
CHAPTER 10

Ionic Liquids

10.1 CLASSES AND MODELS OF IONIC LIQUIDS

We have been concerned so far almost exclusively with fluids in which the range of the
interparticle forces is of the order of a few atomic radii. This chapter is devoted to sys-
tems in which the particles carry an electric charge. Ionic liquids have certain properties
that are absent in fluids composed of neutral particles and many of their distinguishing
features are associated in some way with the slow decay of the Coulomb potential. Our
attention will be focused on three types of system: molten salts, ionic solutions and liquid
metals. Molten salts are in many respects the simplest class of ionic liquids. We shall con-
sider in detail only the case in which there is a single cation and a single anion species, of
which the alkali halides are the best understood examples. Molten salts are characterised
by large cohesive energies and high temperatures, and by ionic conductivities of the order
of 1 Ω−1 cm−1. There exist also certain crystalline salts that have conductivities com-
parable with those of the molten phase. These are the so-called “fast-ion” conductors, or
“solid electrolytes”, in which one of the ionic species becomes liquid-like in behaviour
above a certain temperature.1 Ionic solutions are liquids consisting of a solvent formed
from neutral, polar molecules and a solute that dissociates into positive and negative ions.
They vary widely in complexity. In the classic electrolyte solutions the cations and anions
are of comparable size and absolute charge, whereas macromolecular ionic solutions con-
tain both macroions (charged polymer chains, micelles, charged colloidal particles, etc.)
and microscopic counterions. Despite their complexity, some systems of the latter type,
including charged colloidal suspensions, can be treated quantitatively by standard methods
of liquid-state theory. Finally, liquid metals are similar in composition to molten salts, the
anion of the salt being replaced by electrons from the valence or conduction bands of the
metal. The analogy is a superficial one, however, because the small mass of the electron
leads to a pronounced asymmetry between the two charge-carrying species. Whereas the
behaviour of the ions can be discussed within the framework of classical statistical mechan-
ics, the electrons form a degenerate Fermi gas for which a quantum-mechanical treatment
is required. The presence of “free” electrons is also the origin of the very high electrical
conductivies of liquid metals, which are typically three to four orders of magnitude larger
than those of molten salts. “Simple” metals are those in which the electronic valence states
are well separated in energy from the tightly bound, core states; they include the alkali
metals, magnesium, zinc, mercury, gallium and aluminium.
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292 IONIC LIQUIDS

The systems we have listed vary widely in character but they have two important features
in common: first, that of overall, macroscopic charge neutrality and, secondly, the presence
of mobile charge carriers. The condition of overall charge neutrality imposes a constraint
on the relative concentrations of the ions. If the fluid contains ρν = Nν/V ions per unit
volume of species ν and if the charge carried by ions of that species is qν = zνe, where e

is the elementary charge, overall charge neutrality requires that∑
ν

zνρν = 0 (10.1.1)

We shall see in the next section that a tendency towards charge neutrality exists even at
the local, microscopic level. This effect gives rise in turn to the phenomenon of screening.
Introduction of an external charge into an ionic fluid causes a rearrangement, or polarisa-
tion, of the surrounding charge density of a nature such that the net electrostatic potential
due to the external charge and the “polarisation cloud” decays much faster than the bare
Coulomb potential. In fact, as we shall show later, the potential decays exponentially. Since
it is permissible to regard any ion in the fluid as an “external” charge, it follows that the
screening mechanism determines the long-range behaviour of the ionic distribution func-
tions. Screening also requires that the distribution functions satisfy a number of important
sum rules. In ionic liquids of high density, such as molten salts, there is a competition
between packing effects and screening; this leads to a charge ordering of the ions, which
manifests itself as an alternation in sign of the charge carried by successive coordination
shells around a central ion.

The presence of mobile charge carriers plays an important role in determining the dy-
namical properties of ionic liquids. It leads most obviously to new kinds of transport, of
which electrical conduction is the most familiar example. In addition, the interplay between
Maxwell’s equations and the equations of hydrodynamics causes the long-wavelength
charge fluctuations to relax in a manner qualitatively different from that of concentration
fluctuations in mixtures of uncharged particles. Under conditions achievable, in particular,
in molten salts, fluctuations in charge may give rise to propagating, high-frequency, collec-
tive modes. These excitations are similar in character to the optic modes of ionic crystals
and are also closely related to the charge oscillations found in plasmas.

Theories of ionic liquids rely heavily on the use of simple hamiltonian models that re-
tain only the essential features of the ionic interactions. One simplifying approximation
commonly made is to ignore the polarisability of the ions and represent the interactions by
a rigid-ion model. The total potential energy is then assumed to be pairwise-additive and
written as the sum of short-range (S) and coulombic (C) terms in the form

VN
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N

(
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N
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2

ε|rj − ri | (10.1.2)

where N is the total number of ions and ε is the dielectric constant of the medium in which
the ions are immersed. It is often convenient to replace the Coulomb term in (10.1.2) by a
sum in reciprocal space. Let ρZ

k be a Fourier component of the microscopic charge density,
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given by

ρZ
k =

∑
ν

zνρ
ν
k (10.1.3)

where ρν
k is a Fourier component of the microscopic number density of species ν. Then the

total Coulomb energy of a periodic system of volume V is
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N
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−k −

N∑
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z2
i

)
(10.1.4)

where the sum on k runs over wavevectors compatible with the assumed periodic boundary
conditions and the (negative) second term inside brackets cancels the infinite self-energy
of the ions. The function v̂(k) is the Fourier transform of the Coulomb potential between
two elementary charges, i.e.

v̂(k) = 4πe2/k2 (10.1.5)

The same expression was used earlier in the derivation of the Debye–Hückel result (4.6.26);
the k−2 singularity in the limit k → 0 is an important characteristic of Coulomb systems.
In the thermodynamic limit the sum over wavevectors in (10.1.4) becomes an integral over
k divided by (2π)3; the equivalence of the two expressions for V C

N in (10.1.2) and (10.1.4)
is then an immediate consequence of elementary properties of the Fourier transform.

If electrical neutrality is to be achieved, an ionic fluid must contain at least two species
of opposite charge. The simplest representation of such a system is obtained by replacing
one of the species by a uniformly smeared-out, structureless background, the total charge
of which must cancel that of the discrete ions. When the discrete ions are identical point
charges, the resulting model (already discussed in Section 4.6) is called the one-component
plasma or OCP.2 The total potential energy of an OCP in which the ions carry a charge ze

is given by the sum over k in (10.1.4), with ρZ
k = zρk, except that the presence of the

neutralising background means that the term for k = 0 must be omitted. The OCP has
certain unphysical features. For example, mass and charge fluctuations are proportional
to each other and the system therefore has zero resistivity, because conservation of total
momentum is equivalent to conservation of the microscopic electric current. Nevertheless,
as the prototypical ionic fluid, the OCP plays a conceptual role similar to that filled by the
hard-sphere model in the theory of simple, insulating liquids. It provides, in particular, a
useful starting point for the study of liquid metals, where the mobile species corresponds
to the metal ions and the background represents the conduction electrons.

To illustrate the usefulness of the OCP in the qualitative discussion of the properties of
ionic liquids we return briefly to the question of the high-frequency, charge-fluctuation
modes mentioned earlier. The characteristic frequency of the longitudinal mode is the
plasma frequency, ωp. In the case of the OCP an expression for ωp can be obtained by
a simple argument based on a δ-function representation of the dynamic structure factor.
Use of such a model is justified by the fact that conservation of momentum of the ions
means that there is no damping of charge fluctuations in the long-wavelength limit. We
therefore assume that S(k,ω) consists of a pair of δ-functions located at frequencies ±ωk ,
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and identify the plasma frequency as ωp = limk→0 ωk . If the spectrum is to satisfy the sum
rules (7.4.23) and (7.4.30), ωk must be such that

ω2
k = ω2

0

S(k)
= kBT

mS(k)
k2 (10.1.6)

The long-wavelength limit of S(k) can be estimated within the random-phase approxima-
tion of Section 5.5. If we choose the ideal gas as reference system and make the substitution
ĉ(k) = −βz2v̂(k), (5.5.25) becomes

S(k) = 1

1 + βρz2v̂(k)
= 1

1 + 4πβρz2e2/k2
∼ k2

k2
D

, k → 0 (10.1.7)

where kD is the Debye wavenumber defined by (4.6.23); as we shall see later, (10.1.7) is
exact for the OCP. If we now substitute for S(k) in (10.1.6), we find that

ω2
p = lim

k→0
ω2

k = 4πρz2e2

m
(10.1.8)

The frequency of the propagating mode therefore remains non-zero even in the long-
wavelength limit; this is a characteristic feature of an optic-type excitation. The fact that
ωp is non-zero is a direct consequence of the k−2 singularity in v̂(k), since it is this singu-
larity that determines the small-k behaviour of S(k). Note also that the plasma frequency
is independent of temperature.

If the fluid is genuinely two-component in character, a short-range repulsion is essential
if the system is to be stable against the collapse of oppositely charged pairs. Within a
model, stability is most easily achieved by imposing a hard-sphere repulsion between ions,
a choice of interaction that defines the primitive model of electrolytes and molten salts.
The primitive model has been widely adopted in studies of the osmotic properties of ionic
solutions, the solvent being replaced by a continuum of dielectric constant ε that acts to
reduce the Coulomb interaction between ions; the restricted version of the model is one in
which all ions have the same diameter, d , and the same absolute valency, z.

The restricted primitive model with ε = 1 provides the simplest example of a rigid-ion
model of a molten salt. Alternatively, the short-range interactions in the salt can be mod-
elled by soft-core repulsions characterised by a single length parameter σ . For example,
the short-range contribution to the pair potential can be written as

vS
νμ(r) = z2e2

nσ

(
σ

r

)n

(10.1.9)

for all pairs ν, μ; the parameter σ is the separation at which the cation–anion potential
has its minimum value. Equation (10.1.9), together with the coulombic term, defines what
we shall call the “simple molten salt”. This provides a fair representation of the ionic
interactions in the molten alkali halides, particularly of salts in which the positive and
negative ions are of approximately equal size. The values of n appropriate to the alkali
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halides are in the range n = 8 to 10; in the limit n → ∞, the simple molten salt reduces to
the restricted primitive model. If the two ionic species have equal masses, the hamiltonian
of the system is fully symmetric under charge conjugation, meaning that cations and anions
play identical roles.

The examples given in later sections of this chapter draw heavily on calculations for the
restricted primitive model and the simple molten salt, but a number of more realistic mod-
els appropriate to molten salts have also been extensively studied both theoretically and
by simulation. The best known of these are the rigid-ion potentials derived for salts of the
alkali-halide family3 in which the short-range interaction between a given ion pair is writ-
ten as the sum of an exponential repulsion and attractive terms arising from dipole–dipole
and dipole–quadrupole dispersion forces. If the ions are highly polarisable, however, as is
often the case for the anion, the effect of induction forces cannot be ignored. A variety of
schemes have therefore been devised that allow the incorporation of ionic polarisation into
molecular-dynamics simulations of molten salts. Much of the early work on polarisable
systems was based on the “shell model” of lattice dynamics, in which the total charge of
the ion is divided between a core and a massless shell. The shell is bound to the core by
a harmonic potential and polarisation of the ion corresponds to a bodily shift of the shell
relative to the core; the shells, being of zero mass, are assumed to adjust themselves instan-
taneously in such a way as to minimise the total potential energy. Some interesting results
have been obtained in this way, but the model has a number of unsatisfactory features. For
example, the parameters characterising a particular ion species are not transferable from
one salt to another. A different approach has subsequently been developed4 in which the di-
pole moments are treated as additional degrees of freedom within an “extended lagrangian”
scheme; this method resembles closely one devised earlier for the treatment of many-body
polarisation effects in polar fluids.5

10.2 SCREENING AND CHARGE ORDERING

The microscopic structure of an n-component ionic fluid can be discussed in terms of
1
2n(n + 1) partial structure factors Sνμ(k) with ν, μ = 1 to n, but it is certain linear com-
binations of these functions that are of most physical relevance. If

ρN
k =

∑
ν

ρν
k (10.2.1)

is a Fourier component of the microscopic number density, and if the components of the
charge density are defined as in (10.1.3), fluctuations in the densities are described by three
static structure factors of the form

SNN(k) = 1

N

〈
ρN

k ρN
−k

〉=∑
ν

∑
μ

Sνμ(k) (10.2.2a)

SNZ(k) = 1

N

〈
ρN

k ρZ
−k

〉=∑
ν

∑
μ

zμSνμ(k) (10.2.2b)
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SZZ(k) = 1

N

〈
ρZ

k ρZ
−k

〉=∑
ν

∑
μ

zνzμSνμ(k) (10.2.2c)

Of these three functions, the number–number structure factor SNN(k) is the closest in
significance to the single structure factor of a one-component fluid.

Let δφμ(r) be a weak, external potential that couples to the microscopic number density
of species μ. We saw in Section 3.6 that the change induced in a Fourier component of the
single-particle density of species ν is

δρ̂(1)
ν (k) = χνμ(k)δφ̂μ(k) (10.2.3)

where the static response function χνμ (k) is related to the corresponding partial structure
factor by

χνμ(k) = −βρSνμ(k) (10.2.4)

The problem of greatest interest here concerns the response of the fluid to a weak field
produced by an external charge density with Fourier components eδρ̂ext(k); to simplify the
discussion we consider a system of rigid ions in vacuo (ε = 1). The electric potential due
to the external charge density is obtained from the k-space version of Poisson’s equation,
i.e.

