Also, it is irrelevant in wha way this corespondence is e$lashed [19].

The nwelty in Dirichlet’s concetion of function as an arbéry corespondence lies not
so nmuch in the dehition as in its aplicaion. Mahemadicians fom Euler though
Fourier to Caubly had paid lip sefice to thearbitrary” naure of functions; bt in
practice thg thought of functions as ayalc expressions or cwes. Diichlet was the
first to tale serously the notion of function as an arlaity corespondence (lt see [3,

p. 201]).This is made laundanty clear in his 1829 paer on Burier seres, at the end of
which he gves an gample of a function (thBirichlet function),

C, xisrational
Db = {d, x isirrational,
tha does not desfy the lypothesis of his theem on the epresentaility of a function
by a Fourier seres (see[10p. 15]). The Dinchlet function:

» was the ifst explicit example of a function thhavas not gven ty an anajtic
expression (or  several sut), nor was it a cwe diawn freehand;
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» was the ifst ex<ample of a function thas discontimous (in ournot Eulers sense)
everywhere,

« illustrated the congat of function as an arbdry pairing.

Another impotant point is thaDirichlet, in his deinition of function,was among the
first to lestict explicitly the domain of the function to an intal; in the pastthe
independent arable was allaved to enge over all real umbes. See [3][5], [9], [10],
[15], [17], [27] for details &Aout Dirchlet’'s work.

6. “Pathological” Functions. With his nev exampleD(x), Dirichlet “let the genie
escpe from the bottlé A flood of “pathological” functions,and ¢asses of functions,
followed in the succeeding half centu€etain functions were introduced to test the
domain of gplicability of various results (ag., the “Dirichlet function”’was intoduced
in connection with thegpresentaility of a function in a Burier seres). Cetain dasses
of functions vere introduced in ader to &tend \arious concpts or esults (&y.,
functions of boundedaration were introduced to test the domain gigicability of the
Riemann intgral).

The damacter of analsis bgan to tiange. Since the 17th centyrthe pocesses of
analsis were assumed to begplicable to“all” functions,but it now tumed out thathey
are resticted to paticular classesof functions. In &ct,the investigation of various
classes of functions—shas continous functionssemi-contimous functions,
differentiable functions functions with nonintgrable deivatives,integrable functions,
monotonic functionsgontinuous functions thaare not piec&ise monotonic—became a
principal concen of anaysis. (One gample is Dinis stug of contiruous
nondifferentieble functions for which he deihed the so-called Dini devatives.)
Whereas mtéhemdicians had édrmeily looked for order and egulaiity in anaysis,they
now took delight in disceering exceptions and iregulaities. The tavering pesonalities
connected with these vldopments wre Riemann antlVeierstrass,although man
othes made impdant contibutions (eg., du Bois Rgmond and Darboux).

The frst major stp in these deslopments s talen by Riemann in his
Habilitationssarift of 1854,which dealt with theepresenttion of functions in Burier
seiies.As we recall,the coeficients of a Burier seres ae gven ly integrals. Cauby
had deeloped his intgral only for contiruous functionsbut his ideas could be
extended to functions withritely mary discontiruities. Riemannxended Cauuy’s
concet of integral and thus enlged the tass of functionsepresentale by Fourier
seres. This extension (knavn today as the Riemann ingeal) goplies to functions of
bounded anation, a nuch broader tass of functions than Caag's continuous
functions.Thus,a function can ha infinitely mary discontiruities (which can be dense
in ary interval) and still be Riemann-ingeable.2 Riemann gve the dllowing example
(pubished in 1867) in higlabilitationssarift:

x) (2 (3

f(X):l-i'?"'?-i-?-i----,

whete for ary real umbera the function(a) is defned as 0 ifo = 1/2 + k
8 There ak, of course restictions on the discontirities of a Riemann-inggable function.As

we nav know (following Lebesgue)a function is Riemann-ingeable if and ony if its
discontinuities form a set of Lbesgue measerzro.
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(k, an inteyer), and @ minus the neast intger whena # 1/2 + k (k, integral). This
function is discontinous br all x = m/2n, where mis an intger relaively prime to 2
(see [6,p. 325]). In contast to Diichlet’s functionD(x), this one is yen by an analtic
expression and is Riemann-igrable.

