
CHAPTER 2

Statistical Mechanics

This chapter is devoted to a summary of the principles of classical statistical mechanics,
a discussion of the link between statistical mechanics and thermodynamics, and the de-
finition of certain equilibrium and time-dependent distribution functions of fundamental
importance in the theory of liquids. It also establishes much of the notation used in later
parts of the book. The focus throughout is on atomic systems; some of the complications
that arise in the study of molecular liquids are discussed in Chapter 11.

2.1 TIME EVOLUTION AND KINETIC EQUATIONS

Consider an isolated, macroscopic system consisting of N identical, spherical particles
of mass m enclosed in a volume V . An example would be a one-component, monatomic
gas or liquid. In classical mechanics the dynamical state of the system at any instant is
completely specified by the 3N coordinates rN ≡ r1, . . . , rN and 3N momenta pN ≡
p1, . . . ,pN of the particles. The values of these 6N variables define a phase point in a
6N -dimensional phase space. Let H be the hamiltonian of the system, which we write in
general form as

H
(
rN,pN

)= KN

(
pN
)+ VN

(
rN
)+ ΦN

(
rN
)

(2.1.1)

where

KN =
N∑
i=1

|pi |2
2m

(2.1.2)

is the kinetic energy, VN is the interatomic potential energy and ΦN is the potential energy
arising from the interaction of the particles with some spatially varying, external field.
If there is no external field, the system will be both spatially uniform and isotropic. The
motion of the phase point along its phase trajectory is determined by Hamilton’s equations:

ṙi = ∂H
∂pi

, ṗi = −∂H
∂ri

(2.1.3)

These equations are to be solved subject to 6N initial conditions on the coordinates and mo-
menta. Since the trajectory of a phase point is wholly determined by the values of rN , pN
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12 STATISTICAL MECHANICS

at any given time, it follows that two different trajectories cannot pass through the same
point in phase space.

The aim of equilibrium statistical mechanics is to calculate observable properties of a
system of interest either as averages over a phase trajectory (the method of Boltzmann),
or as averages over an ensemble of systems, each of which is a replica of the system of
interest (the method of Gibbs). The main features of the two methods are reviewed in later
sections of this chapter. Here it is sufficient to recall that in Gibbs’s formulation of statisti-
cal mechanics the distribution of phase points of systems of the ensemble is described by
a phase-space probability density f [N ](rN,pN ; t). The quantity f [N ] drN dpN is the prob-
ability that at time t the physical system is in a microscopic state represented by a phase
point lying in the infinitesimal, 6N -dimensional phase-space element drN dpN . This defi-
nition implies that the integral of f [N ] over all phase space is∫∫

f [N ](rN,pN ; t)drNdpN = 1 (2.1.4)

for all t . Given a complete knowledge of the probability density it would be possible to
calculate the average value of any function of the coordinates and momenta.

The time evolution of the probability density at a fixed point in phase space is governed
by the Liouville equation, which is a 6N -dimensional analogue of the equation of conti-
nuity of an incompressible fluid; it describes the fact that phase points of the ensemble are
neither created nor destroyed as time evolves. The Liouville equation may be written either
as

∂f [N ]

∂t
+

N∑
i=1

(
∂f [N ]

∂ri
· ṙi + ∂f [N ]

∂pi

· ṗi

)
= 0 (2.1.5)

or, more compactly, as

∂f [N ]

∂t
= {H, f [N ]} (2.1.6)

where {A,B} denotes the Poisson bracket:

{A,B} ≡
N∑
i=1

(
∂A

∂ri
· ∂B

∂pi

− ∂A

∂pi

· ∂B
∂ri

)
(2.1.7)

Alternatively, by introducing the Liouville operator L, defined as

L≡ i{H, } (2.1.8)

the Liouville equation becomes

∂f [N ]

∂t
= −iLf [N ] (2.1.9)
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the formal solution to which is

f [N ](t) = exp(−iLt)f [N ](0) (2.1.10)

The Liouville equation can be expressed even more concisely in the form

df [N ]

dt
= 0 (2.1.11)

where d/dt denotes the total derivative with respect to time. This result is called the
Liouville theorem. The meaning of the Liouville theorem is that the probability density,
as seen by an observer moving with a phase point along its phase trajectory, is indepen-
dent of time. Consider the phase points that at time t = 0 are contained within a phase-
space element drN(0)dpN(0). As time increases, the element will change in shape but no
phase points will enter or leave, otherwise phase trajectories would cross each other. The
Liouville theorem therefore implies that the volume of the element must remain the same:
volume in phase space is said to be “conserved”. In mathematical terms, conservation of
volume in phase space is equivalent to the statement that the jacobian corresponding to
the transformation rN(0),pN(0) → rN(t),pN(t) is equal to unity; this is easily proved
explicitly.1

The time dependence of any function of the phase-space variables, B(rN,pN) say, may
be represented in a manner similar to (2.1.9). Although B is not an explicit function of t , it
will in general change with time as the system moves along its phase trajectory. The time
derivative of B is therefore given by

dB

dt
=

N∑
i=1

(
∂B

∂ri
· ṙi + ∂B

∂pi

· ṗi

)
(2.1.12)

or, from Hamilton’s equations:

dB

dt
=

N∑
i=1

(
∂B

∂ri
· ∂H
∂pi

− ∂B

∂pi

· ∂H
∂ri

)
= iLB (2.1.13)

which has as its solution

B(t) = exp(iLt)B(0) (2.1.14)

Note the change of sign in the propagator compared with (2.1.10).
The description of the system that the full phase-space probability density provides is for

many purposes unnecessarily detailed. Normally we are interested only in the behaviour
of a subset of particles of size n, say, and the redundant information can be eliminated
by integrating f [N ] over the coordinates and momenta of the other (N − n) particles. We
therefore define a reduced phase-space distribution function f (n)(rn,pn; t) by

f (n)
(
rn,pn; t)= N !

(N − n)!
∫∫

f [N ](rN,pN ; t)dr(N−n) dp(N−n) (2.1.15)



14 STATISTICAL MECHANICS

where rn ≡ r1, . . . , rn and r(N−n) ≡ rn+1, . . . , rN , etc. The quantity f (n) drn dpn yields
the probability of finding a subset of n particles in the reduced phase-space element
drn dpn at time t , irrespective of the coordinates and momenta of the remaining particles;
the combinatorial factor N !/(N −n)! is the number of ways of choosing a subset of size n.

To find an equation of motion for f (n) we consider the special case when the total
force acting on particle i is the sum of an external force Xi , arising from an external
potential φ(ri ), and of pair forces Fij due to other particles j , with Fii = 0. The second of
Hamilton’s equations (2.1.3) now takes the form

∂H
∂ri

= −Xi −
N∑

j=1

Fij (2.1.16)

and the Liouville equation becomes(
∂

∂t
+

N∑
i=1

pi

m
· ∂

∂ri
+

N∑
i=1

Xi · ∂

∂pi

)
f [N ] = −

N∑
i=1

N∑
j=1

Fij · ∂f
[N ]

∂pi

(2.1.17)

We now multiply through by N !/(N − n)! and integrate over the 3(N − n) coordinates
rn+1, . . . , rN and 3(N − n) momenta pn+1, . . . ,pN . The probability density f [N ] is zero
when ri lies outside the volume occupied by the system and must vanish as pi → ∞ to
ensure convergence of the integrals over momenta in (2.1.4). Thus f [N ] vanishes at the
limits of integration and the derivative of f [N ] with respect to any component of position
or momentum will contribute nothing to the result when integrated with respect to that
component. On integration, therefore, all terms disappear for which i > n in (2.1.17). What
remains, given the definition of f (n) in (2.1.15), is(

∂

∂t
+

n∑
i=1

pi

m
· ∂

∂ri
+

n∑
i=1

Xi · ∂

∂pi

)
f (n)

= −
n∑

i=1

n∑
j=1

Fij · ∂f
(n)

∂pi

− N !
(N − n)!

n∑
i=1

N∑
j=n+1

∫∫
Fij · ∂f

[N ]

∂pi

dr(N−n) dp(N−n) (2.1.18)

Because the particles are identical, f [N ] is symmetric with respect to interchange of parti-
cle labels and the sum of terms for j = n+1 to N on the right-hand side of (2.1.18) may be
replaced by (N − n) times the value of any one term. This simplification makes it possible
to rewrite (2.1.18) in a manner that relates the behaviour of f (n) to that of f (n+1):(

∂

∂t
+

n∑
i=1

pi

m
· ∂

∂ri
+

n∑
i=1

(
Xi +

n∑
j=1

Fij

)
· ∂

∂pi

)
f (n)

= −
n∑

i=1

∫∫
Fi,n+1 · ∂f

(n+1)

∂pi

drn+1 dpn+1 (2.1.19)
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The system of coupled equations represented by (2.1.19) was first obtained by Yvon and
subsequently rederived by others. It is known as the Bogolyubov–Born–Green–Kirkwood–
Yvon or BBGKY hierarchy. The equations are exact, though limited in their applicability to
systems for which the particle interactions are pairwise additive. They are not immediately
useful, however, because they merely express one unknown function, f (n), in terms of
another, f (n+1). Some approximate closure relation is therefore needed.