δφ̂ext(k) = 4πe

k2
δρ̂ext(k) (10.2.5)

The electric potential couples directly to the microscopic charge density of the fluid, giving
rise to a mean induced charge density δρ̂Z(k). The latter is proportional to eδφ̂ext(k),
the constant of proportionality being, by definition, the charge-density response function,
χZZ(k). Thus

δρ̂Z(k) =
∑
ν

zνδρ̂
(1)
ν (k) = χZZ(k)eδφ̂

ext(k) (10.2.6)

If we put δφ̂μ(k) = zμeδφ̂
ext(k) in (10.2.3) and then substitute for δρ̂(1)

ν (k) in (10.2.6), we
find that the response function can be identified as

χZZ(k) =
∑
ν

∑
μ

zνzμχνμ(k) (10.2.7)

and combination of (10.2.2c), (10.2.4) and (10.2.7) leads to the charge-response version of
the fluctuation–dissipation theorem:

χZZ(k) = −βρSZZ(k) (10.2.8)

The electrostrictive behaviour of the fluid, i.e. the number-density response to an external
electric potential, is characterised by a cross response function χNZ(k) through an expres-
sion analogous to (10.2.6):

δρ̂N(k) =
∑
ν

δρ̂(1)
ν (k) = χNZ(k)eδφ̂

ext(k) (10.2.9)
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The charge response to the external potential can equally well be described in terms of
a longitudinal dielectric function ε(k); this is simply a k-dependent generalisation of the
macroscopic dielectric constant of elementary electrostatics. If E is the electric field and D
is the electric displacement, ε(k) is given by

1

ε(k)
= k · Ê(k)

k · D̂(k)
= 1 + δρ̂Z(k)

δρ̂ext(k)
(10.2.10)

where Maxwell’s equations have been used to relate E and D, respectively, to the total and
external charge densities. Equations (10.2.5), (10.2.6) and (10.2.10) can now be combined
to yield the fundamental relation between the dielectric and charge-response functions:

1

ε(k)
= 1 + 4πe2

k2
χZZ(k) (10.2.11)

The definition (10.2.2c) shows that SZZ(k) can never be negative. Equations (10.2.8) and
(10.2.11) therefore imply that 1/ε(k) � 1 for all k.

It is known experimentally that an external charge distribution is completely screened by
a conducting fluid. In other words, the total charge density vanishes in the long-wavelength
limit, or

lim
k→0

[
δρ̂ext(k) + δρ̂Z(k)

]= 0 (10.2.12)

If this result is to be consistent with (10.2.10), it follows that

lim
k→0

ε(k) = ∞ (10.2.13)

In combination with (10.2.8) and (10.2.11), the assumption of perfect screening contained
in (10.2.13) implies that the charge structure factor at long wavelengths behaves as

lim
k→0

k2
D

k2
SZZ(k) =

∑
ν

xνz
2
ν (10.2.14)

where xν = ρν/ρ and kD, the Debye wavenumber, is given by a generalisation of (4.6.23):

k2
D = 4πβρe2

ε

∑
ν

xνz
2
ν (10.2.15)

The quantity ΛD = 1/kD is the Debye screening length, familiar from ionic-solution the-
ory; in a dilute electrolyte it is the distance beyond which the electric potential due to
an ion is completely screened by the local, induced charge distribution. From compari-
son of (10.2.14) with the compressibility equation (3.6.11) we see that large-scale (long-
wavelength) charge fluctuations are strongly inhibited in comparison with the number-
density fluctuations of a neutral fluid. It has been proved rigorously6 that the fluctuation
in the total charge QV contained in a volume V , i.e. (〈Q2

V 〉− 〈QV 〉2), is proportional only
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to the surface area bounding the volume. By contrast, (2.4.23) shows that the fluctuation
in the number of particles within V is proportional to V itself.

Equation (10.2.14) leads directly to two important relations between the partial pair
distribution functions of an ionic fluid, known as the Stillinger–Lovett sum rules.7 We see
from (3.6.15) and (10.2.2c) that the charge structure factor is related to the partial pair
correlation functions hνμ(r) by

SZZ(k) =
∑
ν

∑
μ

zνzμ

(
xνδνμ + 4πρxνxμ

∫ ∞

0

sin kr

kr
hνμ(r)r

2 dr

)
(10.2.16)

If the functions hνμ(r) decay sufficiently rapidly at large r , the Fourier integrals in
(10.2.16) may be expanded to order k2. The two sum rules are then obtained by equat-
ing terms of zeroth and second order in k in (10.2.14) and (10.2.16) and exploiting the
condition of overall charge neutrality expressed by (10.1.1). The results derived in this
way are

ρ
∑
ν

xνzν
∑
μ

∫
xμzμgνμ(r)dr = −

∑
ν

xνz
2
ν

(10.2.17)

ρ
∑
ν

xνzν
∑
μ

∫
xμzμgνμ(r)r

2 dr = −6Λ2
D

∑
ν

xνz
2
ν

The assumption concerning the large-r behaviour of the correlation functions is equiva-
lent to a “clustering” hypothesis for the particle densities. An n-particle density ρ(n)(rn)

is said to have a clustering property if, for all m < n, it reduces to the product
ρ(m)(rm)ρ(n−m)(r(n−m)) faster than a prescribed inverse power of the distance between
the centres of mass of the clusters (r1, . . . , rm) and (rm+1, . . . , rn) as the clusters become
infinitely separated. If the clustering hypothesis is used, the Stillinger–Lovett sum rules
can be derived from the YBG hierarchy of Section 4.2 without making any assumption
about the small-k behaviour of SZZ(k). The derivation is therefore not dependent on the
perfect-screening condition (10.2.13); perfect screening appears instead as a consequence
of the sum rules.

The first of the Stillinger–Lovett rules is just a linear combination of local electroneu-
trality conditions of the form

ρ
∑
μ

∫
xμzμgνμ(r)dr = −zν (10.2.18)

The physical meaning of (10.2.18) is that the total charge around a given ion must exactly
cancel the charge of the ion. This is the first of a series of sum rules satisfied by the mul-
tipole moments of the charge distribution in the vicinity of a given number of fixed ions.8

The sum rules can again be derived from the YBG hierarchy if appropriate clustering as-
sumptions are made. In particular, if correlations are assumed to decay exponentially, it
can be shown that the charge distribution around any number of fixed ions has no mul-
tipole moment of any order. The local electroneutrality condition may be re-expressed in
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terms of the long-wavelength limits of the partial structure factors. In the case of a two-
component system, (10.2.18) becomes z2

1S11(0) = −z1z2S12(0) = z2
2S22(0) or, because the

fluid is electrically neutral overall:

x2
2S11(0) = x1x2S12(0) = x2

1S22(0) (10.2.19)

No such property holds for the partial structure factors of a mixture of neutral fluids.
The k → 0 limits of the partial structure factors of a binary ionic fluid are related to the

isothermal compressibility via the Kirkwood–Buff formula (3.6.17). The conditions im-
posed by charge neutrality mean, however, that direct substitution of (10.2.19) in (3.6.17)
leads to an indeterminate result. To avoid this problem we invert the system of linear equa-
tions represented by (10.2.2) and rewrite (3.6.17) in terms of SNN(k), SNZ(k) and SZZ(k)

in the form

ρkBT χT = lim
k→0

SNN(k)SZZ(k) − S2
NZ(k)

SZZ(k)
(10.2.20)

The small-k limits of the three structure factors in (10.2.20) can be deduced from the
asymptotic behaviour of the partial direct correlation functions cνμ(r). At large r we may
expect these functions to decay as cνμ(r) ∼ −βzνzμe

2/r . It is therefore natural to separate
cνμ(r) into short-range and coulombic parts; in k-space ĉνμ(k) becomes

ĉνμ(k) = ĉS
νμ(k) − 4πβzνzμe2

k2
(10.2.21)

where ĉS
νμ(k) is a regular function in the limit k → 0. Substitution of (10.2.21) in the

Ornstein–Zernike relation (3.6.12) leads, after some straightforward algebra and use of
(10.1.1) and (10.2.2), to the required results: at small k, SNN(k) ∼ k0, SNZ(k) ∼ k2 and
SZZ(k) ∼ k2; the last result agrees with (10.2.14). Thus (10.2.20) reduces to the simpler
expression

ρkBT χT = lim
k→0

SNN(k) (10.2.22)

while (3.6.16) becomes

1

ρkBT χT

= 1 − ρ lim
k→0

∑
ν

∑
μ

xνxμĉ
S
νμ(k) (10.2.23)

Because fluctuations in concentration correspond to fluctuations in charge density, and
because such fluctuations are suppressed at long wavelengths, all reference to the two-
component nature of the fluid has vanished from (10.2.22), which therefore resembles the
corresponding result for a one-component system of uncharged particles.

The coefficients of the terms of order k4 in the small-k expansions of SZZ(k) and SNZ(k)

and those of order k2 in the expansion of SNN(k) can be determined by macroscopic argu-
ments based on linearised hydrodynamics or thermodynamic fluctuation theory. We give
here the corresponding calculation for the OCP, where the problem is simplified by the fact
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that fluctuations in particle number are equivalent to fluctuations in charge. In the absence
of any flow the force per unit volume due to the electric field must exactly balance the force
due to the pressure gradient. Thus

zeρE(r) = ∇P(r) (10.2.24)

where zeρ is the mean charge density of the mobile ions and the field E(r) is related to the
sum of external and induced charge densities by Poisson’s equation:

∇ · E(r) = 4πe
[
δρext(r) + δρZ(r)

]
(10.2.25)

If the system is in local thermodynamic equilibrium, the pressure change in an isothermal
process is

δP (r) ≡ P(r) − P =
(
∂P

∂ρ

)
T

δρ(r) = 1

zρχT

δρZ(r) (10.2.26)

Equations (10.2.24) to (10.2.26) may now be combined to give a differential equation for
δρZ(r) of the form

1

k2
s
∇2δρZ(r) − δρZ(r) = δρext(r) (10.2.27)

where

k2
s = 4πz2e2ρ2χT = k2

D
χT

χ id
T

(10.2.28)

The solution to (10.2.27), obtained by taking Fourier transforms, is

δρ̂Z(k) = − δρ̂ext(k)
1 + k2/k2

s
(10.2.29)

Comparison of (10.2.29) with (10.2.10) shows that the long-wavelength limit of ε(k) is

lim
k→0

ε(k) = 1 + k2
s /k

2 (10.2.30)

which clearly satisfies the perfect-screening condition (10.2.13). The corresponding long-
wavelength expression for SZZ(k) (= z2S(k)), derived from (10.2.8) and (10.2.11), is

lim
k→0

SZZ(k) = z2k2/k2
D

1 + k2/k2
s

(10.2.31)

in agreement with (10.1.7). Equations (10.2.30) and (10.2.31) also apply to mixtures of
oppositely charged ions with z1 = −z2 = z, except that ks is differently defined.9

The Fourier components of the total electrostatic potential δφ(r) are related to the com-
ponents of the total charge density by the analogue of (10.2.5). In the long-wavelength
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limit it follows from (10.2.10) and (10.2.30) that

δφ̂(k) = 4πe

k2

[
δρ̂ext(k) + δρ̂Z(k)

]
= 4πe

k2ε(k)
δρ̂ext(k) = 4πe

k2 + k2
s
δρ̂ext(k) (10.2.32)

If an ion of species ν in the fluid is regarded as an “external” charge placed at the origin,
the “external” charge density is eδρext(r) = zνeδ(r), and (10.2.32) shows that the effective
potential due to the ion decays as

φν(r) = zνe

r
exp(−ksr) (10.2.33)

The quantity φν(r) (= δφ(r)) is the potential of mean force for ions of species ν. In the
case of the OCP, ks is given by (10.2.28); this becomes equal to the Debye wavenumber in
the weak-coupling limit (ρ → 0 or T → ∞), where χT may be replaced by its ideal-gas
value, χ id

T = βρ. With these simplifications, (10.2.33) reduces to the Debye–Hückel result
(4.6.25). In the strong-coupling regime the compressibility of the OCP becomes negative,
ks takes on imaginary values, and the potential of mean force develops the oscillations
characteristic of systems with short-range order.

Oscillations of the charge density around a given ion are also a feature of two-
component ionic fluids, where they arise as a result of competition between hard-core
packing and local charge neutrality. In the case of the restricted primitive model a simple
argument7(a) based on the sum rules (10.2.17) shows that the radial charge distribution
function [g11(r) − g12(r)] (or [g22(r) − g12(r)]) must change sign as a function of r if
kDd �

√
6. Charge ordering of this type is a very strong effect in molten salts and oscil-

lations in the charge density around a central ion extend over many ionic radii. Computer
simulations of a variety of monovalent salts show that the pair distribution functions for
ions of like sign, g11(r) and g22(r), are very similar in form and that the oscillations in
these two functions are almost exactly out of phase with those in the much more sharply
peaked, cation–anion distribution function g12(r). Thus the radial charge distribution func-
tions around either a cation or anion are essentially the same and strongly oscillatory. The
similarity between g11(r) and g22(r) gives support to the use of the simple molten salt
defined by (10.1.9) as a model of the alkali halides. Some molecular-dynamics results for
such a model (with n = 9) are shown in Figure 10.1. The regular alternation of concentric
shells of oppositely charged ions is clearly visible in the pair distribution functions plotted
in part (a) of the figure. In k-space the effects of charge ordering reflect themselves in the
very sharp main peak in the charge–charge structure factor SZZ(k) (the Fourier transform
of [g11(r) + g22(r) − 2g12(r)]), shown in part (b); by contrast, SNN(k) (the transform of
[g11(r) + g22(r) + 2g12(r)]) is a relatively structureless function. The symmetry of the
model means that charge and number fluctuations are completely decoupled; thus SNZ(k)

is zero at all k. In the general case, the fluctuations are strictly independent only in the
long-wavelength limit, since SNZ(k) ∼ k2 as k → 0.

The main structural features exhibited by the simple molten salt are also seen in com-
puter simulations of more realistic rigid-ion models of the alkali halides. The results are
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FIG. 10.1. Charge ordering in the simple molten salt10 in a thermodynamic state corresponding roughly to that
of molten sodium chloride at T ≈ 1270 K. (a) Distribution functions for cation–anion and cation–cation (or
anion–anion) pairs. The points show the results of molecular-dynamics calculations and the curves are calculated
from the HNC approximation (see Section 10.3). (b) Molecular-dynamics results for the static charge–charge and
number–number structure factors.

consistent with those obtained by neutron-scattering experiments, which rely on the use
of isotopic substitution to separate the contributions of the partial structure factors Sνμ(k)

to the measured cross-section. Similar experiments have been carried out for the alkaline-
earth halides and are again in good general agreement with those obtained in simulations
based on rigid-ion models. Because the absolute charges of the two ionic species are now
different, the marked similarity seen in the alkali halides between g11(r) and g22(r) is lost.