Riemanns$ work may be said to m&rthe bginning of a theoy of the maéhemaically
discontiruous (although therae isolded examples in Burier’'s and Dirchlet’s works).
It planted the discontuous frmly upon the mthemadical sceneThe impotance of this
development can be iafred from the bllowing staement of Havkins [10,p. 3]:

The histoy of integration theoy after Cauhy is essentiajl a histoy of atempts
to extend the intgral concet to as may discontiruous functions as possit
such atempts could become meaningful pnafter eistence of hight
discontiruous functions &s ecaynized and ta&n seiously.

In 1872,Weierstrass stdted the méhemadical comnunity with his fimous gample
of a contimous nwhere-differentieble function

f(x) = i b"cos(a"mrx),

wher ais an odl integer, b a real umber in(0, 1), andab > 1 + 37/2 (see [12,

p. 387]). (Bolzano hadigen sub an &ample in 1834but it went unnoticed This
example vas contary to all ggometic intuition. In fact,up to dout 1870most books
on the calculu$proved” tha a contiruous function is dierentieble except possilly a a
finite number of points! (See [1(, 43].) Even Cauby believed tha.®

Weielstrass’example bgan the diseragement of the contuous fom the diferentieble

in anaysis.Weierstrass’'work (and othes’ in this perod) necessit@d a eexamindion of
the foundadions of anajsis and led to the so-calledtametizaion of anaysis,in which

process/Meierstrass vas a pime mover. As Birkhoff notes [3,p. 71]:

Weierstrass demonsited the needdfr higher standals of igor by constucting
counteexamplego plausilbe and widey held notions.

Counteexamples plg an impotant ole in mahemadics. They illuminate relaionships,
clarify concepts,and often lead to the estion of nev mahemdics. (An inteesting case
study of the ple of counteaxamples in mdnemdics can bedund in the boolProofs
and Refutdonsby I. Lakaos.) The impact of the deelopments & have been
descibing was,as we aliead/ noted to chang the taracter of analsis.A new subject
was bon—the theoy of functions of aeal \ariable. Havkins [10,p. 119] gves a wid
desciption of the stte of afairs:

The nascent theprof functions of aeal \ariable grew out of the deelopment of
a moke ciitical attitude, suppoted ty numeious countexamplestowards the

® The malaise in the undstanding and use of the function copicaround this time can be
gathered from the bllowing account § Hankel (in 1870) concering the function congs

as it gpeas in the“better textbooks of analsis” (Hankel's phase):“One [text] defines
function in the Euléan manner; the other thashould dilang withx accoding to a ule,
without eplaining this nysteiious concpt; the thid defnes them as Dichlet; the durth
does not defie them &all; but everyone dews from them conlaisions th&are not contained
therin” [17]. See also [. 198].
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reasoning of edier mahemadicians. Thus, for example continuous
nondifferentieble functions,discontirious sdes of contimous functionsand
contiruous functions thaare not pieceise monotonic wre discoered The
existence of gceptions came to be aqued and mar or less xpected And the
examples of noninggrable deivatives,rectifiable cuves br which the dassical
integral formula is ingplicable, noninterable functions tha are the limit of
integrable functions,Hamad-integrable deivatives br which the Fundamental
Theoem |l is false and countesxamples to the lassical 6rm of Fubinis
Theoem gpear to hee been eceved in this fame of mind The idea,as
Schoenfies put it in his eport ... ,was to poceed as in human ghology, to
discorer as may exceptional phenomena as podsibin oder to detanine the
laws accoding to which they could be tassifed.

It should be pointed ouhowever, that not ezeryone was pleased with these
developments (least in anafsis),as the éllowing quotaions from Hemite (in 1893)
and Rincaré (in 1899)espectiely, attest [15,p. 973]:

“I turn away with fright and horor from this lamentale evil of functions which
do not hae deivatives’

“Logic sometimes mads monstey. For half a centyr we hare seen a mass of
bizarre functions viich gopear to bedrced to esemie as little as possie honest
functions which serve some pyose More of contiity, or less of contiuity,
more deivatives, and so 6rth. Indeed from the point of vier of logic, these
strange functions a the most gneal; on the other hand thoséiish one meets
without seathing for them,and which follow simple lavs gpear as a pacular
case which does not amount to methan a small caer.