In practice the most important member of the BBGKY hierarchy is that corresponding
to n = 1: (

∂

∂t
+ p1

m
· ∂

∂r1
+ X1 · ∂

∂p1

)
f (1)(r1,p1; t)

= −
∫∫

F12 · ∂

∂p1
f (2)(r1,p1, r2,p2; t)dr2 dp2 (2.1.20)

Much effort has been devoted to finding approximate solutions to (2.1.20) on the basis
of expressions that relate the two-particle distribution function f (2) to the single-particle
function f (1). From the resulting kinetic equations it is possible to calculate the hydrody-
namic transport coefficients, but the approximations made are rarely appropriate to liquids
because correlations between particles are mostly treated in a very crude way.2 The sim-
plest possible approximation is to ignore pair correlations altogether by writing

f (2)(r,p, r′,p′; t) ≈ f (1)(r,p; t)f (1)(r′,p′; t) (2.1.21)

This leads to the Vlasov equation:(
∂

∂t
+ p

m
· ∂

∂r
+ [X(r, t) + F(r, t)

] · ∂

∂p

)
f (1)(r,p; t) = 0 (2.1.22)

where the quantity

F(r, t) =
∫∫

F(r, r′; t)f (1)(r′,p′; t)dr′dp′ (2.1.23)

is the average force exerted by other particles, situated at points r′, on a particle that at
time t is at a point r; this is an approximation of classic mean-field type. Though obvi-
ously not suitable for liquids, the Vlasov equation is widely used in plasma physics, where
the long-range character of the Coulomb potential justifies a mean-field treatment of the
interactions.

Equation (2.1.20) may be rewritten schematically in the form(
∂

∂t
+ p1

m
· ∂

∂r1
+ X1 · ∂

∂p1

)
f (1) =

(
∂f (1)

∂t

)
coll

(2.1.24)

where the term (∂f (1)/∂t)coll is the rate of change of f (1) due to collisions between par-
ticles. The collision term is given rigorously by the right-hand side of (2.1.20) but in the
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Vlasov equation it is eliminated by replacing the true external force X(r, t) by an effec-
tive force – the quantity inside square brackets in (2.1.22) – which depends in part on
f (1) itself. For this reason the Vlasov equation is called a “collisionless” approximation. In
the most famous of all kinetic equations, derived by Boltzmann more than a century ago,
(∂f (1)/∂t)coll is evaluated with the help of two assumptions, which in general are justi-
fied only at low densities: that two-body collisions alone are involved and that successive
collisions are uncorrelated.2 The second of these assumptions, that of “molecular chaos”,
corresponds formally to supposing that the factorisation represented by (2.1.21) applies
prior to any collision, though not subsequently. In simple terms it means that when two
particles collide, no memory is retained of any previous encounters between them, an as-
sumption that clearly breaks down when recollisions are frequent events. A binary collision
at a point r is characterised by the momenta p1, p2 of the two particles before collision and
their momenta p′

1, p′
2 afterwards; the post-collisional momenta are related to their pre-

collisional values by the laws of classical mechanics. With Boltzmann’s approximations
the collision term in (2.1.24) becomes(

∂f (1)

∂t

)
coll

= 1

m

∫∫
σ(Ω,Δp)

[
f (1)(r,p′

1; t)f (1)(r,p′
2; t)

− f (1)(r,p1; t)f (1)(r,p2; t)
]

dΩ dp2 (2.1.25)

where Δp ≡ |p2 − p1| and σ(Ω,Δp) is the differential cross-section for scattering into a
solid angle dΩ . As Boltzmann showed, this form of the collision term is able to account for
the fact that many-particle systems evolve irreversibly towards an equilibrium state. This
irreversibility is described by Boltzmann’s H-theorem; the source of the irreversibility is
the assumption of molecular chaos.

Solution of the Boltzmann equation leads to explicit expressions for the hydrodynamic
transport coefficients in terms of certain “collision” integrals.3 The differential scattering
cross-section and hence the collision integrals themselves can be evaluated numerically for
a given choice of two-body interaction, though for hard spheres they have a simple, ana-
lytical form. The results, however, are applicable only to dilute gases. In the case of hard
spheres the Boltzmann equation was later modified semi-empirically by Enskog in a man-
ner that extends its range of applicability to considerably higher densities. Enskog’s theory
retains the two key assumptions involved in the derivation of the Boltzmann equation, but
it also corrects in two ways for the finite size of the colliding particles. First, allowance is
made for the modification of the collision rate by the hard-sphere interaction. Because the
same interaction is also responsible for the increase in pressure over its ideal-gas value,
the enhancement of the collision rate relative to its low-density limit can be calculated if
the hard-sphere equation of state is known. Secondly, “collisional transfer” is incorporated
into the theory by rewriting (2.1.25) in a form in which the distribution functions for the
two colliding particles are evaluated not the same point, r, but at points separated by a
distance equal to the hard-sphere diameter. This is an important modification of the the-
ory, because at high densities interactions rather than particle displacements provide the
dominant mechanism for the transport of energy and momentum.

The phase-space probability density of a system in thermodynamic equilibrium is a func-
tion of the time-varying coordinates and momenta, but is independent of t at each point in
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phase space. We shall use the symbol f [N ]
0 (rN,pN) to denote the equilibrium probability

density; it follows from (2.1.6) that a sufficient condition for a probability density to be de-
scriptive of a system in equilibrium is that it should be some function of the hamiltonian.
Integration of f

[N ]
0 over a subset of coordinates and momenta in the manner of (2.1.15)

yields a set of equilibrium phase-space distribution functions f
(n)
0 (rn,pn). The case n = 1

corresponds to the equilibrium single-particle distribution function; if there is no external
field the distribution is independent of r and has the familiar maxwellian form, i.e.

f
(1)
0 (r,p) = ρ exp(−β|p|2/2m)

(2πmkBT )3/2
≡ ρfM(p) (2.1.26)

where fM(p) is the Maxwell distribution of momenta, normalised such that∫
fM(p)dp = 1 (2.1.27)

The corresponding distribution of velocities u is

φM(u) =
(

m

2πkBT

)3/2

exp
(−mβ|u|2/2

)
(2.1.28)

2.2 TIME AVERAGES AND ENSEMBLE AVERAGES

Certain thermodynamic properties of a physical system may be written as averages of func-
tions of the coordinates and momenta of the constituent particles. These are the so-called
“mechanical” properties, which include internal energy and pressure; “thermal” properties
such as entropy are not expressible in this way. In a state of thermal equilibrium these av-
erages must be independent of time. To avoid undue complications we again suppose that
the system of interest consists of N identical, spherical particles. If the system is isolated
from its surroundings, its total energy is constant, i.e. the hamiltonian is a constant of the
motion.

As before, let B(rN,pN) be some function of the 6N phase-space variables and let 〈B〉
be its average value, where the angular brackets represent an averaging process of a nature
as yet unspecified. Given the coordinates and momenta of the particles at some instant, their
values at any later (or earlier) time can in principle be obtained as the solution to Newton’s
equations of motion, i.e. to a set of 3N coupled, second-order, differential equations which,
in the absence of an external field, have the form

mr̈i = Fi = −∇iVN

(
rN
)

(2.2.1)

where Fi is the total force on particle i. It is therefore natural to view 〈B〉 as a time average
over the dynamical history of the system, i.e.

〈B〉t = lim
τ→∞

1

τ

∫ τ

0
B
[
rN(t),pN(t)

]
dt (2.2.2)



18 STATISTICAL MECHANICS

A simple example of the use of (2.2.2) is the calculation of the thermodynamic temper-
ature of the system from the time average of the total kinetic energy. If

T (t) = 2

3NkB
KN(t) = 1

3NkBm

N∑
i=1

∣∣pi (t)
∣∣2 (2.2.3)

then

T ≡ 〈T 〉t = lim
τ→∞

1

τ

∫ τ

0
T (t)dt (2.2.4)

As a more interesting application we can use (2.2.2) and (2.2.4) to show that the equation
of state is related to the time average of the virial function of Clausius. The virial function
is defined as

V
(
rN
)= N∑

i=1

ri · Fi (2.2.5)

From previous formulae, together with an integration by parts, we find that

〈V〉t = lim
τ→∞

1

τ

∫ τ

0

N∑
i=1

ri (t) · Fi (t)dt = lim
τ→∞

1

τ

∫ τ

0

N∑
i=1

ri (t) · mr̈i (t)dt

= − lim
τ→∞

1

τ

∫ τ

0

N∑
i=1

m
∣∣ṙi (t)∣∣2 dt = −3NkBT (2.2.6)

or

〈V〉t = −2〈KN 〉t (2.2.7)

which is the virial theorem of classical mechanics. The total virial function may be sep-
arated into two parts: one, Vint, comes from the forces between particles; the other, Vext,
arises from the forces exerted by the walls and is related in a simple way to the pressure, P .
The force exerted by a surface element dS located at r is −Pn dS, where n is a unit vector
directed outwards, and its contribution to the average virial is −P r · n dS. Integrating over
the surface we find that

〈Vext〉 = −P

∫
r · n dS = −P

∫
∇ · r dV = −3PV (2.2.8)

Equation (2.2.7) may therefore be rearranged to give the virial equation:

PV = NkBT + 1
3 〈Vint〉t = NkBT − 1

3

〈
N∑
i=1

ri (t) · ∇iVN

[
rN(t)

]〉
t

(2.2.9)
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or

βP

ρ
= 1 − β

3N

〈
N∑
i=1

ri (t) · ∇iVN

[
rN(t)

]〉
t

(2.2.10)

When VN = 0, the virial equation reduces to the equation of state of an ideal gas, PV =
NkBT .