10.3 INTEGRAL-EQUATION THEORIES

The techniques introduced in Chapters 3 to 5 provide a number of possible routes to the
calculation of thermodynamic and structural properties of simple ionic liquids. Versions of
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the optimised cluster theory of Section 5.5 and other, closely related methods have proved
particularly successful in describing the thermodynamic behaviour of dilute systems. In
this section, however, we focus on the integral-equation approach, in which the emphasis
is placed on the calculation of the pair distribution functions. Much of the published work
in this field is concerned with the alkali halides, either in the molten phase or in solution,
though there has also been considerable interest in the properties of 2 : 1 and 2 : 2 electrolyte
solutions, the structure of which is characterised by a high degree of ionic association. The
physical conditions are, of course, very different in the molten-salt and electrolyte regimes.
If we adopt the primitive model of Section 10.1, the thermodynamic state is conveniently
characterised by the reduced density ρ∗ = Nd3/V , where N is the total number of ions and
d = 1

2 (d11 + d22) is the mean ionic diameter, and a reduced Coulomb coupling parameter,
or inverse temperature, defined as

β∗ = |z1z2|e2

εkBT d
(10.3.1)

Near the melting point of an alkali halide, ρ∗ ≈ 0.4 and β∗ ≈ 65, while for a 1 M aqueous
solution of the same salt at room temperature, ρ∗ ≈ 0.01 and β∗ ≈ 3. We must therefore
expect the nature of the interionic correlations to be very different in the two cases. The
liquid–vapour phase diagram of a molten alkali halide is qualitatively similar to that, say,
of a rare gas, but the reduced critical densities of the salts are only about one-third of those
of typical insulating liquids.

The value of different theoretical approaches can be illustrated by limiting attention
initially to systems of charged hard spheres and, in particular, to the restricted primitive
model, with z1 = −z2 = 1. A convenient starting point for the discussion is the mean
spherical approximation (MSA) introduced in Section 4.5, since in this case the MSA has
a completely analytic solution.11 The MSA for equisized hard spheres of diameter d is

gνμ = 0, r < d; cνμ(r) = −βzνzμe
2

εr
, r > d (10.3.2)

which must be used in conjunction with the Ornstein–Zernike relation for equimolar binary
mixtures; this is obtained as a special case of (3.6.12), with x1 = x2 = 1

2 . The symmetry of
the restricted primitive model allows the Ornstein–Zernike relation to be rewritten as two
independent equations for the linear combinations

hS(r) = 1
2

[
h11(r) + h12(r)

]
, hD(r) = h11(r) − h12(r) (10.3.3)

and the corresponding direct correlation functions cS(r) and cD(r); hS(r) is a number-
density correlation function and hD(r) describes the correlation in charge density. When
written in terms of the new functions the MSA becomes

hS(r) = −1, r < d; cS(r) = 0, r > d (10.3.4a)

hD(r) = 0, r < d; cD(r) = −2βe2

εr
, r > d (10.3.4b)



304 IONIC LIQUIDS

The closure relation (10.3.4a) is just the Percus–Yevick approximation for hard spheres, for
which the solution is known (see Section 4.4). The solution to (10.3.4b) and the associated
Ornstein–Zernike relation between hD(r) and cD(r) can also be obtained in closed form
by incorporating the sum rules (10.2.17) into generalised versions of the methods used to
solve the PY equation for hard spheres. The result for cD(r) inside the hard core is

cD(r) = −2βe2

εd
(2 − Br/d)B (10.3.5)

with B = [ξ + 1 − (1 + 2ξ)1/2]/ξ , where ξ2 = k2
Dd2 = 4πρ∗β∗ and kD is the Debye

wavenumber defined by (10.2.15). The excess internal energy has a very simple form:

U ex

N
= − e2

εd
B (10.3.6)

and is a function of the single coupling constant ξ and not separately of ρ∗ and β∗. In the
high-temperature or low-density (or concentration) limit, i.e. for ξ � 1, the MSA internal
energy reduces to the Debye–Hückel result:

U ex
DH

N
= − e2

2εd
ξ = −kBT

8πρ
k3

D (10.3.7)

The limiting law (10.3.7) is valid when ion-size effects are negligible; it corresponds to the
case when the direct correlation functions cνμ(r) are replaced by their asymptotic forms
(10.3.2) for all r . The virial pressure in the MSA is the sum of a hard-sphere contact term
and the contribution of the Coulomb forces, i.e.

βP v

ρ
= 1 + 2πρ∗

3
gS(d) + βU ex

3N
(10.3.8)

Alternatively, the pressure can be calculated by first integrating (10.3.6) to give the free
energy and then differentiating with respect to density. The comparison made in Figure
10.2 for the case of a 1 : 1 electrolyte shows that the results for the excess internal energy
are in good agreement with those of Monte Carlo calculations, but there is a serious in-
consistency between the pressures calculated by the two different routes. In the molten-salt
regime the results, not surprisingly, are much less satisfactory.13

Although the MSA is a good starting point for the calculation of thermodynamic prop-
erties of the restricted primitive model, it is less reliable in predicting the correlation func-
tions. If the density and temperature are such that ξ � 1, use of the MSA leads to distri-
bution functions g11(r) (or g22(r)) that become negative at separations close to contact.
The situation is improved if, at small r , the direct correlation functions cS(r) and cD(r) are
allowed to deviate from their asymptotic forms.14 In the “generalised” MSA or GMSA the
deviations are expressed in terms of Yukawa functions and the closure relations for cS(r)

and cD(r) in (10.3.4) are replaced by

cS(r) = A1

r
exp
[−t1(r − d)

]
, r > d
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FIG. 10.2. Thermodynamic properties of the restricted primitive model of a 1 : 1 electrolyte. The points show
the results of Monte Carlo simulations and the curves are calculated from the MSA and the HNC approximation.
Energy: dashes, MSA; full curve, HNC. Pressure: long and short dashes, MSA via the energy and virial equations,
respectively; full curve, HNC via the virial (or energy) equation. The value of β∗ corresponds to an aqueous
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solution. After Rasaiah et al.12

(10.3.9)

cD(r) = −2βe2

εr
− A2

r
exp
[−t2(r − d)

]
, r > d

The parameters A1, t1, A2 and t2 are related through a set of algebraic equations to the
internal energy, compressibility, virial pressure and contact value of gD(r), and can be fitted
to those quantities if the necessary data are available from an independent source. Where
that is possible, the resulting pair distribution functions represent a significant improvement
over the MSA, but in this form the theory is not self-contained.

The main appeal of theories such as the MSA or GMSA in the calculation of the pair dis-
tribution functions is the fact that they can be solved analytically in closed or nearly closed
form, but their applicability is limited, at least in their conventional forms, to systems of
charged hard spheres. These “primitive” models display certain structural features that are
artefacts of the hard-sphere interaction. In particular, for values of ρ∗ and β∗ appropri-
ate to molten salts, the main peak in the distribution functions for ions of like charge, i.e.
g++(r) or g−−(r), shows a marked splitting not seen experimentally. The splitting disap-
pears when the short-range repulsion is softened, but different theoretical methods are then
required. Of the integral-equation theories described in Chapter 4 the HNC approximation
is far better suited to ionic systems than its PY counterpart. Equation (4.4.3) shows that the
PY approximation cannot account for the exponential screening of the pair correlations at
large separations, since within that approximation the pair distribution function decays as
the pair potential. The HNC equation does describe the long-range correlations correctly
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and there is also a close connection between HNC theory and the traditional form of the
Debye–Hückel approach. When generalised to a system of more than one component, the
exact relation (4.6.13) becomes

ln
[
hνμ(r) + 1

]= −βvνμ(r) + dνμ(r) + hνμ(r) − cνμ(r) (10.3.10)

and the HNC approximation corresponds to setting dνμ(r) = 0 for all pairs ν, μ. As Figure
10.2 illustrates, the thermodynamic results obtained in this way for a 1 : 1 electrolyte agree
very well with those calculated by the Monte Carlo method. The degree of thermodynamic
consistency in the theory is high; even at the highest concentration studied, pressures cal-
culated via the compressibility and virial (or energy) routes differ by less than 1%. Good
results are also obtained for the thermodynamic properties of the restricted primitive model
of a 2 : 2 electrolyte, where the superiority of the HNC approximation over the MSA be-
comes more evident.15 On the other hand, over a range of low to moderate concentrations
the calculated like-ion distribution function of the 2 : 2 system has a pronounced peak at
r ≈ 2d , a feature that persists even when the hard-sphere term in the pair potential is re-
placed by an inverse-power repulsion.16 No similar peak is seen in simulations of the same
potential models, as the examples shown in Figure 10.3 illustrate; instead, the distribu-
tion function increases monotonically towards its limiting value at large r . Conversely, the
HNC calculations significantly underestimate the height (of order 100) of the peak in the
unlike-ion distribution function, the strength of which provides a measure of the degree
of ion pairing in the system. These defects in the theory are linked to the difference in
form of the bridge functions for like and unlike pairs. The results of simulations16,17 show
that the function d++(r) (or d−−(r)) is negative at all separations, and therefore resembles
the bridge function of the Lennard-Jones fluid (see Figure 4.6), but d+−(r) is everywhere
positive. Thus the HNC approximation acts in such a way as to weaken both the effective
repulsion between ions of like charge and the effective attraction between those of unlike
charge, with differing consequences for the calculated distribution functions.18 At high
concentrations the bridge functions maintain their difference in sign but their magnitude is
greatly reduced. The error involved in neglecting them is therefore small and the spurious
peak in the like-ion distribution function becomes progressively less pronounced.

The HNC approximation is also successful in reproducing the pair structure under state
conditions typical of molten salts, as shown by the results for the simple molten salt plot-
ted in Figure 10.1. The deficiencies in the approximation are evident only in the small-k
region of SNN(k); the error there means that the calculated compressibility is about twice
as large as that obtained by simulation. A systematic study of the alkali halides has con-
firmed that HNC theory is able to reproduce quantitatively all the main features of the pair
distribution functions of more realistic potential models; still better results are obtained by
including the contributions from the bridge diagrams in a semiempirical way19 or by en-
forcing thermodynamic self-consistency through the hybrid, HMSA scheme20 mentioned
in Section 4.7.
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FIG. 10.3. Pair distribution function for like-charged ions in a 2 : 2 electrolyte solution under state conditions
corresponding to an aqueous solution at T = 298 K. Short-range repulsions are represented by a soft-sphere (r−9)
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molecular-dynamics simulations and the curves are calculated from the HNC approximation. The spurious peak
in the HNC results is less pronounced at the higher concentration and disappears for concentrations greater than
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10.4 FREQUENCY-DEPENDENT ELECTRIC RESPONSE

We have seen in earlier sections of this chapter that the static properties of ionic liquids are
strongly affected by the long-range nature of the Coulomb potential or, equivalently, the
k−2 singularity in its Fourier transform. We now turn to the question of how the same fac-
tors influence the dynamical correlations. The discussion here is limited to two-component
systems of ions in vacuo, the case of liquid metals being deferred until Section 10.9. The
phenomena of greatest interest are those linked to charge fluctuations; these generate a
local electric field that acts as a restoring force on the local charge density. At low frequen-
cies the charge density responds in a diffusive manner, but at high frequencies there is a
reactive behaviour, which gives rise to a propagating mode of the type briefly discussed in
Section 10.1.

The linear combinations of microscopic partial densities that arise naturally in a discus-
sion of the collective dynamics are the mass (M) and charge (Z) densities, defined in terms
of Fourier components as

ρM
k (t) =

∑
ν

mνρ
ν
k(t), ρZ

k (t) =
∑
ν

zνρ
ν
k(t) (10.4.1)

where mν is the mass of an ion of species ν. With each fluctuating density we may associate
a current. Thus

jMk (t) =
∑
ν

mνjνk(t), jZk (t) =
∑
ν

zνjνk(t) (10.4.2)

where the partial currents jνk are given by an expression identical to (7.4.7) except that
the sum on i is restricted to ions of a given species. Each current can be divided into
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longitudinal (l) and transverse (t) parts in the manner of (7.4.25); the longitudinal currents
satisfy equations of continuity analogous to (7.4.4). The mass current is related to the stress
tensor Πk by

∂

∂t
jMk (t) + ik · Πk = 0 (10.4.3)

where the components of Πk are given by a two-component generalisation of (8.4.14).
Equation (10.4.3) shows that the time derivative of jMk (t) vanishes as k → 0. The mass
current is therefore a conserved variable in the sense of Section 7.1, but the charge current is
not. Although the total momentum of the ions is conserved, there is a continuous exchange
of momentum between the two species; this momentum exchange is the source of the
electrical resistivity of the fluid.

The mass and charge densities can be used to construct three, independent, time-
correlation functions FAB(k, t) (with A,B = M or Z), the definitions of which are similar
to that of the intermediate scattering function (7.4.20). The initial values of the correlation
functions are equal to the static structure factors in (10.2.2), but with number N replaced
by mass M , and their Fourier transforms with respect to t are the corresponding dynamic
structure factors. A function of particular interest for our purposes is the charge–charge
dynamic structure factor, defined as

SZZ(k,ω) = 1

2πN

∫ ∞

−∞
〈
ρZ

k (t)ρZ
−k

〉
exp(iωt)dt (10.4.4)

Finally, three longitudinal and three transverse current correlation functions can be defined
through straightforward generalisations of (7.4.25):

CAB,l(k, t) = k2

N

〈
jAz

k (t)jBz
−k

〉
(10.4.5a)

CAB,t (k, t) = k2

N

〈
jAx

k (t)jBx
−k

〉
(10.4.5b)

where, as usual, the z-axis is chosen parallel to k. Each CAB,l(k, t) is related to the corre-
sponding FAB(k, t) by an analogue of (7.4.26).

We next consider how the response of the system to an external electric field can be
described in terms of the correlation functions introduced above. This requires a general-
isation to frequency-dependent perturbations of the result in (10.2.6). As an extension of
the linear-response relation (7.6.26), we find that the mean induced charge density is

δρ̂Z(k, t) = 〈ρZ
k (t)

〉= χZZ(k,ω)eφext
k exp(−iωt) (10.4.6)

The imaginary part of the complex dynamic susceptibility χZZ(k,ω) is related to the
dynamic structure factor SZZ(k,ω) through a trivial modification of the fluctuation–
dissipation theorem (7.6.28), i.e.