In former times vinen one imented a n& function it was br a pactical pupose;
today one irvents them puyrosel to shav up deécts in the easoning of our
fathers and one will deducedm them ony tha.

If logic were the sole guide of the tdaag, it would be necessgto begin with the
most geneal functionstha is to sg with the most bizae. It is the bginner tha
would hare to be setmppling with this teatologic museunt.

The efect of the gents ve havre been desitiing on the function conge can be
summaized as bllows. Stinulated by Dirichlet's concetion of function and his
exampleD(x), the notion of function as an arlgity corespondence isigen free ein
and @ins genenl acc@tance; the gometic view of function is gven little
consideation. (Riemanrs andWeierstrass’functions could ceainly not be“drawn,” nor
could most of the othexamples gven duimg this peiod.) After Dirichlet’s work, the
term “function” acquied a tear meaning indeendent of the tem “analytic expressior.
During the net half centuy, mahemadicians intoduced a lage rumber of @amples of
functions in the spir of Dirichlet’s bioad deihition, and the time &s ipe for an efort
to detemine which functions vere actualy descibable by means ofanalytic
expressions”a vague tem in use dung the pevious two centuies. See [3][10], [14],
[15] for details of this péod.

7. Baire’s Classifcation Scheme The question Wether gery function in Diichlet’'s
sense isepresentlle anaytically was frst posed ¥ Dini in 1878 (see [5p. 31]). Baie
had unddaken to gve an anwer in his doctaal thesis of 1898The \ery notion of
anal/tic representaility had to be farified, since it vas used in the past in anonhal
way. Dini himself used it aguely, asking“if every function can be>gressed
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analtically, for all values of the arable in the inteval, by a finite or infinite seres of
opewtions (“opéstions du calcul”) on thearable” [5, p. 32].

The stating point or Baire’s stieme vas theWeierstrassApproximation Theoem
(pulished in 1885)Every contiruous functiorf(x) on an inteval [a, b] is a unibrm
limit of polynomials or{a, b]. Baire called the lass of continous functionslassO.
Then he defed the functions oflassl to be those thare not in ¢ass 0but which ae
(pointwise) limits of functions oflass 0. In gneal, the functions otlass mare those
functions vhich are not in ag of the peceding tasseshut ale representhle as limits of
sequences of functions dbssm — 1. This piocess is contimed by transtnite
induction,to all odinals less than thér§t uncountble odinal (). (Since the Bag
functions thus congsircted ae dosed under limitsnothing nev results if this pocess is
repeded) This dassifcation into Baie dassesy/(a < () is called theBaire
classifcation, and the functions tich constitute the union of the Baidasses a
calledBaire functions

Baire called a functiomnalytically representale if it belonged to one of the Baer
classesThus,a function is angtically representale (in Baire’s sense) if it can beult
up from a \ariable and constantsyla finite or demmeible set of aditions,
multiplications,and passges to pointwise limits.

The collection of angtically representale functions (Baie functions) is gry
encompassing-or example discontiruous functionsapresentble by Fourier seres
belong to tass 1.Thus,functions epresentale by Fourier seres constitute ogla pat
of the totality of anaftically representhle functions. (Recall durier’s daim tha every
function can beapresented Y a Fourier seres!) As another gample Baire shoved tha
the “pathological” Dirichlet functionD(x) is of dass 2since

DO) = {c, X is rational }

d, xisirrational
Moreover, ary function obtained tm a \ariable and constantsytan gplication
of the ur algebraic opeations and the opations of analsis (sut as diferentidion,
integration, expansion in sees, use of tanscendental functions)—the kind of function
known in the past as dianalytic expression”—was shan to be anattically
representale.

=(c—d)lim lim (cosn!mx)2™ + d.

N-oco M- oo

Lebesgue pwued these studies and wsfed (in 1905) thead of the Baie dasses is
nonemptyand thathe Baie dasses do notxdaust all functions? Thus,Lebesgue
estdlished tha there ae functions viich are not anajtically representale (in Baire’s
sense)This he did lg actualy exhibiting a function outside the Baidassiication,

10n fact, there ae (Lebesgue-) measable functions vhich ae not Baie functionsAt the
same timeLebesgue shwed tha to every measuable functionf there coresponds a Bagr
function which differs fromf only on a set of measairzro.
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“using a pofound lut extremel) complex method”[19].2* According to Luzin [19],
“the impact of Léesgues discoery was just as stunning as thad Fourier in his time’
Seeg[5], [19], [20], [21] for detalls.