The alternative to the time-averaging procedure described by (2.2.2) is to average over
a suitably constructed ensemble. A statistical-mechanical ensemble is an arbitrarily large
collection of imaginary systems, each of which is a replica of the physical system of inter-
est and characterised by the same macroscopic parameters. The systems of the ensemble
differ from each other in the assignment of the coordinates and momenta of the particles
and the dynamics of the ensemble as a whole is represented by the motion of a cloud of
phase points distributed in phase space according to the probability density f [N ](rN,pN ; t)
introduced in Section 2.1. The equilibrium ensemble average of the function B(rN,pN) is
therefore given by

〈B〉e =
∫∫

B
(
rN,pN

)
f

[N ]
0

(
rN,pN

)
drN dpN (2.2.11)

where f
[N ]
0 is the equilibrium probability density. For example, the thermodynamic inter-

nal energy is the ensemble average of the hamiltonian:

U ≡ 〈H〉e =
∫∫

Hf
[N ]
0 drN dpN (2.2.12)

The explicit form of the equilibrium probability density depends on the macroscopic
parameters that characterise the ensemble. The simplest case is when the systems of the
ensemble are assumed to have the same number of particles, the same volume and the same
total energy, E say. An ensemble constructed in this way is called a microcanonical ensem-
ble and describes a system that exchanges neither heat nor matter with its surroundings.
The microcanonical equilibrium probability density is

f
[N ]
0

(
rN,pN

)= Cδ(H− E) (2.2.13)

where δ(· · ·) is the Dirac δ-function and C is a normalisation constant. The systems of
a microcanonical ensemble are therefore uniformly distributed over the region of phase
space corresponding to a total energy E; from (2.2.13) we see that the internal energy is
equal to the value of the parameter E. The constraint of constant total energy is reminiscent
of the condition of constant total energy under which time averages are taken. Indeed, time
averages and ensemble averages are identical if the system is ergodic, by which is meant
that after a suitable lapse of time the phase trajectory of the system will have passed an
equal number of times through every phase-space element in the region defined by (2.2.13).
In practice, however, it is almost always easier to calculate ensemble averages in one of the
ensembles described in the next two sections.
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2.3 CANONICAL AND ISOTHERMAL–ISOBARIC ENSEMBLES

A canonical ensemble is a collection of systems characterised by the same values of N , V
and T . The assignment of a fixed temperature is justified by imagining that the systems of
the ensemble are initially brought into thermal equilibrium with each other by immersing
them in a heat bath at a temperature T . The equilibrium probability density for a system of
identical, spherical particles is now

f
[N ]
0

(
rN,pN

)= 1

h3NN !
exp(−βH)

QN

(2.3.1)

where h is Planck’s constant and the normalisation constant QN is the canonical partition
function, defined as

QN = 1

h3NN !
∫∫

exp(−βH)drN dpN (2.3.2)

Inclusion of the factor 1/h3N in these definitions ensures that both f
[N ]
0 drN dpN and QN

are dimensionless and consistent in form with the corresponding quantities of quantum
statistical mechanics, while division by N ! ensures that microscopic states are correctly
counted.

The thermodynamic potential appropriate to a situation in which N , V and T are chosen
as independent thermodynamic variables is the Helmholtz free energy, F , defined as

F = U − T S (2.3.3)

where S is the entropy. Use of the term “potential” means that equilibrium at constant
values of T , V and N is reached when F is a minimum with respect to variations of any
internal constraint. The link between statistical mechanics and thermodynamics is estab-
lished via a relation between the thermodynamic potential and the partition function:

F = −kBT lnQN (2.3.4)

Let us assume that there is no external field and hence that the system of interest is homo-
geneous. Then the change in internal energy arising from infinitesimal changes in N , V
and S is

dU = T dS − P dV + μdN (2.3.5)

where μ is the chemical potential. Since N , V and S are all extensive variables it follows
that

U = T S − PV + μN (2.3.6)

Combination of (2.3.5) with the differential form of (2.3.3) shows that the change in free
energy in an infinitesimal process is

dF = −S dT − P dV + μdN (2.3.7)
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Thus N , V and T are the natural variables of F ; if F is a known function of these variables,
all other thermodynamic functions can be obtained by differentiation:

S = −
(
∂F

∂T

)
V,N

, P = −
(
∂F

∂V

)
T ,N

, μ =
(
∂F

∂N

)
T ,V

(2.3.8)

and

U = F + T S =
(
∂(F/T )

∂(1/T )

)
V,N

(2.3.9)

To each such thermodynamic relation there corresponds an equivalent relation in terms of
the partition function. For example, it follows from (2.2.12) and (2.3.1) that

U = 1

h3NN !QN

∫∫
H exp(−βH)drNdpN = −

(
∂ lnQN

∂β

)
V

(2.3.10)

This result, together with the fundamental relation (2.3.4), is equivalent to the thermody-
namic formula (2.3.9). Similarly, the expression for the pressure given by (2.3.8) can be
rewritten as

P = kBT

(
∂ lnQN

∂V

)
T ,N

(2.3.11)

and shown to be equivalent to the virial equation (2.2.10).4

If the hamiltonian is separated into kinetic and potential energy terms in the manner
of (2.1.1), the integrations over momenta in the definition (2.3.2) of QN can be carried out
analytically, yielding a factor (2πmkBT )1/2 for each of the 3N degrees of freedom. This
allows the partition function to be rewritten as

QN = 1

N !
ZN

Λ3N
(2.3.12)

where Λ is the de Broglie thermal wavelength defined by (1.1.1) and

ZN =
∫

exp(−βVN)drN (2.3.13)

is the configuration integral. If VN = 0:

ZN =
∫

· · ·
∫

dr1 · · · rN = V N (2.3.14)

Hence the partition function of a uniform, ideal gas is

Qid
N = 1

N !
V N

Λ3N
= qN

N ! (2.3.15)
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where q = V/Λ3 is the single-particle translational partition function, familiar from ele-
mentary statistical mechanics. If Stirling’s approximation is used for lnN !, the Helmholtz
free energy is

F id

N
= kBT

(
lnΛ3ρ − 1

)
(2.3.16)

and the chemical potential is

μid = kBT lnΛ3ρ (2.3.17)

The partition function of a system of interacting particles is conveniently written in the
form

QN = Qid
N

ZN

V N
(2.3.18)

Then, on taking the logarithm of both sides, the Helmholtz free energy separates naturally
into “ideal” and “excess” parts:

F = F id + F ex (2.3.19)

where F id is given by (2.3.16) and the excess part is

F ex = −kBT ln
ZN

V N
(2.3.20)

The excess part contains the contributions to the free energy that arise from interactions
between particles; in the case of an inhomogeneous fluid there will also be a contribution
that depends explicitly on the external potential. A similar division into ideal and excess
parts can be made of any thermodynamic function obtained by differentiation of F with re-
spect to either V or T . For example, the internal energy derived from (2.3.10) and (2.3.18)
is

U = U id + U ex (2.3.21)

where U id = 3NkBT/2 and

U ex = 〈VN 〉 = 1

ZN

∫
VN exp(−βVN)drN (2.3.22)

Note the simplification compared with the expression for U given by the first equality
in (2.3.10); because VN is a function only of the particle coordinates, the integrations over
momenta cancel between numerator and denominator.

In the isothermal–isobaric ensemble pressure, rather than volume, is a fixed parameter.
The thermodynamic potential of a system characterised by fixed values of N , P and T is
the Gibbs free energy, G, defined as

G = F + PV (2.3.23)
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and other state functions are obtained by differentiation of G with respect to the indepen-
dent variables. The link with statistical mechanics is now made through the relation

G = −kBT lnΔN (2.3.24)

where the isothermal–isobaric partition function ΔN is generally written5 as a Laplace
transform of the canonical partition function:

ΔN = βP

h3NN !
∫ ∞

0
dV
∫∫

exp
[−β(H+ PV )

]
drN dpN

= βP

∫ ∞

0
exp(−βPV )QN dV (2.3.25)

The factor βP (or some other constant with the dimensions of an inverse volume) is in-
cluded to make ΔN dimensionless. The form of (2.3.25) implies that the process of form-
ing the ensemble average involves first calculating the canonical-ensemble average at a
volume V and then averaging over V with a weight factor exp(−βPV ).