SZZ(k,ω) = − kBT

πρω
χ ′′
ZZ(k,ω) (10.4.7)
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and the susceptibility can also be expressed in terms of the complex dielectric function
ε(k,ω) by a frequency-dependent generalisation of (10.2.11):

1

ε(k,ω)
= 1 + 4πe2

k2
χZZ(k,ω) (10.4.8)

The functions χZZ(k,ω) and 1/ε(k,ω) measure the linear response of a fluid of charged
particles to an external electric field. The external field polarises the fluid and the local, in-
ternal field (the Maxwell field) is the sum of the field due to the external charge distribution
and that due to the induced charge density. The local field is, of course, the field experi-
enced by the ions. The response of the system to the local electric potential is described by
a screened response function χ sc

ZZ(k,ω), defined through the expression

δρ̂Z(k, t) = χ sc
ZZ(k,ω)e

[
φext

k exp(−iωt) + δφ̂ind(k,ω)
]

(10.4.9)

where the induced electric potential δφ̂ind(k,ω) is related to the induced charge density by
Poisson’s equation (cf. (10.2.5)):

δφ̂ind(k,ω) = 4πe

k2
δρ̂Z(k,ω) (10.4.10)

Comparison of (10.4.9) with (10.4.6) shows that the relation between the external and
screened susceptibilities is

χZZ(k,ω) = χ sc
ZZ(k,ω)

1 − 4πe2

k2
χ sc
ZZ(k,ω)

(10.4.11)

and hence, from (10.4.8), that

ε(k,ω) = 1 − 4πe2

k2
χ sc
ZZ(k,ω) (10.4.12)

The response function χZZ(k,ω) satisfies the Kramers–Kronig relations (7.6.37) and
(7.6.38), which are merely consequences of causality. The same is not necessarily true
of the screened function χ sc

ZZ(k,ω), which determines the response of the system to the
local field. Since the local field depends on the material properties of the system, it cannot
be controlled at will in an experiment.

The electric response of an ionic fluid can also be discussed in terms of the induced
electric current. Let E(k,ω) be a Fourier component of the local electric field. Ohm’s Law
in its most general form states that the induced electric current JZ is linearly related to the
field, i.e.

JZ(k,ω) = σ (k,ω) · E(k,ω) (10.4.13)
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The quantity σ is the conductivity tensor, which can be divided into longitudinal and trans-
verse parts in the form

σ (k,ω) = kk
k2

σl(k,ω) +
(

I − kk
k2

)
σt (k,ω) (10.4.14)

where σl and σt are scalars. The longitudinal and transverse projections of the induced
current are related, respectively, to the longitudinal (or irrotational) and transverse (or
divergence-free) components of the local electric field. Thus

JZ
l (k,ω) = σl(k,ω)El (k,ω), JZ

t (k,ω) = σt (k,ω)Et (k,ω) (10.4.15)

Since E = −∇δφ, it follows that the component El(k,ω) of the local field is related to the
total electric potential by the expression

El (k,ω) = −ikδφ̂(k,ω) = −ik
[
φext

k exp(−iωt) + δφ̂ind(k,ω)
]

(10.4.16)

Equations (7.4.4), (10.4.9), (10.4.12), (10.4.15) and (10.4.16) can now be combined to
yield the fundamental relation between the dielectric function and the conductivity tensor:

ε(k,ω) = 1 + 4πi

ω
σl(k,ω) (10.4.17)

Note that σl(k,ω) is a screened response function in the same sense as χ sc
ZZ(k,ω), since it

measures a response to the internal field.
Linear-response theory was used in Section 7.7 to derive a microscopic expression for

the frequency-dependent electrical conductivity; this “external” conductivity measures the
response of a fluid to a uniform (k = 0) applied electric field. A uniform field corresponds
to a situation in which the boundaries of the system are removed to infinity, thereby avoid-
ing the appearance of a surface polarisation. The electric response to an inhomogeneous
(k-dependent) applied field is measured by a wavenumber-dependent external conductiv-
ity that can be related to the time-autocorrelation function of the fluctuating charge current
jZk (t). In the case of the longitudinal component the required generalisation of (7.7.10) is
simply

σ ext
l (k,ω) = βe2

V

∫ ∞

0

〈
jZz

k (t)jZz
−k

〉
exp(iωt)dt (10.4.18)

However, the macroscopic electrical conductivity σ given by the low-frequency limit of
(7.7.10) is not the same as the k, ω → 0 limit of σ ext

l (k,ω). Indeed, it follows from the
continuity equation (see (7.4.4)) that the integral in (10.4.18) can be re-expressed as∫ ∞

0

〈
jZz

k (t)jZz
−k

〉
exp(iωt)dt = 1

k2

∫ ∞

0

〈
ρ̇Z

k (t)ρ̇Z
−k

〉
exp(iωt)dt

= −iωNSZZ(k) + ω2NF̃ZZ(k,ω)

k2
(10.4.19)
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Written in this form it is easy to see that the integral vanishes as k, ω → 0, since
SZZ(k) ∼ k2 for small k. (Note that F̃ZZ(k,ω) is the Laplace transform of FZZ(k, t),
which is bounded above by SZZ(k): see (7.1.14).) On the other hand, the rotational invari-
ance of an isotropic fluid implies that the macroscopic longitudinal and transverse conduc-
tivities must be the same, i.e. σ ext

l (0,ω) = σ ext
t (0,ω) = σ(ω). Hence σ may be defined in

terms of the transverse charge–current autocorrelation function; the transverse current is
not related to the charge density by a continuity equation and is therefore unaffected by the
small-k divergence of the longitudinal electric field. Thus

σ = lim
ω→0

lim
k→0

βe2

V

∫ ∞

0

〈
jZx

k (t)jZx
−k

〉
exp(iωt)dt

= lim
ω→0

lim
k→0

βρe2

k2
C̃ZZ,t (k,ω) (10.4.20)

The differing behaviour of the longitudinal and transverse charge–current autocorrela-
tion functions is also evident from the sum rules for the corresponding spectra. The short-
time expansions of CZZ,l(k, t) and CZZ,t (k, t) can be written in a form similar to (7.4.31)
and (7.4.36), namely

CZZ,l(k, t) = ω2
0

(
1 − ω2

1l
t2

2! + · · ·
)

(10.4.21a)

CZZ,t (k, t) = ω2
0

(
1 − ω2

1t
t2

2! + · · ·
)

(10.4.21b)

where, in the case when z1 = −z2 = z:

ω2
0 = z2k2

(
kBT

2M

)
(10.4.22)

with M = m1m2/(m1 + m2). The frequency moments ω2
1l and ω2

1t are the charge–current
analogues of the quantities defined in Section 7.4. If the interionic potentials are separated
into their coulombic and short-range parts, the derivation of (7.4.35) and (7.4.38) can be
suitably generalised.21 The resulting expressions are lengthy, but reduce in the limit k → 0
to the simpler forms given by

lim
k→0

ω2
1l (k) = 2

3ω
2
p + ρ

6M

∫
∇2vS

12(r)g12(r)dr (10.4.23a)

lim
k→0

ω2
1t (k) = − 1

3ω
2
p + ρ

6M

∫
∇2vS

12(r)g12(r)dr (10.4.23b)
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where vS
12(r) is the short-range part of the cation–anion potential and ωp is the plasma

frequency (10.1.8), generalised to the two-component case:

ω2
p =

∑
ν

4πρνz
2
νe

2

mν

(10.4.24)

Thus, in contrast to the results obtained in Section 7.4, the characteristic frequencies of the
charge–current fluctuations remain non-zero as k → 0. In addition, the longitudinal and
transverse frequencies at k = 0 are split according to the rule

ω2
1l(0) − ω2

1t (0) = ω2
p (10.4.25)

This result is of the same form as the well-known relation between the longitudinal and
transverse optic frequencies of ionic crystals. The behaviour of ω1l (k) and ω1t (k) at finite
wavelengths is also similar to that of the corresponding phonon dispersion curves for the
crystal: initially, ω1l(k) falls rapidly with increasing k, but the curve of ω1t (k) is almost
flat. In the case of the alkali halides, ω1l(0) is typically 20–30% larger than ωp.

The nature of the collective modes associated with fluctuations in mass, charge and
temperature in a molten salt can be analysed by methods described in Chapters 8 and 9.
By analogy with the phonon spectra of ionic crystals, the collective modes are expected
to be of acoustic and optic character, corresponding to low-frequency sound waves and
high-frequency “plasma” oscillations. The different fluctuations are, in general, strongly
coupled, and the associated memory functions have a complicated structure. A consider-
able simplification occurs when the anions and cations differ only in the sign of their elec-
trical charge. Under such conditions, charge fluctuations are completely decoupled from
fluctuations in mass and temperature at all frequencies and all wavenumbers. The same is
true for any molten salt in the long-wavelength limit, thereby making it possible to cal-
culate the spectrum of charge fluctuations at long wavelengths by the following, simple,
macroscopic argument.9 The Laplace transform of the continuity equation for the induced
charge density is

−iωδρ̃Z(k,ω) = δρ̂Z(k, t = 0) + ik · JZ(k,ω) (10.4.26)

while Poisson’s equation may be written as

−ik · E(k,ω) = 4πδρ̃Z(k,ω) (10.4.27)

These two expressions can be combined with the longitudinal projection of Ohm’s Law to
give

δρ̃Z(k,ω) = δρ̂Z(k, t = 0)

−iω + 4πσl(k,ω)
(10.4.28)

If we multiply (10.4.28) through by δρ̂Z(−k, t = 0) and take the thermal average, we find
that

F̃ZZ(k,ω) = SZZ(k)

−iω + 4πσl(k,ω)
(10.4.29)
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In the limit k → 0, σl(k,ω) can be replaced by σ(ω). This gives an important result:

lim
k→0

F̃ZZ(k,ω)

SZZ(k)
= 1

−iω + 4πσ(ω)
(10.4.30)

Comparison with (7.3.23) shows that the frequency-dependent, complex conductivity is
the memory function for the long-wavelength limit of the charge-density autocorrelation
function. The spectrum of charge-density fluctuations may therefore be expressed in terms
of the real (σ ′) and imaginary (σ ′′) parts of σ(ω) in the form

lim
k→0

SZZ(k,ω)

SZZ(k)
= 1

π

4πσ ′(ω)

[ω − 4πσ ′′(ω)]2 + [4πσ ′(ω)]2
(10.4.31)

In the low-frequency limit, σ ′(ω) → σ , σ ′′(ω) → 0, and (10.4.31) reduces to

SZZ(k,ω) ∼ 1

π

4πσ(k/kD)2

ω2 + (4πσ)2
, k,ω → 0 (10.4.32)

Charge fluctuations in the low-frequency, long-wavelength regime are therefore of a non-
propagating type. The same is true of concentration fluctuations in a mixture of uncharged
particles, but the two cases differ in a significant way. If the coupling to other hydrodynamic
variables is weak, a Fourier component of a fluctuation in the local concentration c(r, t) in
a non-ionic, binary mixture decays in approximately the same way as a component of the
density of tagged particles in a one-component system (see (8.2.5)), i.e.

ck(t) ≈ ck exp
(−Dk2t

)
(10.4.33)

where D is the interdiffusion coefficient.22 The spectrum of concentration fluctuations
therefore has approximately the same functional form as the self dynamic structure factor
(8.2.9):

Scc(k,ω) = 1

2π

∫ ∞

−∞
〈
ck(t)c−k

〉
exp(iωt)dt

≈ 〈|ck|2〉
π

Dk2

ω2 + (Dk2)2
(10.4.34)

Equation (10.4.34) represents a lorentzian curve centred at ω = 0 and having a width that
varies as k2, whereas the width of the charge-fluctuation spectrum (10.4.32) remains non-
zero even in the long-wavelength limit. The source of this difference in behaviour is the
fact that in the coulombic case the “restoring force” is proportional to the charge-density
fluctuation, while in the neutral system it is proportional to the laplacian of the concentra-
tion fluctuation.

Although the hydrodynamic analysis yields the correct low-frequency behaviour, the
possibility that a propagating charge-density oscillation could occur at higher frequencies
has to be investigated within the framework either of generalised hydrodynamics or of the
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memory-function formalism. In particular, the memory-function representations developed
in Sections 9.3 and 9.4 lend themselves easily to a unified treatment of transverse and
longitudinal charge fluctuations. Here, however, we consider only the more interesting
question of the nature of the longitudinal fluctuations. We also restrict the discussion to
long wavelengths and to the case when z1 = −z2 = z, and use the fact that

lim
k→0

ω2
0

SZZ(k)
= ω2

p (10.4.35)

which follows from the long-wavelength relation (10.2.14) and the definitions (10.4.22)
and (10.4.24). When adapted to the problem of the longitudinal charge current, the
memory-function equation (9.4.7) becomes

C̃ZZ,l(k,ω) = ω2
0

−iω + ω2
p

−iω
+ Ñl(k,ω)

(10.4.36)

Use of (10.4.19) shows that the corresponding expression for the charge-density autocor-
relation function is given in terms of Laplace transforms by

F̃ZZ(k,ω) = SZZ(k)

−iω + ω2
p

−iω + Ñl(k,ω)

(10.4.37)

The high-frequency behaviour can now be studied in an approximate way by assuming that
the memory function Nl(k, t) decays exponentially with a relaxation time equal τl . This
is the characteristic approximation of the viscoelastic model introduced in Chapter 9, and
leads, for small k, to

Ñl(k,ω) = ω2
1l − ω2

p

−iω + 1/τl
(10.4.38)

A simple calculation then shows that if ωτl � 1, the charge–charge dynamic structure
factor (proportional to Re F̃ZZ(k,ω)) has peaks at ω = 0 and ω = ±ω1l ; those at ±ω1l
correspond to charge fluctuations that propagate at a frequency comparable with the plasma
frequency, but modified by the short-range interactions between ions. The calculation is a
crude one, limited as it is to high frequencies and long wavelengths, but it provides a fair
description of the dispersion of the propagating mode observed in simulations (see below
in Figure 10.5).