Not all functions in the sense of @inlet's concetion of function as an arbéry
correspondence aranaytically representéle (in the sense of Baj, although it is
(appaently) very difficult to produce a spead function tha is not. Do sule
nonanaytically representale functions‘really” exist? This is pat of our stoy in the
next section.

8. Debates @out the Naur e of Mathematical Objects. Function theoy was
characteized by some &the tun of the 20th centyras“the brand of mahemadics
which deals with countekamples. This viev was not uniersally applaudedas the
eatier quotdions from Hemite and Bincaré indicge. In paticular, Dirichlet’s geneal
conception of function bgan to be questione®bjections wre raised gainst the
phrase in his dafition tha “it is irrelevant in wha way this corespondence is
estdlished” Subsequenyl the aguments ér and gainst this point linkd up with the
arguments ér and gainst the axiom oflwice (eplicitly formulated by Zemelo in
1904) and lvadened into a dhete over whether mehemdicians ae free to cede their
objects awill.

Ther was a &mous gchang of lettes in 1905 among Bady Borel, Hadamad, and
Lebesgue concamg the curent lagical stae of mahemaics (see [5][20], [21] for
details). Mu& of the deate was dout function thegr—the citical question being
whether a defition of a mahemdical object (sg a rumber or a functionfowever
given,legitimizes the ristence of thiaobject; in paticular, whether Zemelo’s axiom of
choice is a lgitimate mahemadical tool for the dehition or constuction of functions.
In this contet, Dirichlet’'s concetion of function vas bund to be too lmad ty some
(e.g., Lebesgue) and deid of meaning § othes (eg., Baire and Boel), but was
accetable to yet othes (eg., Hadamad). Baire, Borel, and Léesgue suppted the
requirment of a defite “law” of comespondence in the deition of a function.The
“law,” moreover, must be easonhly explicit—that is, undestood ly and commnicéble
to aryone who wants to stug the function.

To illustrate the pointBorel compaes the nmbers (whose success digts can be
unambiguous/ detemined and which he theefore regards as well deined) with the
number obtainedybcarying out the 6llowing “thought expeiment” Suppose w lined
up infinitely mary people and agkl eab of them to name a digat random. Boel
claims tha, unlike 7, this rumber is not wll defned since its digs are not elaed by

1 The constuction is quite¢'messy”and uses the axiom ohgice Using nonconstrctive
argumentspne can she by a counting ajument thathe Baie functions hee cadinality c.
Since the set of all functions hasdiaality 2°¢, there ae uncountaly mary functions vhich
are not anajtically representale in Baire's sense

Baire’s notion of anaftic representaility is not the last wrd on the subject. Luzin [19]
mentions thexample of arfanalytic expression”
f(x) = Tim Tim TimP_, (X Y)
n- oo !

Y00 M-oo N

which, for a suitéle choice of the pginomialsP,,, ,(x, y), is not epressille as a Ba# function.
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ary law. This being sotwo mahemadicians discussing thisumber will never be cetain
tha they are talking &dout thesamenumber Put brefly, Borel's position is thiawithout
a defnite law of formaion of the digts of an ininite decimal,one cannot be cetin of

its identity

Hadamad had no dfficulty in acceting as lgitimate the mmber esulting fom Borel's
thought epeiment. By way of illustration, he alluded to the kinetic thgoof gases,
where one speaks of theblocities of molecules in awen wlume of gs although no
one knavs them pecisey. Hadamad felt tha “the requirement of a v tha detemines
a function . . . songly resemltes the equirement of aranalytic expressionfor tha
function,and thathis is a thowbad to the 18th centyr [19].

The issues desbed hee were pat of broad déates dout \arous ways of doing
analsis—synthetic grsus anaftic, or idealist ersus empicist. These dbaes,in tum,
foreshadwed subsequeribattles” between poponents and opponents of treious
philosophies of maemadics (eg., formalism and intuitionism) dealing with thetnee
and meaning of nihemadics. And, of course the issue has not beessphed?!? See [4],
[5], [19], [20], [21] for details.