2.4 THE GRAND CANONICAL ENSEMBLE

The discussion of ensembles has thus far been restricted to uniform systems containing a
fixed number of particles (“closed” systems). We now extend the argument to the situation
where the number of particles may vary by interchange with the surroundings, but retain the
assumption that the system is homogeneous. The thermodynamic state of an “open” system
is defined by specifying the values of μ, V and T and the corresponding thermodynamic
potential is the grand potential, Ω , defined in terms of the Helmholtz free energy by

Ω = F − Nμ (2.4.1)

When the internal energy is given by (2.3.6), the grand potential reduces to

Ω = −PV (2.4.2)

and the differential form of (2.4.1) is

dΩ = −S dT − P dV − N dμ (2.4.3)

The thermodynamic functions S, P and N are therefore given as derivatives of Ω by

S = −
(
∂Ω

∂T

)
V,μ

, P = −
(
∂Ω

∂V

)
T ,μ

, N = −
(
∂Ω

∂μ

)
T ,V

(2.4.4)

An ensemble of systems having the same values of μ, V and T is called a grand canon-
ical ensemble. The phase space of the grand canonical ensemble is the union of phase
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spaces corresponding to all values of the variable N , and the constancy of T and μ is en-
sured by supposing that the systems of the ensemble are allowed to come to equilibrium
with a reservoir with which they can exchange both heat and matter. The ensemble prob-
ability density is now a function of N as well as of the phase-space variables rN , pN ; at
equilibrium it takes the form

f0
(
rN,pN ;N)= exp[−β(H− Nμ)]

Ξ
(2.4.5)

where

Ξ =
∞∑

N=0

exp(Nβμ)

h3NN !
∫∫

exp(−βH)drNdpN =
∞∑

N=0

zN

N !ZN (2.4.6)

is the grand partition function and

z = exp(βμ)

Λ3
(2.4.7)

is the activity. The definition (2.4.5) means that f0 is normalised such that

∞∑
N=0

1

h3NN !
∫∫

f0
(
rN,pN ;N)drNdpN = 1 (2.4.8)

and the ensemble average of a microscopic variable B(rN,pN) is

〈B〉 =
∞∑

N=0

1

h3NN !
∫∫

B
(
rN,pN

)
f0
(
rN,pN ;N)drNdpN (2.4.9)

The link with thermodynamics is established through the relation

Ω = −kBT lnΞ (2.4.10)

Equation (2.3.17) shows that z = ρ for a uniform, ideal gas and in that case (2.4.6) reduces
to

Ξ id =
∞∑

N=0

ρNV N

N ! = exp(ρV ) (2.4.11)

which, together with (2.4.2), yields the equation of state in the form βP = ρ.
The probability, p(N), that at equilibrium a system of the ensemble contains precisely

N particles irrespective of their coordinates and momenta is

p(N) = 1

h3NN !
∫∫

f0 drN dpN = 1

Ξ

zN

N !ZN (2.4.12)
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The average number of particles in the system is

〈N〉 =
∞∑

N=0

Np(N) = 1

Ξ

∞∑
N=0

N
zN

N !ZN = ∂ lnΞ

∂ ln z
(2.4.13)

which is equivalent to the last of the thermodynamic relations (2.4.4). A measure of the
fluctuation in particle number about its average value is provided by the mean-square de-
viation, for which an expression is obtained if (2.4.13) is differentiated with respect to ln z:

∂〈N〉
∂ ln z

= z
∂

∂z

(
1

Ξ

∞∑
N=0

N
zN

N !ZN

)

= 1

Ξ

∞∑
N=0

N2 z
N

N !ZN −
(

1

Ξ

∞∑
N=0

N
zN

N !ZN

)2

= 〈N2〉− 〈N〉2 ≡ 〈(ΔN)2〉 (2.4.14)

or, equivalently:

〈(ΔN)2〉
〈N〉 = kBT

〈N〉
∂〈N〉
∂μ

(2.4.15)

The right-hand side of this equation is an intensive quantity and the same must therefore be
true of the left-hand side. Hence the relative root-mean-square deviation, 〈(ΔN)2〉1/2/〈N〉,
tends to zero as 〈N〉 → ∞. In the thermodynamic limit, i.e. the limit 〈N〉 → ∞, V →
∞ with ρ = 〈N〉/V held constant, the number of particles in the system of interest (the
thermodynamic variable N ) may be identified with the grand canonical average, 〈N〉. In the
same limit thermodynamic properties calculated in different ensembles become identical.

The intensive ratio (2.4.15) is related to the isothermal compressibility χT , defined as

χT = − 1

V

(
∂V

∂P

)
T

(2.4.16)

To show this we note first that because the Helmholtz free energy is an extensive property
it must be expressible in the form

F = Nφ(ρ,T ) (2.4.17)

where φ, the free energy per particle, is a function of the intensive variables ρ and T .
From (2.3.8) we find that

μ = φ + ρ

(
∂φ

∂ρ

)
T

(2.4.18)

(
∂μ

∂ρ

)
T

= 2

(
∂φ

∂ρ

)
T

+ ρ

(
∂2φ

∂ρ2

)
T

(2.4.19)
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and

P = ρ2
(
∂φ

∂ρ

)
T

(2.4.20)

(
∂P

∂ρ

)
T

= 2ρ

(
∂φ

∂ρ

)
T

+ ρ2
(
∂2φ

∂ρ2

)
T

= ρ

(
∂μ

∂ρ

)
T

(2.4.21)

Because (∂P/∂ρ)T = −(V 2/N)(∂P/∂V )N,T = 1/ρχT and (∂μ/∂ρ)T = V (∂μ/∂N)V,T

it follows that

N

(
∂μ

∂N

)
V,T

= 1

ρχT

(2.4.22)

and hence, from (2.4.15):

〈(ΔN)2〉
〈N〉 = ρkBT χT (2.4.23)

Thus the compressibility cannot be negative, since 〈N2〉 is always greater than or equal
to 〈N〉2.

Equation (2.4.23) and other fluctuation formulae of similar type can also be derived by
purely thermodynamic arguments. In the thermodynamic theory of fluctuations described
in Appendix A, the quantity N in (2.4.23) is interpreted as the number of particles in a
subsystem of macroscopic dimensions that forms part of a much larger thermodynamic
system. If the system as a whole is isolated from its surroundings, the probability of a fluc-
tuation within the subsystem is proportional to exp(ΔSt/kB), where ΔSt is the total entropy
change resulting from the fluctuation. Since ΔSt can in turn be related to changes in the
properties of the subsystem, it becomes possible to calculate the mean-square fluctuations
in those properties; the results thereby obtained are identical to their statistical-mechanical
counterparts. Because the subsystems are of macroscopic size, fluctuations in neighbouring
subsystems will in general be uncorrelated. Strong correlations can, however, be expected
under certain conditions. In particular, number fluctuations in two infinitesimal volume el-
ements will be highly correlated if the separation of the elements is comparable with the
range of the interparticle forces. A quantitative measure of these correlations is provided
by the equilibrium distribution functions introduced below in Sections 2.5 and 2.6.

The definitions (2.3.1) and (2.4.5), together with (2.4.12), show that the equilibrium
canonical and grand canonical ensemble probability densities are related by

1

h3NN !f0
(
rN,pN ;N)= p(N)f

[N ]
0

(
rN,pN

)
(2.4.24)

The grand canonical ensemble average of any microscopic variable is therefore given by a
weighted sum of averages of the same variable in the canonical ensemble, the weighting
factor being the probability p(N) that the system contains precisely N particles.

In addition to its significance as a fixed parameter of the grand canonical ensemble,
the chemical potential can also be expressed as a canonical ensemble average. This re-
sult, due to Widom,6 provides some useful insight into the meaning of chemical potential.
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From (2.3.8) and (2.3.20) we see that

μex = F ex(N + 1,V ,T ) − F ex(N,V,T ) = kBT ln
VZN

ZN+1
(2.4.25)

or
VZN

ZN+1
= exp

(
βμex) (2.4.26)

where ZN , ZN+1 are the configuration integrals for systems containing N or (N + 1)
particles, respectively. The ratio ZN+1/ZN is

ZN+1

ZN

=
∫

exp[−βVN+1(rN+1)]drN+1∫
exp[−βVN(rN)]drN

(2.4.27)

If the total potential energy of the system of (N + 1) particles is written as

VN+1
(
rN+1)= VN

(
rN
)+ ε (2.4.28)

where ε is the energy of interaction of particle (N + 1) with all others, (2.4.27) can be
re-expressed as

ZN+1

ZN

=
∫

exp(−βε) exp[−βVN(rN)]drN+1∫
exp[−βVN(rN)]drN

(2.4.29)

If the system is homogeneous, translational invariance allows us to take rN+1 as ori-
gin for the remaining N position vectors and integrate over rN+1; this yields a factor V

and (2.4.29) becomes

ZN+1

ZN

= V
∫

exp(−βε) exp(−βVN)drN∫
exp(−βVN)drN

= V
〈
exp(−βε)

〉
(2.4.30)

where the angular brackets denote a canonical ensemble average for the system of N par-
ticles. Substitution of (2.4.30) in (2.4.25) gives

μex = −kBT ln
〈
exp(−βε)

〉
(2.4.31)

Hence the excess chemical potential is proportional to the logarithm of the mean Boltz-
mann factor of a test particle introduced randomly into the system.

Equation (2.4.31) has a particularly simple interpretation for a system of hard spheres.
Insertion of a test hard sphere can have one of two possible outcomes: either the sphere
that is added overlaps with one or more of the spheres already present, in which case ε is
infinite and the Boltzmann factor in (2.4.31) is zero, or there is no overlap, in which case
ε = 0 and the Boltzmann factor is unity. The excess chemical potential may therefore be
written as

μex = −kBT lnp0 (2.4.32)
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where p0 is the probability that a hard sphere can be introduced at a randomly chosen point
in the system without creating an overlap.