10.5 MICROSCOPIC DYNAMICS IN MOLTEN SALTS

Much of our current understanding of the microscopic dynamics in strongly coupled ionic
systems comes from molecular-dynamics simulations. In this section we give some ex-
amples, taken from studies of monovalent molten salts, that illustrate the richness of the
observed single-particle and collective behaviour.
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Single-particle motion is conveniently discussed in terms of the velocity autocorrelation
functions Zν(t) and self-diffusion coefficients Dν of the two ionic species; Dν is related to
Zν(t) in the manner of (7.2.7). For mixtures of neutral particles in which cross correlations
of velocity of the type 〈ui (t) · uj 〉 (i �= j) are negligible, the two self-diffusion coefficients
are related to the interdiffusion coefficient D by the expression

D ≈ F x1x2

NkBT
(x2D1 + x1D2) (10.5.1)

where F = (∂2G/∂x2
1)P,T is a purely thermodynamic quantity.22 If, in addition, the

mixture is nearly ideal, which is a good approximation for mixtures of simple liquids,
F ≈ NkBT/x1x2, and (10.5.1) becomes

D ≈ x2D1 + x1D2 (10.5.2)

In an ionic liquid interdiffusion is equivalent to electrical conduction. We have shown in
Section 7.7 that the static electrical conductivity σ is proportional to the time integral of
the electric-current autocorrelation function J (t), defined as

J (t) = 〈jZ(t) · jZ
〉= N∑

i=1

N∑
j=1

〈
ziui (t) · zjuj

〉
(10.5.3)

If the self-correlation terms (i = j) in (10.5.3) are separated from the cross terms (i �= j),
integration over time and use of (7.7.10) shows that

σ = βe2ρ
(
x1z

2
1D1 + x2z

2
2D2

)
(1 − Δ) (10.5.4)

Equation (10.5.4), with Δ = 0, is called the Nernst–Einstein relation; the value of the devi-
ation factor Δ is a measure of the importance of cross-correlations. If Δ = 0, (10.5.4) be-
comes the ionic equivalent of the approximate relation (10.5.2). In practice, at least for the
alkali halides, Δ is significantly different from zero and always positive. The importance
of cross correlations in monovalent salts is illustrated in Figure 10.4, where molecular-
dynamics results for the velocity and electric-current autocorrelation functions of the sim-
ple molten salt are plotted. The symmetry of the model means that the velocity autocorre-
lation functions of cations and anions are identical; if cross-correlations of velocities were
negligible, the normalised curves of Z(t) and J (t) would also be the same. At short times,
however, there are substantial differences between the two functions, and the calculated
Nernst–Einstein deviation factor for the case shown is Δ = 0.19. The positive value of Δ

corresponds physically to the fact that motion in the same direction by a pair of oppositely
charged ions contributes to self-diffusion but not to electrical conduction. The numerical
result agrees well with experimental data: the mean value of Δ for eight alkali-halide salts
is 0.26. The observed deviations from the Nernst–Einstein relation therefore have a natural
explanation in terms of positive correlations between the velocities of nearest-neighbour
ions that persist for times which, for a real molten salt, would be of order 10−12 s. Such
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FIG. 10.4. Normalised velocity and electric-current autocorrelation functions of the simple molten salt10 under
the state conditions described in the caption to Figure 10.1. Full curve: Z(t)/Z(0); dashes: J (t)/J (0). The points
show the difference between the two functions.

correlations are of a nature that physical intuition would lead one to expect, but it is not
necessary to assume the existence of well-defined ion pairs.

The velocity autocorrelation function shown in Figure 10.4 has a negative plateau similar
to that seen in argon-like liquids. Both the shape of Z(t) and the value of the diffusion
coefficient are reasonably well reproduced by a mode-coupling calculation23 of the type
discussed in Section 9.5. The mode-coupling results for the electric-current autocorrelation
function are much less satisfactory and the theoretical value for the case illustrated in the
figure is about 30% too small. These discrepancies have been attributed to the neglect of
temperature fluctuations in the mode-coupling calculations.

Molecular-dynamics results on self diffusion are also available for rigid-ion models of
the alkali halides in which allowance is made for the differences in mass and size of the
two ions. Where the mass difference is large, the velocity autocorrelation function of the
lighter ion is strongly oscillatory. This effect is the result of a “rattling” motion of the
ion in the relatively long-lived cage formed by its heavier neighbours and is particularly
marked in the case of the very light Li+ ion. The calculated diffusion coefficients are in
general smaller than the experimental values, sometimes significantly so, but the agree-
ment with experiment is substantially improved when allowance is made for polarisation
of the ions.24 In a rigid-ion model, local charge neutrality around a diffusing ion can be
maintained only by bodily displacement of its neighbours; when the ions are polarisable,
an additional screening mechanism is present that does not entail movement of the ion
cores. The net result is that the cage effect is smaller for polarisable ions; this leads to an
increased damping of oscillations in the velocity-autocorrelation function and a consequent
increase in the diffusion coefficient.

The wavenumber-dependent collective motions in molten salts have also been studied by
molecular dynamics. The simple molten salt is particularly well-suited to theoretical inves-
tigation of the collective modes,10 because the fluctuations in mass and charge densities are
strictly independent at all wavelengths (see Section 10.4). The main objects of interest are
the optic-type modes associated with charge fluctuations, since these are specific to ionic
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spectra. The arrows mark the value of ω1l (k).

fluids. The results of the simulations show that the charge-density autocorrelation func-
tion FZZ(k, t) is strongly oscillatory at wavelengths up to about twice the mean interionic
spacing. These oscillations give rise to a “plasmon” peak in the dynamic structure factor
SZZ(k,ω), as shown in Figure 10.5. The frequency ωk at which the optic peak is seen is in
the region of the plasma frequency ωp, but its dispersion is strongly negative and described
reasonably well by the relation ωk ≈ ω1l (k), as suggested by the rough calculation made
in the previous section. The peak eventually disappears at a value of k close to the position
of the main peak in the charge–charge structure factor SZZ(k). More surprising is the fact
that at small wavenumbers the optic peak initially sharpens as k increases, i.e. the damp-
ing of the plasmon mode becomes weaker. This behaviour is in striking contrast to that of
the sound-wave mode; in molten salts, as in systems of neutral particles, the sound-wave
damping increases rapidly with k.

The main features of the charge-fluctuation spectrum of the simple molten salt are also
seen in simulations of more realistic rigid-ion models; the effect of including polarisation
is to broaden the optic peak and shift it to lower frequencies.25 It can be seen from Figure
10.5 that in the case of the simple molten salt the single-relaxation time, viscoelastic ap-
proximation cannot account for the detailed shape of the spectrum. At least two relaxation
times are required, and other calculations have confirmed that the memory function for the
longitudinal charge–current correlation function consists of a rapidly decaying term and
a long-time, quasi-exponential tail; it therefore has a structure similar to that required to
describe the density fluctuations in argon-like liquids (see Section 9.4). A fair description
of the spectra of mass and charge fluctuations in the simple molten salt has been obtained
by mode-coupling methods along the general lines of Section 9.5. In particular, a mode-
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coupling calculation26 has shown that the width of the plasmon peak should decrease with
increasing k in a certain wavenumber range, in qualitative agreement with the unexpected
behaviour observed in the simulations.

Several attempts have been made to detect a collective, plasmon-like excitation in molten
salts by inelastic neutron scattering. If b1 and b2 are the coherent neutron scattering lengths
of the two ionic species, and if z1 = −z2, a straightforward extension of the derivation
given for a one-component fluid in Section 7.5 shows that the coherent, inelastic cross-
section for a monovalent salt can be written in the form

d2σ

dΩ dω
∝ (b1 + b2)

2SNN(k,ω) + 2
(
b2

1 − b2
2

)
SNZ(k,ω)

+ (b1 − b2)
2SZZ(k,ω) (10.5.5)

Thus a single experiment yields only a linear combination of the three dynamic struc-
ture factors (number–number, number–charge and charge–charge). Moreover, the contri-
bution made by the charge-fluctuation component is very low at small wavenumbers, since
SZZ(k) (the integral of SZZ(k,ω)) is proportional to k2 in the limit k → 0. Only when the
scattering lengths are such that b1 ≈ −b2 does the component SZZ(k,ω) dominate, and
this situation is not easily achievable with readily available isotopes. The most convinc-
ing experimental evidence obtained so far for the existence of a plasmon mode in ionic
liquids comes from the analysis of infrared reflectivity data for molten lithium fluoride.27

The resulting spectrum, which corresponds effectively to SZZ(k,ω) at zero wavenumber,
displays a well-defined plasmon-like response, at a frequency somewhat above ωp, which
is well separated from a central, diffusive peak.

The autocorrelation functions of the transverse components of the mass and charge cur-
rents have been calculated in molecular-dynamics simulations of a number of model sys-
tems. The frequency of the transverse optic mode lies roughly an amount ωp below that
of its longitudinal counterpart, as suggested by the sum rule (10.4.25), and is relatively
insensitive to wavenumber. As in the case of the longitudinal modes, an accurate memory-
function fit of the transverse-current spectra requires the introduction of two relaxation
times that are very different in value.25

10.6 THE ELECTRIC DOUBLE LAYER

So far in this chapter the emphasis has been placed on the bulk properties of ionic liquids.
In this section and the one that follows we discuss some of the new phenomena that arise
in the vicinity of a charged surface, and show how the resulting inhomogeneities can be
described within the framework of the density-functional theory developed in Chapters 3
and 6.

When colloidal particles or macromolecules are dissolved in a highly polar solvent such
as water, they will normally release counterions into the solvent, leaving behind a “polyion”
carrying a surface charge of opposite sign. The solvent will in general be an electrolyte
solution, and itself is therefore a source of both counterions and coions, coions being those
of like charge to that of the polyion. Counterions are attracted by the surface charge, but
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the effect is counterbalanced by the tendency for ions to spread into the bulk solution in
order to maximise the entropy. These competing effects lead to the formation of an electric
double layer at the charged surface, to which both coions and counterions contribute. In the
discussion that follows we restrict ourselves to the situation in which only two ionic species
are present, with charges zνe, ν = + or −. The inhomogeneous solution in the vicinity of
the charged surface is assumed to be in chemical equilibrium with a bulk solution (or
reservoir) of the same ions at chemical potentials, μν . The surface charge is the source of
an external field acting on the ions and the solution of the electrostatic problem involves
boundary conditions on the local electrostatic field.

Within a confined dielectric medium of permittivity ε, the electrostatic potential at r′ due
to a unit point charge at r is given by the Green’s function G(r, r′) that satisfies Poisson’s
equation:

∇2G(r, r′) = −4π

ε
δ(r′ − r) (10.6.1)

for given boundary conditions at any interfaces.28 If there are no boundaries, the Green’s
function is the usual Coulomb potential, G(r, r′) = G(r′ − r) = 1/ε|r′ − r|; when bound-
aries are present, the solution can be obtained by the method of images, at least for suf-
ficiently simple geometries.29 Let ρZ(r) be the local charge density of the fluid, defined
as30

ρZ(r) =
∑
ν

zνρ
(1)
ν (r) (10.6.2)

where ρ
(1)
ν (r) is the single-particle density of species ν. The local electrostatic potential

ΦC(r) that satisfies Poisson’s equation:

∇2ΦC(r) = −4πe

ε
ρZ(r) (10.6.3)

subject to any boundary conditions, is

ΦC(r) =
∫

G(r, r′)eρZ(r′)dr′ (10.6.4)

The electrostatic energy of the system is then given by

UC = 1
2e

∫
ΦC(r)ρZ(r)dr = 1

2e
2
∫∫

ρZ(r)G(r, r′)ρZ(r′)dr dr′ (10.6.5)

where the integral extends over the region occupied by the fluid. From now on, however,
we shall restrict ourselves to the situation in which there are no dielectric discontinuities
and the permittivity is the same throughout space. Lifting this restriction introduces only
technical complications.

The grand, potential functional of the fluid is

Ω
[
ρ
(1)
+ , ρ

(1)
−
]= F

[
ρ
(1)
+ , ρ

(1)
−
]−∑

ν

∫ [
μν − φν(r)

]
ρ(1)
ν (r)dr (10.6.6)
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where φν(r) is the total external potential acting on ions of species ν, which may have both
coulombic and non-coulombic components. The intrinsic free-energy functional F can be
split, as usual, into ideal and excess parts:

F
[
ρ
(1)
+ , ρ

(1)
−
]=∑

ν

F id
ν

[
ρ(1)
ν

]+F ex[ρ(1)
+ , ρ

(1)
−
]

(10.6.7)

where the ideal contributions are defined as in (3.1.22) and the excess contribution is given
by a two-component generalisation of (3.5.23). If the reference state, corresponding to
λ = 0 in (3.5.23), is taken as one in which the chemical potentials are the same as those of
the bulk solution, then

F ex[ρ(1)
+ , ρ

(1)
−
]

= F ex(n+, n−) +
∑
ν

μex
ν

∫
Δρ(1)

ν (r)dr

− kBT
∑
ν

∑
μ

∫ 1

0
dλ (1 − λ)

∫∫
Δρ(1)

ν (r)cνμ(r, r′;λ)Δρ(1)
μ (r′)dr dr′ (10.6.8)

where n+, n− are the number densities in the bulk.
The direct correlation functions in (10.6.8) may be decomposed in the form

cνμ(r, r′) = cS
νμ(r, r′) − zνzμlB/|r′ − r| (10.6.9)

where lB = e2/εkBT is called the Bjerrum length. The second term on the right-hand side is
the asymptotic value of the function; the first term therefore represents the short-range cor-
relations. If we now substitute for cνμ(r, r′) in (10.6.8), the excess free-energy functional
separates into a mean-field, purely coulombic part, F C, and a correlation term, F corr.
The mean-field part is given by (10.6.5), with G(r, r′) taking its coulombic form, and the
correlation term is formally identical to (10.6.8), but with the direct correlation functions
replaced by their short-range parts. Thus

F ex = F C +F corr, F C = 1
2e

2
∫∫

ρZ(r)ρZ(r′)
ε|r′ − r| dr dr′ (10.6.10)

A particularly simple approximation is to set F corr = 0, implying that the fluid behaves as
an ideal gas in which each ion experiences only the average electrostatic potential due to
other ions and the charges at any interfaces. The density profile ρ

(1)
ν (r) derived from the

variational principle (3.4.3) is then

ρ(1)
ν (r) = ξν exp

(−β
[
φν(r) + zνeΦ

C(r)
])

(10.6.11)

where the electrostatic potential ΦC(r) is given by (10.6.4) and ξν = exp(βμν)/Λ
3
ν is the

activity of species ν, which in the mean-field approximation is equal to the bulk density nν .
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If the external potentials have a coulombic component, arising from an external charge
density ρext

Z (r), (10.6.11) may be rewritten as

ρ(1)
ν (r) = nν exp

(−β
[
φS
ν (r) + zνeΦ(r)

])
(10.6.12)

where φS
ν (r) is the short-range, non-coulombic contribution to φν(r) and Φ(r) is the total

electrostatic potential, which is related to the total charge density by

∇2Φ(r) = −4πe

ε

[
ρext
Z (r) + ρZ(r)

]
(10.6.13)

The coupled equations (10.6.11) (or (10.6.12)) and (10.6.3) (or (10.6.13)) are the equations
of Poisson–Boltzmann theory.