The perod 1830-1910 witnessed an immensangh in mahemadics, both in scope and
in depth. Nev mahemadical fields were formed (complg anal/sis, algebraic rumber
theory, non-Eudidean ggomety, abstract algebra, mahemdical logic), and older ones
were de@ened (eal anaysis, probability, anaitic number theoy, calculus of
varations). Mahemdicians elt free to cede their systems (almost) will, without
finding it necessarto seek motiation from or gplications to conagte (plysical)
settingsAt the same time themas,throughout the 19th centyra reassessment of
gains abieved accompaniedypa concen for the bundaions of (\arious bandes of)
mahemadics. These tends ae reflected in the wolution of the notion of function.
The concpt unflds from its modest l@nnings as adrmula or a gometic cuve
(18th and edy 19th centues) to an arbitiry corespondence (Dihlet). This later
idea is &ploited thoughout the 19th centyby way of the constiction of \arious
“pathological” functions.Toward the end of the centyrthere is a eevaludion of past
accomplishments (Bardassiication, controversy relaing to use of the axiom of
choice),much of it in the boader contet of debaes dout the nture and meaning

of mathemadics.

9. Recent Deelopments. Here we biiefly toudh on thee moe recent deelopments
relating to the function congx.

A) L, Functions The setL, = {f(x) : f2(x) is Lebesgue-intgrable} forms a“Hilbert
space”— a fundamental object in functional gsed. Two functions inL, are
consideed to be the same if thegree &erywhere except possilly on a set of Lisesgue
measue zro. Thus,in L, FunctionTheoly, one can alays work with representéives in
an eqwalence tass ether than with indiidual functionsThese notionsas Dais and
Hersh obsered [4,p. 269],

2 There has ecenty been aenaved inteest,among othes by computer scientistén
Brouwer’s “intuitionistic mahemadics” The rvival, in the orm of “constuctive mahemadics;
was led ly E. Bishop,and is highlighted in an ticle by M. Mandellem, “Constiuctive
Mathemdics;” Math. Mag. 58 (1985) 272-280.
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involve a futher e/olution of the conget of function. for an element i, is not

a function either in Eulers sense of an aryilc expression or in Dichlet's sense
of a mle or m@ping associing one set of ambes with anotherlt is function-

like in the sense thi can be subjected to ¢ain opeations nomally agpplied to

functions (ading, multiplying, integrating). But since it isegarded as untanged

if its values ag alteed on an arbitiry set of measer zro, it is cetainly not just

a le assigning alues aead point in its domain.

B) Geneanlized FunctiongDistributions).The concpt of a distibution or genearlized
function is a ery significant and fundamentak&nsion of the conge of function.The
theowy of distibutions aose in the 1930s and 1940s. Bswceaded to gve mdahemdical
meaning to the diérentigion of nondiferentieble functions—a prcess wich the
physicists had empieed (unfgorously) for some timeThus,Heaviside (in 1893)
“differentiged” the function

1, x>0
f(x) =91/2, x=0
0, x<0O
to obtain the impuls&unction”

0, x# 0,
oo, X=0

S(x) = {

(In 1930,Dirac intoduceds(x) as a comenient notéion in the méhemdical
formulation of quantum thegr)

In formal tems, a distribution is a contimious linear functional on a spabdeof
infinitely differentieble functions (calledtest functions”) thavanish outside some
interval [a, b]. To ary contiruous (or locaj} integrable) functionF, there coresponds
a distibution ®: D - C given by ®(x) = [ _F(t)x(t) dt. However, not every
distribution comes fom sud a function:The distibution §: D - C given ty

8(x) = x(0) comresponds to thtDir ac §-function” mentioned hove, and does not
anse from ary functionF in the way descibed dove. See[4],[18], [26].

A basic popety of distibutions is thaead distibution has a dévative thd is again a
distribution* In fact,

13 The following is a heustic agument:Approximate f(x) by a sequence of dédrentisble
functionsf (x) as in the digram:

<172 o thenf(x) - 8(x) ase - 0.