2.5 PARTICLE DENSITIES AND DISTRIBUTION FUNCTIONS

It was shown in Section 2.3 that a factorisation of the equilibrium phase-space probability
density into kinetic and potential terms leads naturally to a separation of thermodynamic
properties into ideal and excess parts. A similar factorisation can be made of the reduced
phase-space distribution functions f

(n)
0 defined in Section 2.1. We assume again that there

is no external-field contribution to the hamiltonian and hence that H = KN + VN , where
KN is a sum of independent terms. For a system of fixed N , V and T , f [N ]

0 is given by
the canonical distribution (2.3.1). If we recall from Section 2.3 that integration over each
component of momentum yields a factor (2πmkBT )1/2, we see that f (n)

0 can be written as

f
(n)
0

(
rn,pn

)= ρ
(n)
N

(
rn
)
f

(n)
M

(
pn
)

(2.5.1)

where

f
(n)
M

(
pn
)= 1

(2πmkBT )3n/2
exp

(
−β

n∑
i=1

|pi |2
2m

)
(2.5.2)

is the product of n independent Maxwell distributions of the form defined by (2.1.26) and
ρ
(n)
N , the equilibrium n-particle density is

ρ
(n)
N

(
rn
) = N !

(N − n)!
1

h3NN !QN

∫∫
exp(−βH)dr(N−n) dpN

= N !
(N − n)!

1

ZN

∫
exp(−βVN)dr(N−n) (2.5.3)

The quantity ρ
(n)
N (rn)drn yields the probability of finding n particles of the system with

coordinates in the volume element drn, irrespective of the positions of the remaining par-
ticles and irrespective of all momenta. The particle densities and the closely related, equi-
librium particle distribution functions, defined below, provide a complete description of
the structure of a fluid, while knowledge of the low-order particle distribution functions,
in particular of the pair density ρ

(2)
N (r1, r2), is often sufficient to calculate the equation of

state and other thermodynamic properties of the system.
The definition of the n-particle density means that∫

ρ
(n)
N

(
rn
)

drn = N !
(N − n)! (2.5.4)

Thus ∫
ρ
(1)
N (r)dr = N (2.5.5)
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The single-particle density of a uniform fluid is therefore equal to the overall number den-
sity:

ρ
(1)
N (r) = N/V = ρ (uniform fluid) (2.5.6)

In the special case of a uniform, ideal gas we know from (2.3.14) that ZN = V N . Hence
the pair density is

ρ
(2)
N = ρ2

(
1 − 1

N

)
(ideal gas) (2.5.7)

The appearance of the term 1/N in (2.5.7) reflects the fact that in a system containing a
fixed number of particles the probability of finding a particle in the volume element dr1,
given that another particle is in the element dr2, is proportional to (N −1)/V rather than ρ.

The n-particle distribution function g
(n)
N (rn) is defined in terms of the corresponding

particle densities by

g
(n)
N

(
rn
)= ρ

(n)
N (r1, . . . , rn)∏n

i=1 ρ
(1)
N (ri )

(2.5.8)

which for a homogeneous system reduces to

ρng
(n)
N

(
rn
)= ρ

(n)
N

(
rn
)

(2.5.9)

The particle distribution functions measure the extent to which the structure of a fluid
deviates from complete randomness. If the system is also isotropic, the pair distribution
function g

(2)
N (r1, r2) is a function only of the separation r12 = |r2 − r1|; it is then usually

called the radial distribution function and written simply as g(r). When r is much larger
than the range of the interparticle potential, the radial distribution function approaches the
ideal-gas limit; from (2.5.7) this limit can be identified as (1 − 1/N) ≈ 1.

The particle densities defined by (2.5.3) are also expressible in terms of δ-functions
of position in a form that is very convenient for later purposes. From the definition of a
δ-function it follows that

〈
δ(r − r1)

〉 = 1

ZN

∫
δ(r − r1) exp

[−βVN(r1, r2, . . . , rN)
]

drN

= 1

ZN

∫
· · ·
∫

exp
[−βVN(r, r2, . . . , rN)

]
dr2 · · ·drN (2.5.10)

The ensemble average in (2.5.10) is a function of the coordinate r but is independent of
the particle label (here taken to be 1). A sum over all particle labels is therefore equal to N

times the contribution from any one particle. Comparison with the definition (2.5.3) then
shows that

ρ
(1)
N (r) =

〈
N∑
i=1

δ(r − ri )

〉
(2.5.11)
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which represents the ensemble average of a microscopic particle density ρ(r). Similarly,
the average of a product of two δ-functions is

〈
δ(r − r1)δ(r′ − r2)

〉 = 1

ZN

∫
δ(r − r1)δ(r′ − r2) exp

[−βVN(r1, r2, . . . , rN)
]

drN

= 1

ZN

∫
· · ·
∫

exp
[−βVN(r, r′, r3, . . . , rN)

]
dr3 · · ·drN (2.5.12)

which implies that

ρ
(2)
N (r, r′) =

〈
N∑
i=1

N∑
j=1

′
δ(r − ri )δ(r′ − rj )

〉
(2.5.13)

where the prime on the summation sign indicates that terms for which i = j must be omit-
ted. Finally, a useful δ-function representation can be obtained for the radial distribution
function. It follows straightforwardly that〈

1

N

N∑
i=1

N∑
j=1

′
δ(r − rj + ri )

〉
=
〈

1

N

∫ N∑
i=1

N∑
j=1

′
δ(r′ + r − rj )δ(r′ − ri )dr′

〉

= 1

N

∫
ρ
(2)
N (r′ + r, r′)dr′ (2.5.14)

Hence, if the system is both homogeneous and isotropic:〈
1

N

N∑
i=1

N∑
j=1

′
δ(r − rj + ri )

〉
= ρ2

N

∫
g
(2)
N (r, r′)dr′ = ρg(r) (2.5.15)

The radial distribution function plays a key role in the physics of monatomic liquids.
There are several reasons for this. First, g(r) is measurable by radiation-scattering ex-
periments. The results of such an experiment on liquid argon are pictured in Figure 2.1;
g(r) shows a pattern of peaks and troughs that is characteristic of all monatomic liquids,
tends to unity at large r , and vanishes as r → 0 as a consequence of the strongly re-
pulsive forces that act at small particle separations. Secondly, the form of g(r) provides
considerable insight into what is meant by the structure of a liquid, at least at the level
of pair correlations. The definition of g(r) implies that on average the number of parti-
cles lying within the range r to r + dr from a reference particle is 4πr2ρg(r)dr and the
peaks in g(r) represent “shells” of neighbours around the reference particle. Integration of
4πr2ρg(r) up to the position of the first minimum therefore provides an estimate of the
nearest-neighbour “coordination number”. The concepts of a “shell” of neighbours and a
“coordination number” are obviously more appropriate to solids than to liquids, but they
provide useful measures of the structure of a liquid provided the analogy with solids is
not taken too far. The coordination number (≈ 12.2) calculated from the distribution func-
tion shown in the figure is in fact very close to the number (12) of nearest neighbours in
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FIG. 2.1. Results of neutron-scattering experiments for the radial distribution function of liquid argon near the
triple point. The ripples at small r are artefacts of the data analysis. After Yarnell et al.7

the face-centred cubic structure into which argon crystallises. Finally, if the atoms interact
through pairwise-additive forces, thermodynamic properties can be expressed in terms of
integrals over g(r), as we shall now show.

Consider a uniform fluid for which the total potential energy is given by a sum of pair
terms:

VN

(
rN
)= N∑

i=1

N∑
j>i

v(rij ) (2.5.16)

According to (2.3.22) the excess internal energy is

U ex = N(N − 1)

2

∫∫
v(r12)

(
1

ZN

∫
· · ·
∫

exp(−βVN)dr3 · · ·drN

)
dr1 dr2 (2.5.17)

because the double sum over i, j in (2.5.16) gives rise to N(N −1)/2 terms, each of which
leads to the same result after integration. Use of (2.5.3) and (2.5.9) allows (2.5.17) to be
rewritten as

U ex = N2

2V 2

∫∫
v(r12)g

(2)
N (r1, r2)dr1 dr2 (2.5.18)

We can now take the position of particle 1 as the origin of coordinates, set r12 = r2 − r1,
and integrate over the coordinate r1 (which yields a factor V ) to give

U ex = N2

2V 2

∫∫
v(r12)g(r21)dr1 dr12 = N2

2V

∫
v(r)g(r)dr (2.5.19)

or

U ex

N
= 2πρ

∫ ∞

0
v(r)g(r)r2 dr (2.5.20)
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This result, usually referred to as the energy equation, can also be derived in a more in-
tuitive way. The mean number of particles at a distance between r and r + dr from a
reference particle is n(r)dr = 4πr2ρg(r)dr and the total energy of interaction with the
reference particle is v(r)n(r)dr . The excess internal energy per particle is then obtained
by integrating v(r)n(r) between r = 0 and r = ∞ and dividing the result by two to avoid
counting each interaction twice.

It is also possible to express the equation of state (2.2.10) as an integral over g(r). Given
the assumption of pairwise additivity of the interparticle forces, the internal contribution to
the virial function can be written, with the help of Newton’s Third Law, as

Vint =
N∑
i=1

N∑
j>i

ri · Fij = −
N∑
i=1

N∑
j>i

rij v
′(rij ) (2.5.21)

where v′(r) ≡ dv(r)/dr . Then, starting from (2.2.10) and following the steps involved in
the derivation of (2.5.20) but with v(rij ) replaced by rij v

′(rij ), we find that

βP

ρ
= 1 − 2πβρ

3

∫ ∞

0
v′(r)g(r)r3 dr (2.5.22)

Equation (2.5.22) is called either the pressure equation or, in common with (2.2.10), the
virial equation.