As a first application of the theory we take the case of an electric double layer near an
inpenetrable, planar wall at z = 0. The wall separates the ionic solution for z > 0 from a
dielectric medium of the same permittivity for z < 0; the density profiles now depend only
on z. The wall carries a surface charge density σ and overall charge neutrality requires that∫ ∞

0
eρZ(z)dz = −σ (10.6.14)

If we assume that the absolute charges of the two ionic species are equal, it follows that
n+ = n− = 1

2n0, and combination of (10.6.2), (10.6.12) and (10.6.13) gives

d2Φ(z)

dz2
= 4πen0

ε
sinh

[
βeΦ(z)

]
, z > 0 (10.6.15)

with the constraint, valid for point ions, that ρ(1)
ν (z) = 0 for z < 0. Equation (10.6.15) is

the Poisson–Boltzmann equation; it must be solved subject to two boundary conditions:

lim
z→0

dΦ(z)

dz
= 0,

dΦ(z)

dz

∣∣∣∣
z=0

= −4πσ

ε
(10.6.16)

The local number density of microions is ρN(z) = ρ
(1)
+ (z) + ρ

(1)
− (z), the gradient of

which is easily obtained from (10.6.2), (10.6.12) and (10.6.13):

dρN(z)

dz
= −β

dΦ(z)

dz
eρZ(z) = βε

4π

dΦ(z)

dz

d2Φ(z)

dz2
= βε

8π

d

dz

(
dΦ(z)

dz

)2

(10.6.17)

Integration of both sides of (10.6.17) from z to infinity yields a relation between the local
number density and the local electric field E(z) = −dΦ(z)/dz:

kBT
[
ρN(z) − n0

]= ε

8π

[
E(z)

]2 (10.6.18)
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Since the microions behave as an ideal gas, the left-hand side of (10.6.18) is the difference
in local osmotic pressure P(z) = kBTρN(z) between a point z and a point in the bulk,
where ρN(z) = n0; the right-hand side is the electrostatic pressure,28 which vanishes in the
bulk. Differentiation of (10.6.18) with respect to z and use of Poisson’s equation leads to
the condition necessary for hydrostatic equilibrium, i.e.

dP(z)

dz
= eE(z)ρZ(z) = f (z) (10.6.19)

where f (z) is the local force per unit volume acting on the solution. By evaluating
(10.6.18) at z = 0 and making use of the second of the boundary conditions (10.6.16),
we obtain an expression for the enhancement of the microion density at contact over its
bulk value:

kBTρN(0) = kBT n0 + ε[E(0)]2

8π
= kBT n0 + 2πσ 2

ε
(10.6.20)

This result is a special case of the contact theorem for ionic systems:31

kBTρN(0) = P + 2πσ 2

ε
(10.6.21)

where P is the bulk osmotic pressure, which for an ideal solution is equal to kBT n0. Equa-
tion (10.6.21) is a generalisation of (6.5.3b), which applies to uncharged systems. As the
surface charge increases, the contact density will eventually become sufficiently large that
the role of ion–ion correlations can no longer be ignored. The correlation term in the free-
energy functional (10.6.10) must then be included in some approximate form,32 such as a
weighted-density approximation of the type discussed in Section 6.2.

Equation (10.6.15) can be solved analytically. The dimensionless potential Φ∗(z) =
eΦ(z)/kBT satisfies the equation

d2Φ∗(z)
dz2

= k2
D sinhΦ∗(z) (10.6.22)

where kD is the Debye wavenumber (10.2.15). The solution to (10.6.22) is

Φ∗(z) = 4 tanh−1[g exp(−kDz)
]

(10.6.23)

where g is related to the dimensionless surface potential Φ∗(0) by

g = tanh 1
4Φ

∗(0) (10.6.24)

The density profiles follow from (10.6.11):

ρ
(1)
± (z) = 1

2n0

(
1 ∓ g exp(−kDz)

1 ± g exp(−kDz)

)2

(10.6.25)
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At distances z ≈ k−1
D or larger, the density profiles approach their bulk values exponen-

tially, so the thickness of the double layer is of the order of ΛD, the Debye screening length.
We next consider the question of what the effective interaction is between charged sur-

faces separated by an inhomogeneous ionic solution. The simplest geometry is that of two
infinite, parallel, uniformly charged planes placed at z = ± 1

2L. If the two surface charge
densities are the same, there is a plane of symmetry at z = 0 where the local electric field
must vanish. The ionic fluid is assumed to be in chemical equilibrium with a reservoir
of non-interacting, monovalent microions, which fixes the chemical potentials of the two
species at their ideal values, μν = kBT ln(Λ3

νnν). The mirror symmetry means that it is
necessary to solve the Poisson–Boltzmann equation only in the interval − 1

2L � z � 0,
with the boundary conditions

dΦ(z)

dz

∣∣∣∣
z=−L/2

= −4πσ

ε
,

dΦ(z)

dz

∣∣∣∣
z=0

= 0 (10.6.26)

For this problem, apart from the somewhat academic case when the solution contains only
counterions, the solution to the non-linear differential equation (10.6.15) must be obtained
numerically. If the surface charge σ is sufficiently low, however, it is justifiable to linearise
(10.6.22) by setting sinhΦ∗(z) ≈ Φ∗(z). The resulting linear equation is easily solved to
give

Φ(z) = Φ0

sinh(kDL/2)
cosh(kDz) (10.6.27)

with Φ0 = 4πσ/εkD.
The normal component PN(z) of the stress tensor determines the force per unit area on

a test surface placed at z within the fluid. In mechanical equilibrium, PN must be constant
throughout the interval between the planes, i.e.

dPN(z)

dz
= 0, − 1

2L< z < 1
2L (10.6.28)

The quantity PN(z) is the sum of the osmotic pressure of the ions, P(z) = kBTρN(z), and
an electrostatic contribution, which is related to Maxwell’s electrostatic stress tensor:28

PN = P(z) − ε

8π

(
dΦ(z)

dz

)2

= kBTρN(z) − ε

8π

[
E(z)

]2 (10.6.29)

Taken together, (10.6.28) and (10.6.29) lead back to the equilibrium condition (10.6.19).
The pressure difference

ΔP = PN(L) − PN(∞) (10.6.30)

is the force per unit area that must be applied to the charged planes in order to maintain
them at a separation L; it can therefore be identified with the solvation force fS introduced
in Section 6.1. Since the local electrical field is zero at z = 0, it follows from (10.6.29) that

fS ≡ ΔP = kBT
[
ρN(0) − n0

]
(10.6.31)
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Combination of (10.6.27), (10.6.31) and the linearised version of (10.6.12) shows that to
lowest, non-vanishing order in Φ(z = 0):

fS(L) = 1
2kBT n0

[
βeΦ(0)

]2 = 2πσ 2

ε

1

sinh2(kDL/2)

≈ 8πσ 2

ε
exp(−kDL) (10.6.32)

Thus the effective interaction between the charged plates is always repulsive. The same
conclusion is reached within non-linear Poisson–Boltzmann theory. However, when cor-
relations between ions are taken into account, the force between the planes may become
attractive at small separations.33 Such correlations are particularly strong in the case of di-
valent (or polyvalent) counterions, as illustrated by the results of Monte Carlo calculations
shown in Figure 10.6.

Attraction between two like-charged surfaces can be accounted for within density-
functional theory only if the correlation term in the excess free-energy functional is ad-
equately approximated. If the ions are modelled as charged hard spheres, the correlations
between ions arise both from hard-core effects and from short-range, coulombic interac-
tions. This suggests that F ex can be usefully rewritten as

F ex[ρ(1)
+ , ρ

(1)
−
]

= 1
2

∫
eρZ(r)Φ(r)dr +FHS[ρ(1)

+ , ρ
(1)
−
]

− kBT
∑
ν

∑
μ

∫ 1

0
dλ(1 − λ)

∫∫
Δρ(1)

ν (r)Δcνμ(r, r′;λ)Δρ(1)
μ (r′)dr dr′ (10.6.33)

The first term on the right-hand side of (10.6.33) is the mean-field, purely coulombic con-
tribution; the second is the excess free-energy functional for a binary hard-sphere mixture,
corresponding to uncharged ions; and the last term contains the “residual” direct correla-
tion functions, defined as

Δcνμ(r, r′;λ) = cνμ(r, r′;λ) + zνzμλlB

|r − r′| − cHS
νμ(r, r′;λ) (10.6.34)

and represents the remaining correlations.34 The hard-sphere direct correlation functions
cHS
νμ(r′r′) are those compatible with the assumed form of the functional FHS, for which a

weighted-density approximation can be used, and the residual direct correlation functions
can be replaced by those of the bulk solution obtained, for example, from the solution of the
MSA given in Section 10.3. Figure 10.6 makes a comparison between the results obtained
in this way and those of Poisson–Boltzmann theory for restricted primitive models of both
1 : 1 and 2 : 2 electrolyte solutions. In the case of the 1 : 1 solution, where the force is
everywhere repulsive, the two theories give similar results. In the divalent system, however,
the inclusion of correlations gives rise to a strongly attractive force at small separations,
with a minimum at L ≈ 2d ; the results are in good agreement with those obtained by
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FIG. 10.6. Electric double-layer force between charged plates in restricted primitive models of (a) 1 : 1 and
(b) 2 : 2 electrolyte solutions as a function of the plate separation L. The state conditions correspond in each
case to an aqueous solution of ions of diameter d = 4.2 Å at 298 K. The curves are calculated from the Pois-
son–Boltzmann approximation (PB) or from density-functional theory (DFT) and the points are the results of
Monte Carlo simulations.33(b) See text for details. After Tang et al.34

simulation for the same system. Poisson–Boltzmann theory, by contrast, again predicts that
the force should be repulsive for all L. Ion correlations may also lead to charge inversion or
“overscreening” of the surface charge: the total charge of the double layer, integrated over
a few ionic diameters, can be of opposite sign to that of the planes. Similar results have
been reached on the basis of numerical solution of the so-called anisotropic HNC equation,
which represents an extension of bulk HNC theory to inhomogeneous situations.35

10.7 EFFECTIVE INTERACTIONS BETWEEN COLLOIDAL PARTICLES

We now show how the methods developed in the previous section can be used to calcu-
late the effective interaction between large polyions in solution. The example we choose
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is that of a dispersion of spherical, colloidal particles in a polar solvent of dielectric con-
stant ε. The radius R of a particle, which we treat as a hard sphere, would be typically
tens or even hundreds of nanometres, and the particle would carry a charge Ze (|Z| � 1),
with the consequent formation of an electric double layer at the surface. We again adopt
a primitive-model description of the solvent, with both coions and counterions being rep-
resented as charged hard spheres of diameter d (� R), and assume that the dispersion
is in equilibrium with a salt reservoir, which fixes the chemical potentials μ+, μ− of the
microions. The three-component system can be described within the so-called semi-grand
canonical ensemble, characterised by the variables N0, μ+, μ−, V and T , in which the
number of polyions, N0, is fixed but the numbers of microions are allowed to fluctuate. If
we denote the coordinates of the polyions and microions by {Ri} and {rj }, respectively, the
total potential energy of the system may be written in a shorthand form in which subscripts
0 and M refer, respectively, to polyions and microions:

V
({Ri}, {rj }

)= V00
({Ri}

)+ V0M
({Ri}, {rj }

)+ VMM
({rj }) (10.7.1)

where V00, V0M and VMM are all sums of pair potentials of primitive-model form.
The large difference, both in size and charge, between polyions and microions renders

the conventional integral-equation approaches impractical. A coarse-graining strategy is
needed whereby the degrees of freedom of the microions are averaged out, so reducing the
problem to that of an effective, one-component system of polyions dressed by their electric
double layers. The reduction is achieved by writing the partition function of the semi-grand
canonical system in the form

QN0 = 1

N0!Λ3N0
0

∫
exp(−βV00)ΞM

(
μ+,μ−,V ,T ; {Ri}

)
dRN0 (10.7.2)

where

ΞM =
∞∑

N+=0

∞∑
N−=0

ξ
N++ ξ

N−−
N+!N−!

∫∫
exp
[−β(V0M + VMM)

]
drN+ drN− (10.7.3)

is the grand partition function of the microions in the external potential φν(r) of the
polyions in a configuration {Ri}:

φν(r) =
N0∑
i=1

v0ν
(|r − Ri |

)
(10.7.4)

and ξ+, ξ− are the activities of the microions. Equation (10.7.2) can be re-expressed as

QN0 = 1

N0!Λ3N0
0

∫
exp
(−βVeff

({Ri}
))

dRN0 (10.7.5)



EFFECTIVE INTERACTIONS BETWEEN COLLOIDAL PARTICLES 327

in which the effective interaction between the dressed polyions is

Veff
({Ri}

)= V00
({Ri}

)+ ΩM
(
μ+,μ−,V ,T ; {Ri}

)
(10.7.6)

where ΩM = −kBT lnΞM is the grand potential of the microions. The first term on the
right-hand side of (10.7.6) arises from the direct interaction between polyions, while the
second is a state-dependent, microion-induced interaction, which depends parametrically
on the coordinates {Ri}. Whereas the direct interaction is pairwise additive, the effective
interaction is not; the effective interaction also includes a “volume” term, which is inde-
pendent of the polyion coordinates.