14 In paticular, every contiruous function igdifferentieble” (tha is, has a distbution as its
“derivative”). In fact,L. Schwartz, one of the @aors of the thegr of distibutions,claimed
tha he had intnduced disibutions to be ble to diferentiae contiruous functions. Luen [18,
p. 305] assds thd “the theoy of distibutions ppbably constitutes thelosest aproximation to
Euler’s vision of a gnenlized calculu$,a vision tha Euler tied to put into pactice in his
solution of theéVibrating-Sting Problem.
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The endung meit of distribution theoy has been thiahe basic opetions of
anaysis, differentigion and cowmolution, and the Burier/Laplace tansbrms and
their inversion, which demanded so meh cak in the tassical famevork, could
now be caried out without qualmsybobeying puely algebraic ules [26,p. 338].

C) Category Theory. The notion of a function as a pang betveen arbitary sets
gradually became dominant in the thamadics of the 20th centyr'®> Algebra had a
major impact on this delopmentjn which the concpt of a function vas placed in the
geneal framavork of the concpt of a maping from one set into anothérhus,linear
transbrmations of \ector spaces (prcipally, R" andC") were dealt with thoughout
much of the 19th centyr Homomophisms of goups and automphisms of ields were
introduced in the kker pat of tha centuy. As ealy as 1887Dedekind gve a firly
“modem” definition of the tem “mapping” [23, p. 75]:

By a maoping of a systera lav is undestood in accodance with vich to eab
deteminate elemens of Sthere is associad a detaninae objectwhich is called
the imayge of s and is denotedybe(s); we sy too, tha ¢(s) coresponds to the
elements, tha ¢(s) is caused or eneeted by the maping ¢ out of s, tha s is
transbrmed ty the maping ¢ into ¢(s).

Analysis, too, played a majorale in this &tension of the domain andnge of

definition of a function to arbitiry sets. (Recall thairichlet’s defnition of function
was as an arbdry corespondence beten (eal)numbes.) Thus,Euler and othexin
the 18th centwyrtreaed (informally) functions of seeral varnables. In 1887 consideed
the year of bith of functional anafsis,Voltera defned the notion of &unctional”

which he called & function of functions. (A functionalis a function vinose domain is a
set of functions and ose ange is the eal or comple numbes.) In the irst two
decades of the 20th cenguthe notions of meitt spacetopolagical spaceHilbert
spaceand Banalk space wre introduced; functions (opators, linear opeators)

between sub spaces plaa pominent ple. See [15] ér details.

In 1939,Bourbaki gwve the bllowing defnition of a function [3p. 7]:

Let E andF be two setswhich may or mg/ not be distinctA relaion between a
valiable elemenk of E and a wariable elemeny of F is called a&unctional elation
inyif, for allx € E, there «ists a uniqugy € F which is in the gven elaion with
X.

We gve the name ofunctionto the opeation which in this way assocites with
every elemenix € E the elemeny € F which is in the gven relaion with x; y is
said to be th&alueof the function athe elemeng, and the function is said to be
deteminedby the gven functional elaion. Two equvalent functional elations
detemine thesamefunction.

Bourbaki then alsoaye the dahition of a function as a ce&in subset of the Casian
productE x F. This is,of coursg the deinition of function as a set of dered pais.

All of these*modem” genearl defnitions of function vere gven in tems of setsand
hence their Igic must leceve the same satiny as tha of set theoy.

In caegory theowy, which aose in the e 1940s to iye formal expression to ceain
aspects of homody theow, the concpt of function assumes a fundamentaeér It can
be desdbed as arfassocidon” from an“object” A to anotherobject” B. The

15 “Naive” set theoy was deeloped ly Cantor duing the last thee decades of the 19th cemtur
18



“objects” A andB need not hee ary elements (thas, they need not be sets in the usual
sense). Indct,the objectA andB can be entely dispensed withA “category” can

then be dehed as consisting of functions (naps”), which are talen as undéafed
(primitive) concets saisfying cetain relaions or axioms. Indct,in 1966 Lavvere
outlined hev caegory theol can eplace set thegras a bundaion for mahemadics.

See [11] or details.

In the ecent deelopments outlined in this sectiome have seen the function corute
modified (L, functions),genenlized (distibutions),and fnally “genealized out of
existence”(caegory theor). Have we come full cicle?
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assistance in the gparation of this aticle. Thanks ag also due to the EditWaren Rge
andV. Fredeick Rickey for their \aluable sugyestions.
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