Equations (2.5.20) and (2.5.22) are superficially simpler in form than (2.3.22) and
(2.2.10), but the difficulty has merely shifted to that of determining the radial distribution
function from the pair potential via (2.5.3) and (2.5.8). The problem is yet more compli-
cated if there are many-body forces acting between particles or if the pair potential is not
spherically symmetric. The presence of three-body forces, for example, leads to the ap-
pearance in expressions for the internal energy and pressure of integrals over the triplet
distribution function g

(3)
N (r1, r2, r3). We shall not pursue this matter further, since no new

point of principle is involved, but the generalisation to systems of non-spherical particles
is treated in detail in Chapter 11.

Because the pressure equation involves the derivative of the pair potential, it is not di-
rectly applicable in the calculation of the equation of state of hard spheres, or of other
systems for which the pair potential contains a discontinuity. The problem can be over-
come by rewriting (2.5.22) in terms of a function y(r) defined as

y(r) = exp
[
βv(r)

]
g(r) (2.5.23)

We show in Chapter 4 that y(r) is a continuous function of r even when there are disconti-
nuities in v(r) and hence in g(r); y(r) is called the cavity distribution function for reasons
that will become clear in Section 4.6. On introducing the definition of y(r) into (2.5.22)
we find that

βP

ρ
= 1 − 2πβρ

3

∫ ∞

0
v′(r)e(r)y(r)r3 dr

= 1 + 2πρ

3

∫ ∞

0
e′(r)y(r)r3 dr (2.5.24)
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where

e(r) = exp
[−βv(r)

]
(2.5.25)

is the Boltzmann factor for a pair of particles separated by a distance r and e′(r) ≡
de(r)/dr . In the case of hard spheres, e(r) is a unit step function, the derivative of which
is a δ-function, i.e. e(r) = 0 for r < d , e(r) = 1 for r > d and e′(r) = δ(r − d), where d is
the hard-sphere diameter. Thus

βP

ρ
= 1 + 2πρ

3

∫ ∞

0
r3y(r)δ(r − d)dr

= 1 + 2πρ

3
lim

r→d+ r3y(r) = 1 + 2πρ

3
d3g(d) (2.5.26)

The pressure of the hard-sphere fluid is therefore determined by the value of the radial
distribution function at contact, where g(r) goes discontinuously to zero. We show in the
next section that g(r) ≈ e(r), and hence that g(d) → 1, in the limit ρ → 0. Thus, at low
densities, βP/ρ ≈ 1 + 2πρd3/3; this expression represents the first two terms in the virial
expansion of the equation of state in powers of the density, which we derive in a systematic
way in Section 3.9.

The contact value of g(r) also appears in the theory of transport processes in gases.
Elementary kinetic theory8 shows that at low densities the mean time between collisions
suffered by a given particle is λ/ū, where ū = (8kBT/πm)1/2 is the mean speed appropri-
ate to a Maxwell distribution of momenta and λ is the mean free path. If the gas particles
are treated as hard spheres of diameter d , the mean free path is λ = 1/

√
2πρd2. Thus

the collision rate in the dilute gas is Γ0 = ū/λ = 4ρd2(πkBT/m)1/2. The collision rate
at higher densities is enhanced by the interactions between particles. Since the “forces”
between hard spheres act only at collisions, the collision rate is proportional to the non-
ideal contribution to the pressure, as given by the hard-sphere equation of state (2.5.26).
It follows that ΓE = g(d)Γ0 where ΓE, the collision rate in the dense gas, is the quantity
that arises in the Enskog theory discussed in Section 2.1. This enhancement of the collision
rate leads to a corresponding reduction in the self-diffusion coefficient relative to the value
obtained from the Boltzmann equation by a factor 1/g(d).

2.6 PARTICLE DENSITIES IN THE GRAND CANONICAL ENSEMBLE

The fact that in the canonical ensemble the pair distribution function behaves asymptoti-
cally as (1 − 1/N) rather than tending strictly to unity is often irrelevant since the term of
order N−1 vanishes in the thermodynamic limit. On the other hand, if a term of that order
is integrated over the volume of the system, a result of order V/N is obtained, which usu-
ally cannot be ignored. The difficulties that this situation sometimes creates can be avoided
by working in the grand canonical ensemble. As we shall see in later chapters, the grand
canonical ensemble also provides a convenient framework for the derivation of density ex-
pansions of the particle distribution functions and, more generally, for the development of
the theory of inhomogeneous fluids.
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In the grand canonical ensemble the n-particle density is defined in terms of its canonical
ensemble counterparts as the sum

ρ(n)
(
rn
) =

∞∑
N�n

p(N)ρ
(n)
N

(
rn
)

= 1

Ξ

∞∑
N=n

zN

(N − n)!
∫

exp(−βVN)dr(N−n) (2.6.1)

where p(N) is the probability (2.4.12). Integration of (2.6.1) over the coordinates
r1, . . . , rn shows that ρ(n) is normalised such that∫

ρ(n)
(
rn
)

drn =
〈

N !
(N − n)!

〉
(2.6.2)

In particular: ∫
ρ(1) dr = 〈N〉 (2.6.3)

and ∫∫
ρ(2)(r1, r2)dr1 dr2 = 〈N2〉− 〈N〉 (2.6.4)

Equation (2.6.3) confirms that the single-particle density in a homogeneous system is

ρ(1) = 〈N〉/V ≡ ρ (uniform fluid) (2.6.5)

We know from Section 2.4 that for a homogeneous, ideal gas the activity z is equal to ρ,
while the integral in (2.6.1) is equal to V (N−n). Hence the particle densities of the ideal gas
are

ρ(n) = ρn (ideal gas) (2.6.6)

The relation between the grand canonical n-particle density and the corresponding dis-
tribution function is the same as in the canonical ensemble, i.e.

g(n)
(
rn
)= ρ(n)(r1, . . . , rn)∏n

i=1 ρ
(1)(ri )

(2.6.7)

or ρ(n)(rn) = ρng(n)(rn) if the system is homogeneous, but now g(n)(rn) → 1 for all n as
the mutual separations of all pairs of particles becomes sufficiently large. In particular, the
pair correlation function, defined as

h(2)(r1, r2) = g(2)(r1, r2) − 1 (2.6.8)
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vanishes in the limit |r2 −r1| → ∞. If we insert the definition (2.6.1) into (2.6.7) we obtain
an expansion of the n-particle distribution function of a uniform fluid as a power series in z,
which starts as

Ξ

(
ρ

z

)n

g(n)
(
rn
)= exp

[−βVn

(
rn
)]+O(z) (2.6.9)

The first term on the right-hand side is the one corresponding to the case N = n in (2.6.1).
As ρ → 0, it follows from earlier definitions that z → 0, ρ/z → 1 and Ξ → 1. Hence,
taking n = 2, we find that the low-density limit of the radial distribution function is equal
to the Boltzmann factor of the pair potential:

lim
ρ→0

g(r) = exp
[−βv(r)

]
(2.6.10)

The δ-function representations of ρ
(1)
N (r), ρ(2)

N (r, r′) and g(r) provided by (2.5.11),
(2.5.13) and (2.5.15), respectively, are also valid (without the subscript N ) in the grand
canonical ensemble, as are the energy and pressure equations, (2.5.20) and (2.5.22). On
the other hand, the compressibility equation, which expresses χT as an integral over g(r),
can be derived only in the grand canonical ensemble because the compressibility is related
to fluctuations in an open system via (2.4.23). The normalisations (2.6.3) and (2.6.4) show
that ∫∫ [

ρ(2)(r1, r2) − ρ(1)(r1)ρ
(1)(r2)

]
dr1 dr2 = 〈N2〉− 〈N〉 − 〈N〉2 (2.6.11)

In the homogeneous case it follows immediately that

1 + ρ

∫ [
g(r) − 1

]
dr = 〈N2〉 − 〈N〉2

〈N〉 = ρkBT χT (2.6.12)

Unlike the energy and pressure equations, the applicability of this relation does not rely
on the assumption of pairwise additivity of the interparticle forces. For an ideal gas in the
grand canonical ensemble, g(r) = 1 for all r ; it follows from (2.6.12) that χ id

T = β/ρ, in
agreement with the result obtained by differentiation of the ideal-gas equation of state.