The grand potential ΩM can be evaluated by the methods of density-functional the-
ory. If we limit ourselves to a mean-field approach, we can take over the grand-potential
functional defined by (10.6.6), (10.6.7) and (10.6.10) (with Fcorr = 0). The solution of the
resulting Euler–Lagrange equations for the local densities ρ

(1)
ν (r) in the multi-centre exter-

nal potential (10.7.4) poses a formidable task. Numerical results may be obtained through a
form of molecular-dynamics calculation in which the Fourier components of the local den-
sities are treated as dynamical variables,36 a scheme inspired by the Car–Parrinello method
for simulating systems of classical ions and quantum mechanical, valence electrons.37

However, further progress can be made analytically if the inhomogeneities induced by
the polyions are assumed to be weak. In that case it is justifiable to expand the ideal free-
energy functional (3.1.22) to second order in the deviation Δρ

(1)
ν (r) of the local density

from its bulk value, i.e.

Δρ(1)
ν (r) = ρ(1)

ν (r) − nν (10.7.7)

The intrinsic free-energy functional of the microions is then

F
[
ρ
(1)
+ , ρ

(1)
−
] =

∑
ν

(
F id(nν) + kBT ln

(
Λ3

νnν

)∫
Δρ(1)

ν (r)dr

+ kBT

2nν

∫ [
Δρ(1)

ν r
]2 dr

)
+ 1

2

∫
eρZ(r)ΦC(r)dr (10.7.8)

where the electrostatic potential ΦC(r) satisfies Poisson’s equation (10.6.3). Substitution
of (10.7.8) in (10.6.6), replacement of the chemical potentials μν by their ideal values and
use of the variational principle (3.4.3) gives

Δρ
(1)
ν (r)
nν

+ zνΦ
C(r) = −βφν(r), ν = +,− (10.7.9)

These two equations are coupled through the terms in ΦC. If we were to suppose for the
moment that the polyions are point particles, i.e. that R = 0, the coulombic contribution to
φν(r) would be everywhere equal to zνeΦ

ext(r), where Φext(r) is the “external” electrosta-
tic potential acting on the microions.38 If there were no boundaries, the total electrostatic
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potential within the fluid would then be

Φ(r) = ΦC(r) + Φext(r) = e

∫
ρZ(r′) + Zρext(r′)

ε|r − r′| dr′ (10.7.10)

where ρext(r) =∑i δ(r−Ri ) is the microscopic density of the polyions. Equation (10.7.9)
now becomes

Δρ(1)
ν (r) = −nνzνe

2

kBT

∫
ρZ(r′) + Zρext(r′)

ε|r − r′| dr′ (10.7.11)

To simplify the problem, we consider only the salt-free case, where all microions are
counterions. The coupled equations (10.7.11) then reduce to a single integral equation from
which the subscript ν can be dropped and the charge density ρZ(r) replaced by zρ(1)(r).
On taking Fourier transforms of both sides of (10.7.11), applying the convolution theorem
and incorporating the result in (10.1.5), we find that the Fourier transform of Δρ(1)(r) is

ρ̂(1)(k) = Zk2
D

k2 + k2
D

N0∑
i=1

exp(−ik · Ri ) (10.7.12)

where k2
D = 4πnz2e2/εkBT is the square of the Debye wavenumber associated with the

counterions. Inverse Fourier transformation of (10.7.12) leads to a counterion density pro-
file given by

ρ(1)(r) =
N0∑
i=1

Zk2
D

4π

exp(−kD|r − Ri |)
|r − Ri | ≡

N0∑
i=1

ρ
(1)
i (r) (10.7.13)

The total profile is therefore a superposition of profiles associated with each of the
polyions. The radius of the polyions is now reintroduced by imposing the constraint that
ρ
(1)
i (r) must be zero whenever |r − Ri | <R. Charge neutrality means that ρ(1)

i (r) must be
normalised such that ∫

|r−Ri |>R

ρ
(1)
i (r)dr = |Z/z| (10.7.14)

and for the profile defined by (10.7.13) this requirement would be met if the polyion charge
Ze were replaced by a renormalised charge Z′e, where

Z′ = Z
exp(kDR)

1 + kDR
(10.7.15)

The normalisation in (10.7.14) implicitly assumes that the colloid concentration is low
and hence that the electric double-layers associated with neighbouring polyions have, on
average, little overlap. From Poisson’s equation it is evident that the total electrostatic
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potential may similarly be written as a superposition of N0 screened potentials:

Φ(r) =
N0∑
i=1

Z′e
ε

exp(−kD|r − Ri |)
|r − Ri | ≡

N0∑
i=1

Φi(r) (10.7.16)

If the density profile (10.7.13) and the potential (10.7.16) are substituted in the free-energy
functional (10.7.8), we find that the effective interaction energy (10.7.6) is of the form

Veff
({Ri}

)= V0 +
N∑
i=1

N∑
j>i

veff
(|Ri − Rj |

)
(10.7.17)

where the effective pair potential veff(R) provides the electrostatic contribution to the well-
known Derjaguin–Landau–Verwey–Overbeek (DLVO) potential:39

veff
(|Ri − Rj |

) =
∫

Φi(r)ρ
(1)
j (r)dr

= Z′2e2

ε

exp(−kD|Ri − Rj |)
|Ri − Rj | (10.7.18)

The pairwise additivity is a consequence of the quadratic form of the approximate func-
tional (10.7.8).

The effective interaction energy (10.7.17) contains a structure-independent term, V0.
This term has no effect on the forces acting between the polyions, but it has a significant
influence on the phase diagram.40 It includes, among other contributions, the self-energy
of the double layers associated with individual polyions. The DLVO potential is a function
of density and temperature through its dependence on the Debye wavenumber; its form
remains the same even in the presence of coions, provided the contributions of all microions
are included in the definition of kD and in V0. It is strictly repulsive, thereby stabilising the
colloidal suspension against irreversible aggregation (flocculation) induced by the strong
van der Waals attractive forces between particles. However, if the salt concentration is
sufficiently low, the structure-independent term can drive a phase transition into colloid-
rich and colloid-poor dispersions, even in the absence of attractive forces.

The quadratic functional is inadequate for highly-charged polyions. The strong electro-
static attraction exerted by the polyions on the counterions leads to a substantial fraction
of the latter becoming tightly bound to the colloid surface; this reduces41 the magnitude of
the bare polyion charge to an effective value |Zeff|e. The remaining counterions therefore
experience a much weaker external potential, so the diffuse part of the double layer can
still be described within the quadratic approximation. Direct measurement of the effective
pair potential between charged colloidal particles shows that (10.7.18) provides a good
representation of the data when Zeff is suitably chosen, as the results shown in Figure 10.7
illustrate. The strong, coulombic correlations between microions that arise in the presence
of divalent or trivalent counterions lead to a short-range attraction between like-charged
polyions, similar to that calculated for planar surfaces in Section 10.6.
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FIG. 10.7. Effective pair potential between polystyrene sulphate spheres of radius 0.765 ± 0.01 μm dispersed
in water. The points are experimental results and the curve is calculated from (10.7.18) for an effective charge
|Zeff| = 22 793. After Crocker and Grier.42

10.8 LIQUID METALS: ELECTRONS AND IONS

Pure liquid metals are two-component fluids consisting of Ni positive ions and Ne = zNi

conduction electrons, where z is the ionic valency. The ionic core radius is usually only
a small fraction of the mean interionic spacing, with the result that the ion cores oc-
cupy less than 10% of the total volume of the metal. In the “nearly free electron” pic-
ture the conduction electrons are assumed to move more or less freely through the liq-
uid, interacting only rarely with the ions; the mean-free path of the electrons is typically
ten to a hundred times larger than the separation of neighbouring ions. In the crudest
approximation, interactions are neglected altogether, and the electrons are treated as an
ideal Fermi gas characterised by the energy εF of the highest occupied (Fermi) level, i.e.
εF = h̄2k2

F/2me = h̄2(3π2ρe)
2/3/2me, where kF is the Fermi wavenumber, ρe is the num-

ber density of conduction electrons and me is the electron mass. The Fermi temperature,
TF = εF/kB, is always some two orders of magnitude higher than the melting tempera-
ture. It is therefore a good approximation to assume that the electron gas is completely
degenerate under normal liquid–metal conditions.

The simplest model that takes account of electron–ion interactions is the “jellium” model
of Wigner. This is the quantum-mechanical analogue of the one-component plasma (OCP)
discussed in Section 10.1. It treats the conduction electrons as an interacting Coulomb gas
moving in the uniform background provided by the positively charged ions, with a hamil-
tonian H = KNe + VNe , where KNe is the kinetic-energy operator and the potential energy
VNe is the sum of electron–electron, electron–background and background–background
terms. In a k-space representation, VNe is given as a special case of (10.1.4) by

VNe = 1

2V

∑
k

′
v̂ee(k)

(
ρe

kρ
e
−k − Ne

)
(10.8.1)
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where ρe
k is a Fourier component of the microscopic electron density, v̂ee(k) = 4πe2/k2

is the Fourier transform of the electron–electron potential and the prime on the summation
means that the contribution for k = 0 is omitted because of cancellation by the background.
The ground-state energy has been calculated by methods of quantum-mechanical many-
body theory;43 it is the sum of kinetic, exchange and correlation terms and is expressible
as a function of the single, dimensionless parameter rS = ae/a0, where ae = (3/4πρe)

1/3 is
the “electron-sphere” radius and a0 is the Bohr radius. The minimum energy, correspond-
ing to zero pressure, occurs at rS ≈ 4.2. This result is independent of the chemical nature
of the system, but is in fair agreement with experimental results for the alkali metals, which
range from 3.30 (for Li) to 5.78 (for Cs).

In a more realistic model the hamiltonian of a liquid metal is written as the sum of
a purely electronic term He, a purely ionic term Hi and an electron–ion interaction Vei.
The Coulomb repulsion between ions is in general sufficiently strong to prevent any short-
range forces coming into play, while dispersion forces are weak because the ion cores are
only weakly polarisable. It is therefore a good approximation to set the ion–ion interaction
vii(R) equal to z2e2/R for all R. The electron–electron interaction vee(r) is purely coulom-
bic and the electron–ion potential vei is also coulombic outside the ion core; we shall see
below that inside the core, vei can be replaced by a weak “pseudopotential”. We proceed44

by adding to and subtracting from the hamiltonian the two contributions that would arise
if the electrons were replaced by a uniform background of charge density −eρe. The terms
involved are the ion–background interaction Vib and the background self-energy Vbb, given
by

Vib = −ρe

Ni∑
j=1

∫
ze2

|Rj − r| dr, Vbb = 1
2ρ

2
e

∫∫
e2

|r − r′| dr dr′ (10.8.2)

where Rj denotes the coordinates of ion j . The hamiltonian can then be written as

H =H′
e +H′

i + V ′
ei (10.8.3)

with

H′
e =He − Vbb, H′

i =Hi + Vib + Vbb, V ′
ei = Vei − Vib (10.8.4)

In k-space:

H′
e = Ke + 1

2V

∑
k

′ 4πe2

k2

(
ρe

kρ
e
−k − Ne

)
H′

i = Ki + 1

2V

∑
k

′ 4πz2e2

k2

(
ρi

kρ
i
−k − Ni

)
(10.8.5)

V ′
ei = U0 + 1

V

∑
k

′
v̂ei(k)ρ

i
kρ

e
−k
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where Ki is the kinetic energy of the ions and

U0 = 1

V
lim
k→0

(
v̂ei(k) + 4πze2

k2

)
ρi

kρ
e
−k = Niρe

∫ (
vei(r) + ze2

r

)
dr (10.8.6)

The term H′
e is the jellium hamiltonian and H′

i is the hamiltonian of an OCP of positive
ions in a uniform background. In this formulation of the problem a liquid metal emerges
as a “mixture” of a classical OCP and a quantum-mechanical jellium, the two components
being coupled together through the term V ′

ei.
Inside the ion core the interaction of the conduction electrons with the ion is deter-

mined by details of the charge distribution of the core electrons. The true electron–ion
interaction is therefore a complicated, non-local function for r < rC, where rC is the ion-
core radius. In addition, the potential has a singularity at r = 0. Despite these difficulties
it is possible to treat the electron–ion coupling by perturbation theory if the interaction
is recast in pseudopotential form. The procedure adopted in practice is to parametrise an
assumed functional form for the pseudopotential by fitting to experimental results for quan-
tities that are sensitive to electron–ion collisions. A particularly simple and widely adopted
pseudopotential v∗

ei(r) consists in taking

v∗
ei(r) = 0, r < rC,

= −ze2/r, r > rC
(10.8.7)

This is called the “empty-core” pseudopotential;45 values of the parameter rC can be de-
rived from transport and Fermi-surface data and lie close to generally accepted values for
the ionic radii of simple metals.

If the pseudopotential is weak, the electron–ion term in (10.8.5) can be treated as a
perturbation, the reference system being a superposition of a classical OCP and a degen-
erate, interacting electron gas. To lowest order in perturbation theory, the structure of each
component of the reference system is unaffected by the presence of the other. In this ap-
proximation, assuming the two fluids to be homogeneous:〈

ρi
kρ

e
−k

〉= 〈ρi
k

〉〈
ρe

−k

〉= 0, k �= 0 (10.8.8)

Hence, on averaging the perturbation V ′
ei, only the structure-independent term survives.

The internal energy of the metal is then the sum of three terms: the energy of the degen-
erate electron gas, given by the jellium model; the internal energy of the classical OCP,
which is known from Monte Carlo calculations46 as a function of the dimensionless cou-
pling constant Γ = z2e2/aikBT , where ai = (3/4πρi)

1/3; and the quantity U0, which can
be calculated from (10.8.6) and (10.8.7). When combined, these results allow the calcu-
lation of the internal energy and equation of state as functions of the density parameter
rS for values of Γ and rC appropriate to a particular metal. Figure 10.8 shows the equa-
tion of state obtained in this way for four alkali metals along isotherms corresponding to
the experimental melting temperatures. Given the crudeness of the model, the agreement
between theory and experiment for the zero-pressure value of rS is surprisingly good.
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FIG. 10.8. Equation of state of four alkali metals along isotherms corresponding to the experimental melting
temperatures (Li, 452 K; Na, 371 K; K, 337 K; Cs, 303 K). The curves are calculated from the first-order pertur-
bation theory described in the text and the arrows mark the experimental values of rS at atmospheric pressure.