2.7 COMPUTER SIMULATION: MOLECULAR DYNAMICS
AND MONTE CARLO

As we briefly mentioned at the end of Chapter 1, the behaviour of liquids, solids and dense
gases at the microscopic level can be simulated in one of two ways: by the method of
molecular dynamics or by the Monte Carlo method. The importance of computer simula-
tion from the standpoint of liquid-state theory is the fact that it provides essentially exact,
quasi-experimental data on well-defined models, particularly on those that are prototypical
models of simple liquids. In this section we give a brief account of how classical computer
simulations are carried out. Excellent books exist that provide much fuller descriptions of
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the principles underlying the large variety of techniques that are now available and of the
computer codes needed for their implementation.9

We begin by considering the method of molecular dynamics. In a conventional
molecular-dynamics simulation of a bulk fluid a system of N particles is allocated a set of
initial coordinates within a cell of fixed volume, most commonly a cube. A set of velocities
is also assigned, usually drawn from a Maxwell distribution appropriate to the temperature
of interest and selected in such a way that the net linear momentum of the system is zero.
The subsequent calculation tracks the motion of the particles through space by integration
of the classical equations of motion, and equilibrium properties are obtained as time av-
erages over the dynamical history of the system in the manner outlined in Section 2.2. In
modern work N is typically of order 103 or 104, though much larger systems have occa-
sionally been studied. To minimise surface effects, and thereby simulate more closely the
behaviour expected of a macroscopic system, it is customary to use a periodic boundary
condition. The way in which the periodic boundary condition is applied is illustrated for
the two-dimensional case in Figure 2.2. The system as a whole is divided into cells. Each
cell is surrounded on all sides by periodic images of itself and particles that are images
of each other have the same relative positions within their respective cells and the same
momenta. When a particle enters or leaves a cell, the move is balanced by an image of
that particle leaving or entering through the opposite edge. A key question is whether the
properties of an infinite, periodic fluid with a unit cell containing, typically, of order 103

particles are representative of the properties of the macroscopic system that the calculation
is designed to simulate. There is no easy or general answer to this, but broadly speaking it
appears that bulk properties are only weakly dependent on sample size beyond N ≈ 500,
and that the remaining errors, relative to the N → ∞ limit, are no larger than the inevitable
statistical uncertainties. Nonetheless, the restriction on sample size does have some draw-
backs. For example, it is impossible to study collective, spatial fluctuations of wavelength
greater than L, the length of the cell. Use of a periodic boundary condition also has an
effect on time correlations. In a molecular-dynamics simulation a local disturbance will

FIG. 2.2. Periodic boundary condition used in computer simulations. The circle represents the truncation sphere
drawn around a black particle in the central cell. See text for details.
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move through the periodic system and reappear at the same place, albeit in attenuated
form, after a recurrence time of order L/c, where c is a speed of propagation that can
be roughly equated to the speed of sound. The effects of periodicity will manifest them-
selves in spurious contributions to time correlations calculated over time intervals greater
than this. Another difficulty, which is particularly acute for small samples, is the so-called
quasi-ergodic problem. In the context of a computer simulation the term refers to the possi-
bility that the system may become trapped in some region of phase space. Near the melting
temperature, for example, an initial, lattice-type arrangement of particles may persist for
very long times unless the density is appreciably less than the freezing density of the fluid.
Whatever the starting conditions, time must be allowed for the system to equilibrate be-
fore the “production” stage of the calculation begins, while throughout the simulation it is
important to monitor the properties of the system in such a way as to detect any tendency
towards a long-time drift.

The interactions between particles can be of any form but in the great majority of cases
they are assumed to be pairwise additive. For economy in computing time it is customary
to truncate the interaction at a separation rc � 1

2L, where the cut-off radius rc is typically a
few particle diameters. When a truncation sphere is used, the interaction of a particle with
its neighbours is calculated with a “nearest-neighbour” convention. The principle of this
convention is illustrated in Figure 2.3: a particle i lying within a given cell is assumed to
interact only with the nearest image of any other particle j (including j itself), the inter-
action being set equal to zero if the distance from the nearest image is greater than rc. The
significance of the restriction that rc must be not greater than 1

2L is that there is at most one
image of j (including j itself) lying with a sphere of radius 1

2L centred on i. Use of such a
cut-off is inappropriate when the interparticle forces are long ranged, particularly for ionic
systems, since there is not even a guarantee that the truncation sphere will be electrically
neutral. One way to overcome this difficulty is to calculate the coulombic interaction of a
particle not only with all other particle in the same cell but with all images in other cells.
An infinite lattice sum of this type can be evaluated by the method of Ewald, the essence
of which is to convert the slowly convergent sum in r−1 into two series that are separately
rapidly convergent. One series is a sum in real space of a short-range potential that may
safely be truncated, and the other is a sum over reciprocal-lattice vectors of the periodic
array of cells. Strongly polar systems also require special treatment.

The earliest applications of the molecular-dynamics method were those of Alder and
Wainwright10 to systems of hard spheres and other hard-core particles. A feature of hard-
sphere dynamics is that the velocities of the particles change only as the result of colli-
sions; between collisions, the particles move in straight lines at constant speeds. The time-
evolution of a many-particle, hard-sphere system may therefore be treated as a sequence
of strictly binary, elastic collisions. Thus the algorithm for calculation of the trajectories
consists of first advancing the coordinates of all particles until such a time as a collision
occurs somewhere in the system, and then of exploiting the fact that both energy and mo-
mentum must be conserved to calculate the changes in velocities of the colliding particles.
Since that calculation is exact, the trajectories of the particles can be computed with a
precision limited only by round-off errors. The instantaneous temperature of the system
remains constant because the total kinetic energy is conserved.
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When the potentials are continuous, the trajectories of the particles, unlike those of hard
spheres, can no longer be calculated exactly. In the case of spherically-symmetric potentials
the equations of motion are the 3N coupled, second-order differential equations (2.2.1).
These equations must be solved numerically by finite-difference methods, which leads un-
avoidably to errors in the particle trajectories. One of the simplest but also most successful
algorithms is that first used by Verlet11 in studies of the properties of the Lennard-Jones
fluid. Let the coordinates of particle i at time t be ri (t). The coordinates at times t ± Δt

are given by Taylor expansions forwards and backwards in time around ri (t):

ri (t ± Δt) = ri (t) ± Δt ṙi (t) + Δt2

2! r̈i (t) ±O
(
Δt3) (2.7.1)

By adding together the two expansions in (2.7.1), we obtain an estimate for the particle
coordinates at time t + Δt :

ri (t + Δt) ≈ −ri (t − Δt) + 2ri (t) + Δt2

m
Fi (t) (2.7.2)

where Fi (t) is the total force acting on particle i at time t . The error in the predicted
coordinates is of order Δt4. If we subtract the two expansions in (2.7.1), we obtain an
estimate of the velocity of particle i at time t :

ṙi (t) ≈ 1

2Δt

[
ri (t + Δt) − ri (t − Δt)

]
(2.7.3)

The error now is of order Δt2, but velocities play no part in the integration scheme and the
particle trajectories are therefore unaffected. In one of a number of variants of the Verlet
algorithm, the “velocity” version, the predicted coordinates are obtained solely from the
forward expansion in (2.7.1), i.e.

ri (t + Δt) ≈ ri (t) + Δt ṙi (t) + 1
2Δt2r̈i (t) (2.7.4)

and the velocity is calculated as

ṙi (t + Δt) ≈ ṙi (t) + 1
2Δt

[
r̈i (t + Δt) + r̈i (t)

]
(2.7.5)

Taken together, (2.7.4) and (2.7.5) are equivalent to (2.7.2). In other words, the particle
trajectories in configuration space are identical in the two versions of the algorithm, but
different estimates are obtained for the velocities.

Although simple in form, the original Verlet algorithm and its modifications are at least
as satisfactory as higher-order schemes that make use of derivatives of the particle coordi-
nates beyond r̈i (t). It may be less accurate than others at short times but, more importantly,
it conserves energy well even over very long times; it is also time reversible, as it should
be for consistency with the equations of motion. Some understanding of the reasons for the
stability of the algorithm can be obtained in the following way.12
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The true dynamics of a system of particles is described by the action of the operator
exp(iLt) on the phase-space coordinates rN , pN . Let the time interval t be divided into P

equal intervals of length Δt . Then

exp(iLt) = [exp(iLΔt)
]P (2.7.6)

If the Liouville operator is divided in the from

iL= iLr + iLp (2.7.7)

where

iLr ≡
N∑
i=1

ṙi · ∂

∂ri
, iLp =

N∑
i=1

Fi · ∂

∂pi

(2.7.8)

and if Δt is sufficiently small, use of the so-called Trotter expansion allows the operator
exp(iLΔt) to be written as

exp(iLΔt) ≈ exp
(
i 1

2LpΔt
)

exp(iLrΔt) exp
(
i 1

2LpΔt
)

(2.7.9)

This relationship is only approximate, since the operators Lr and Lp do not commute; the
error involved is of order Δt3. The action of an exponential operator of the type appearing
in (2.7.9) is

exp

(
a

∂

∂x

)
f (x) ≡ 1 + a

∂f

∂x
+ a2

2!
∂2f

∂x2
+ · · · = f (x + a) (2.7.10)

The effect of operating with exp(iLrΔt) or exp(iLpΔt) on rN , pN is therefore to displace
the position or momentum, respectively, of each particle according to the rules

ri → ri + Δt ṙi = ri + (Δt/m)pi , pi → pi + Δt ṗi = pi + ΔtFi (2.7.11)

The three operations involved in (2.7.9) may be regarded as successive steps in a sim-
ple predictor–corrector scheme. The first step yields an estimate of the momentum of the
particle at time t + Δt/2:

pi (t + Δt/2) = pi (t) + 1
2Δt ṗi (t) = pi (t) + 1

2ΔtFi (t) (2.7.12)

In the second step this estimate of the momentum is used to predict the coordinates of the
particle at time t + Δt :

ri (t + Δt) = ri (t) + (Δt/m)pi (t + Δt/2)

= ri (t) + Δt ṙi (t) + (Δt2/2m
)
Fi (t) (2.7.13)
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Finally, an improved estimate is obtained for the momentum, based on the value of the
force acting on the particle at its predicted position:

pi (t + Δt) = pi (t + Δt/2) + 1
2Δt ṗi (t + Δt)

= pi (t) + 1
2Δt

[
Fi (t) + Fi (t + Δt)

]
(2.7.14)

The results obtained in this way for ri (t +Δt), pi (t +Δt) are precisely those that appear in
the velocity version of the Verlet algorithm, (2.7.4) and (2.7.5). Although it is remarkable
that a practical and widely used algorithm can be derived from a well-defined approxima-
tion for the propagator exp(iLt), the greater significance of this analysis is its demonstra-
tion that not only is the Verlet algorithm time reversible but it also conserves volume in
phase space in the sense of Section 2.1. Time reversibility follows from the fact that each
of the steps implied in the use of (2.7.9) is separately time reversible. Similarly, for each
step, the transformation of phase-space coordinates has a jacobian equal to unity. Thus the
algorithm preserves the two key features of hamiltonian dynamics, which is almost cer-
tainly the reason why it is numerically so stable. Other time-reversible algorithms can be
derived by dividing the Liouville operator in ways different from that adopted in (2.7.9).