A more accurate calculation has to take account of the influence of the ionic component
on the structure of the electron gas and vice versa. To do so, we must go to second order
in perturbation theory. We also use an adiabatic approximation: the electrons are assumed
to adjust themselves instantaneously to the much slower changes in the ionic coordinates.
Thus the problem to be considered is that of an inhomogeneous, interacting electron gas in
the external field produced by a given ionic charge distribution; because the electron–ion
pseudopotential is assumed to be weak, the influence of the external field can be treated by
linear-response theory. The polarisation of the electron gas by the ionic charge distribution
leads to a screening of the external field and hence, as we shall see, to a new, effective
interaction between the ions. Although different in detail, the calculation is similar in spirit
to that of the effective interaction between colloidal particles in solution, described in the
previous section.

The partition function corresponding to the hamiltonian (10.8.3) is

QNiNe = 1

Ni!h3Ni

∫∫
exp(−βH′

i)Tre exp
[−β(H′

e + V ′
ei)
]

dRNi dPNi (10.8.9)

where PNi ≡ {Pj } represents the momenta of the ions. The trace is taken over a complete
set of quantum states of the electron gas in the field due to a fixed ionic configuration; the
free energy F ′

e of the inhomogeneous electron gas is a function of the ionic coordinates
{Rj } and given by

F ′
e

({Rj }
)= −kBT ln

(
Tre exp

[−β(H′
e + V ′

ei)
])

(10.8.10)
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If the homogeneous electron gas is taken as the reference system, and V ′
ei is again treated

as a perturbation, F ′
e is obtained from the coupling-parameter formula (5.2.5) as47

F ′
e = Fe +

∫ 1

0
〈V ′

ei〉λ dλ (10.8.11)

where Fe is the free energy of the reference system and the subscript λ shows that the
average is to be taken over an ensemble characterised by the hamiltonian H′

e + λV ′
ei. From

(10.8.5), with v̂ei(k) replaced by v̂∗
ei(k), we find that for a fixed ionic configuration:

〈V ′
ei〉λ = U0 + 1

V

∑
k

′
v̂∗

ei(k)ρ
i
k

〈
ρe

−k

〉
λ

(10.8.12)

The result of first-order perturbation theory corresponds to setting λ = 0. But 〈ρe
−k〉0 is

zero because the reference system is homogeneous; the second term on the right-hand
side of (10.8.12) therefore disappears and we are led back to our earlier result. To obtain
the second-order term it is sufficient to calculate the components of the induced electron
density to first order in λV ′

ei. If χe(k) is the static electron-density response function, the
induced density is 〈

ρe
−k

〉
λ

= χe(k)λv̂
∗
ei(k)ρ

i
−k (10.8.13)

If we now substitute for 〈V ′
ei〉 in (10.8.11) and integrate over λ, we find that the free energy

of the electron gas is given to second order in the electron–ion coupling by

F ′
e = Fe + U0 + 1

2V

∑
k

′
χe(k)

[
v̂∗

ei(k)
]2
ρi

kρ
i
−k (10.8.14)

On comparing this result with (10.8.9) and (10.8.10) we see that the system can be regarded
as a one-component fluid for which the total interaction energy is

VNi

({Rj }
)= V0 + 1

2V

∑
k

′(
v̂ii(k) + χe(k)

[
v̂∗

ei(k)
]2)(

ρi
kρ

i
−k − Ni

)
(10.8.15)

where

V0 = U0 + Fe + 1
2ρi

∑
k

′
χe(k)

[
v̂∗

ei(k)
]2 (10.8.16)

is independent of the structure of the liquid. Since T is normally much less than TF, Fe can
be replaced by the ground-state energy of the interacting electron gas (the jellium model).

The total interaction energy may now be rewritten in a form that involves a sum of pair
interactions:

VNi = V0 +
Ni∑
j=1

Ni∑
j ′>j

veff
ii

(|Rj ′ − Rj |
)

(10.8.17)
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The effective ion–ion potential veff
ii (R) is the Fourier transform of the sum of the bare

ion–ion interaction vii(R) and an electron-induced term v′
ii(R) or, in k-space:

v̂eff
ii (k) = v̂ii(k) + v̂′

ii(k) = 4πz2e2

k2
+ [v̂∗

ei(k)
]2
χe(k)

= 4πz2e2

k2
+ [v̂∗

ei(k)]2

(4πe2/k2)

(
1

εe(k)
− 1

)
(10.8.18)

where εe(k), the dielectric function of the electron gas, is related to the susceptibility χe(k)

in the manner of (10.2.11).43 In the long-wavelength limit, εe(k) behaves as

lim
k→0

εe(k) = 1 + k2
e/k

2 (10.8.19)

with

k2
e = k2

TF
χT e

χ id
T e

(10.8.20)

where χT e and χ id
T e are the isothermal compressibilities, respectively, of the interacting and

non-interacting electron gas, and kTF = 2(kF/πa0)
1/2 is the Thomas–Fermi wavenumber.

Equation (10.8.19) is the electronic counterpart of the relation (10.2.30) satisfied by the
classical OCP and ke is the analogue of the ionic screening wavenumber ks. In the same
limit, v̂∗

ei(k) → 4πze2/k2. It follows that the effective interaction v̂eff
ii (k) is a regular func-

tion in the limit k → 0, the k−2 singularity in the bare potential v̂ii(k) being cancelled by
the same singularity in v̂′

ii(k). In other words, the bare ion–ion potential vii(R) is com-
pletely screened by the polarisation of the electron gas, and the effective potential veff

ii (R)

is therefore a short-range function. A typical effective potential for an alkali metal has a
soft repulsive core, an attractive well with a depth (in temperature units) of a few hundred
kelvin and a weakly oscillatory tail.48 An example of a calculated effective potential for
liquid potassium is shown in Figure 1.4.

The results of the second-order calculation can be summarised by saying that we have
reduced the liquid–metal problem to one of calculating the classical partition function of
a fluid of Ni pseudoatoms in which the particles interact through a short-range effective
potential veff

ii (R). After integration over momenta, the partition function becomes

QNi = exp(−βV0)

Ni!Λ3Ni
i

∫
exp
(−βV eff

Ni

)
dRNi (10.8.21)

where V eff
Ni

is the sum of the pairwise-additive effective interactions for a given ionic con-
figuration and Λi is the de Broglie thermal wavelength of the ions. Equation (10.8.21)
differs from the usual partition function of a monatomic fluid in two important ways: first,
in the appearance of a large, structure-independent energy V0; and, secondly, in the fact
that both V0 and the pair potential from which V eff

Ni
is derived are functions of density by

virtue of the density dependence of the properties of the electron gas. The reduction of
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FIG. 10.9. Pair distribution function of liquid lithium near the normal melting. temperature. The curve shows
results obtained by molecular-dynamics calculations for an effective ion–ion potential and the points are the
results of neutron-scattering measurements. After Salmon et al.50

the problem to the form described by (10.8.21) means that the theoretical methods devel-
oped for the calculation of static properties of simple classical liquids can also be applied
to liquid metals. Special care is needed only when evaluating volume derivatives of the
free energy, because the density dependence of the effective interaction gives rise to ex-
tra terms. Computer simulations have shown that effective ion–ion potentials can account
quantitatively for many of the observed properties of simple liquid metals. From Figure
10.9, for example, we see that the pair distribution function obtained in this way for liquid
lithium49 is in excellent agreement with that derived from neutron-diffraction data.

10.9 IONIC DYNAMICS IN LIQUID METALS

The microscopic dynamics of the ions in liquid metals do not differ in any fundamental
way from the corresponding motions in simple, insulating liquids such as the rare gases.
This is not surprising, since the pair potentials for metallic pseudoatoms and rare-gas atoms
are qualitatively similar. For the same reason, experimental and theoretical methods that
have been used successfully to study and describe the dynamics of argon-like liquids have,
for the most part, met with comparable success in their application to simple liquid metals.
However, as comparison of Figures 1.3 and 1.4 shows, the interactions in, say, potassium
and argon do differ considerably in detail, and this gives rise to quantitative differences in
the dynamical behaviour of the two types of system. For example, as we have seen in earlier
chapters, experiments and simulations have combined to show that propagating collective
modes of both transverse and longitudinal character persist over ranges of wavelength rela-
tive to the particle diameters that are considerably wider in liquid metals than in argon-like
liquids.51

A different insight into the dynamics can be obtained through the representation of a
liquid metal as an ion–electron plasma along the lines followed for static properties in
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Section 10.8. In this picture of the liquid, the ionic and electronic components are only
weakly coupled through the electron–ion pseudopotential, and each component may be
regarded as an external perturbation on the other. Let φν(k,ω) be an external potential
that acts on component ν, where ν = 1 for the ions and 2 for the electrons. Within linear-
response theory the Fourier components of the induced densities are related to the external
potentials by a matrix of density-response functions:〈

ρν
k(ω)

〉=∑
μ

χνμ(k,ω)φμ(k,ω) (10.9.1)

The response to the internal field is described by a similar matrix of screened response
functions, χ sc

νμ. Written in matrix form the response is〈
ρk(ω)

〉= χ sc(k,ω) · [φ(k,ω) + v̂(k) · 〈ρk(ω)
〉]

(10.9.2)

where v̂(k) is the matrix of bare potentials v̂νμ(k) and the second term in square brackets is
the “polarisation potential”. Elimination of 〈ρν

k(ω)〉 between (10.9.1) and (10.9.2) leads to
a matrix generalisation of the relation (10.4.11) between the external and screened response
functions:

χ(k,ω) = χ sc(k,ω) + χ sc(k,ω) · v̂(k) · χ(k,ω) (10.9.3)

or, in terms of elements of the inverse matrices:[
χ(k,ω)

]−1
νμ

= [χ sc(k,ω)
]−1
νμ

− v̂νμ(k) (10.9.4)

To lowest order in the ion–electron coupling the two species respond to the internal
field as two, independent, one-component plasmas. The off-diagonal elements of χ sc are
then zero, and the diagonal elements χ sc

νν(k,ω) are the screened response functions of the
classical OCP (ν = 1) and the degenerate electron gas in a uniform background (jellium)
(ν = 2). It follows, given (10.4.11) and (10.4.12), that[

χ sc(k,ω)
]−1

11 = 1/χOCP(k,ω) + v̂11(k)

(10.9.5)[
χ sc(k,ω)

]−1
22 = v̂22(k)

1 − εe(k,ω)

and the external susceptibility of the ions is obtained from (10.9.4) as

χ11(k,ω) = χOCP(k,ω)

1 − v̂(k,ω)χOCP(k,ω)
(10.9.6)

where v̂(k,ω) describes the dynamical screening of the ion–ion interaction by the elec-
trons:

v̂(k,ω) = k2[v̂12(k)]2

4πe2

(
1

εe(k,ω)
− 1

)
(10.9.7)
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The frequency scale of the electronic motion is much higher than any frequency associ-
ated with the ions. It is therefore reasonable to make an adiabatic approximation in which
v̂(k,ω) is replaced by v̂(k,0). The characteristic frequencies of the longitudinal modes of
the screened ionic plasma are given by the roots of the denominator in (10.9.6) or, in the
adiabatic approximation, by the solution to the equation

1 − v̂(k,0)χOCP(k,ω) = 0 (10.9.8)

In the limit k → 0, the ratio F̃OCP(k,ω)/SOCP(k) is related to the frequency-dependent
electrical conductivity by (10.4.30). Thus, from (7.6.21):52

lim
k→0

χOCP(k,ω) = −βρi lim
k→0

lim
ε→0

[
SOCP(k) + i(ω + iε)F̃OCP(k,ω + iε)

]
= −βρi lim

k→0
SOCP(k) lim

ε→0

4πσ(ω + iε)

−i(ω + iε) + 4πσ(ω + iε)
(10.9.9)

The long-wavelength limit of SOCP(k) is given by (10.2.31) and the complex conductivity
σ(ω + iε) can be expressed, via (7.7.10), in the form

σ(ω + iε) = β

V

∫ ∞

0
J (t) exp

[
i(ω + iε)t

]
dt (10.9.10)

where J (t) is the charge–current autocorrelation function. In the OCP the proportionality
of mass and charge means that the conservation of total linear momentum is equivalent to
the conservation of charge current, i.e. the resistivity is zero. Hence

J (t) = J (0) = Niz
2e2kBT

mi
(10.9.11)

and, from (10.9.10):

σ(ω + iε) = iω2
pi

4π(ω + iε)
(10.9.12)

where ω2
pi = 4πρiz

2e2/mi is the square of the ionic plasma frequency. Substitution of
(10.9.12) in (10.9.9) shows that

lim
k→0

χOCP(k,ω)

SOCP(k)
= βρiω

2
pi

ω2 − ω2
pi

(10.9.13)

At small k, εe(k,0) ≈ k2
e/k

2, from (10.8.19), and v̂12(k), in the empty-core model, behaves
as

v̂12(k) = 4πz2e2 coskrc

k2
≈ 4πze2

k2

(
1 − 1

2k
2r2

c

)
(10.9.14)
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so that

lim
k→0

v̂(k,0) = 4πz2e2

k2

(
1 − k2r2

c

)(k2

k2
e

− 1

)
(10.9.15)

When the results are brought together we find that to order k2 the solution to (10.9.8) leads
to a dispersion relation characteristic of a propagating sound wave, i.e.

ω = ωpi
(
k−2

e + k−2
s + r2

c

)1/2
k = ck (10.9.16)

where ks is the ionic screening wavenumber defined by (10.2.28) and c is the speed of
sound. Thus the effect of electron screening is to convert the plasmon mode at frequency
ωpi into a sound wave of a frequency that vanishes linearly with k. A more detailed analysis
shows that c can be identified with the isothermal speed of sound, but this differs little from
the adiabatic value, since the ratio of specific heats is close to unity for liquid metals.
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