A molecular-dynamics calculation is organised as a loop over time. At each step, the
time is incremented by Δt , the total force acting on each particle is computed and the par-
ticles are advanced to their new positions. In the early stages of the simulation it is normal
for the temperature to move away from the value at which it was set and some occasional
rescaling of particle velocities is therefore needed. Once equilibrium is reached, the sys-
tem is allowed to evolve undisturbed, with both potential and kinetic energies fluctuating
around steady, mean values; the temperature of the system is calculated from the time-
averaged kinetic energy, as in (2.2.4). The choice of time step Δt is made on the basis of
how well total energy is conserved. In the case of a model of liquid argon, for example,
an acceptable level of energy conservation is achieved with a time step of 10−14 s, and a
moderately long run would be one lasting roughly 105 time steps, corresponding to a real
time span of order 10−9 s. By treating argon atoms as hard spheres of diameter 3.4 Å,
the mean “collision” time in liquid argon near its triple point can be estimated as roughly
10−13 s. Hence the criterion for the choice of time step based on energy conservation leads
to the physically reasonable result that Δt should be about an order of magnitude smaller
than the typical time between “collisions”. As the time step is increased, the fluctuations
in total energy become larger, until eventually an overall, upward drift in energy develops.
Even when a small time step is used, deviations from the true dynamics are inevitable, and
the phase-space trajectory of the system can be expected to diverge exponentially from that
given by the exact solution of the equations of motion. In this respect an error in the algo-
rithm plays a similar role to a small change in initial conditions. Any such change is known
to lead to a divergence in phase space that grows with time as exp(λt), where λ is a “Lya-
punov exponent”; the consequences in terms of loss of correlation between trajectories can
be dramatic.13

The methods outlined above are easily extended to molecular liquids if a model is
adopted in which the molecules consist of independent atoms bound together by con-
tinuous intramolecular forces, but small molecules are in general better treated as rigid
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FIG. 2.3. The method of constraints applied to a triatomic molecule: Fi is the total intermolecular force on
atom i and γ ij is the force of constraint that maintains rigidity of the bond between i and j .

particles. One approach to the solution of the equations of motion of a rigid body involves
a separation of internal and centre-of-mass coordinates. Another is based on the method
of “constraints”, in which the equations of motion are solved in cartesian form.14 As an
illustration of the use of constraint dynamics, consider the example of the triatomic mole-
cule shown in Figure 2.3, in which each internuclear bond is of length L and each atom
(labelled 1, 2 and 3) is of mass m. The geometry of the molecule is described by three
constraints, σij (r1, r2, r3), such that

σij = 1
2

(
rij · rij − L2)= 0 (2.7.15)

where rij = rj − ri . The total force acting on atom 1, say, at time t is the sum of three
terms: F1(t), the force due to interactions with other molecules; a force of constraint,
γ 12(t), which ensures that the bond vector r12 remains of fixed length; and a second force
of constraint, γ 13(t), which preserves the bond length between atoms 1 and 3. Similar
consideration apply to the other atoms. The forces of constraint are directed along the cor-
responding bond vectors and the law of action and reaction requires that γ ij = −γ ji . Thus
γ ij = λijrij , where λij is a time-dependent scalar quantity, with λij = λji . The newtonian
equations of motion are therefore of the form

mr̈1(t) = F1(t) + λ12r12(t) + λ13r13(t)

mr̈2(t) = F2(t) − λ12r12(t) + λ23r23(t) (2.7.16)

mr̈3(t) = F3(t) − λ13r13(t) − λ23r23(t)

Comparison with (2.7.15) shows that the total force of constraint on atom i, Gi , can be
written as

Gi = −
∑
j �=i

λij

∂σij

∂ri
(2.7.17)

As is to be expected, the sum of the forces of constraint is zero:
∑

i Gi = 0.
It is possible to eliminate the unknown quantities λ12, λ13 and λ23 from (2.7.16) by

requiring the second time derivative of the constraint conditions (2.7.15) to vanish, i.e.
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by setting σ̈ ij = ṙij · ṙij + rij · r̈ij = 0 and replacing r̈i by (Fi + Gi )/m. The resulting
system of equations for the constrained coordinates can then be integrated numerically. In
practice this procedure does not work: the errors inherent in any approximate algorithm
cause the bond lengths to drift away rapidly from their initial values. What is done instead
is to require the constraints to be satisfied exactly after each time step in a manner dictated
by the chosen integration scheme. If the Verlet algorithm (2.7.2) is used, for example, we
find that

r1(t + Δt) = r′
1(t + Δt) + (Δt2/m

)[
λ12r12(t) + λ13r13(t)

]
r2(t + Δt) = r′

2(t + Δt) + (Δt2/m
)[−λ12r12(t) + λ23r23(t)

]
(2.7.18)

r3(t + Δt) = r′
3(t + Δt) + (Δt2/m

)[−λ13r13(t) − λ23r23(t)
]

where r′
i (t + Δt) are the predicted coordinates of atom i in the absence of constraints,

given by (2.7.4). Equations (2.7.18) must be solved subject to the requirement that |rij (t +
Δt)|2 = L2 for all i, j . This leads to three simultaneous equations for the quantities λij (t),
to which a solution can be obtained by an iterative method; three to four iterations per
molecule are normally sufficient to maintain the bond lengths constant to within one part
in 104.

Apart from its simplicity, a particular merit of the method of constraints is the fact that
it can be used for both rigid and flexible molecules. A partially flexible chain molecule,
for example, can be treated by employing a suitable mixture of constraints on bond angles
and bond lengths in a way that allows for torsional motion and bending but freezes the fast
vibrations.15

Given a set of initial conditions, a conventional molecular-dynamics simulation is, in
principle, entirely deterministic in nature. By contrast, as the name suggests, a stochastic
element is an essential part of any Monte Carlo calculation. In a Monte Carlo simulation a
system of N particles, subject to the same boundary condition used in molecular-dynamics
calculations and interacting through some known potentials, is again assigned a set of
arbitrarily chosen, initial coordinates. A sequence of configurations is then generated by
successive random displacements of the particles, usually of one particle at a time. Not
all configurations that are generated are added to the sequence. The decision whether to
“accept” or “reject” a trial configuration is made in such a way that asymptotically config-
uration space is sampled according to the probability density corresponding to a particular
statistical mechanical ensemble. The ensemble average of any function of the particle co-
ordinates, such as the total potential energy, is then obtained as an unweighted average over
the resulting set of configurations. The particle momenta do not enter the calculation, there
is no time scale involved, and the order in which the configurations occur has no special
significance. The method is therefore limited to the calculation of static properties.

The Monte Carlo method was originally developed as a means of calculating averages in
the canonical ensemble and we shall consider that case first; we also assume initially that
the system consists of spherical particles. The problem of devising a scheme for sampling
configuration space according to a specific probability distribution is most easily formu-
lated in terms of the theory of Markov processes.16 Suppose we have a sequence of random
variables. Here the “variable” is the set of all coordinates of the particles and its range is
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the configuration space of the system. Hence, instead of speaking of the value of the vari-
able at a point in the sequence, it is more natural for applications in statistical mechanics
to say that the system occupies a particular state at that point. If the probability of finding
the system in a state n at “time” (t + 1) is dependent only on the state it occupied at the
previous time, t , the sequence of states constitutes a Markov chain. Note that the concept
of “time” is introduced merely for descriptive purposes; there is no connection with any
physical time scale.

Let qn(t) be the probability that the system is in state n at time t . A Markov process is
one for which

qn(t) =
∑
m

pnmqm(t − 1) (2.7.19)

where pnm is a transition probability, with
∑

n pnm = 1. If we regard the probabilities
{qn(t)} as the components of a column vector q(t) and the quantities {pnm} as the elements
of a square transition matrix p, (2.7.19) may be rewritten in more compact form as

q(t) = p · q(t − 1) (2.7.20)

Equation (2.7.20) can be immediately generalised to yield the probability distribution at
time t given an initial distribution q(0):

q(t) =
t times︷ ︸︸ ︷
p · · ·p ·q(0) ≡ pt · q(0) (2.7.21)

where pt ≡ {p(t)
nm} is the t-fold product of p with itself. If all elements of the matrix pt

are non-zero for some finite t , each state of the system can be reached from any other state
in a finite number of steps (or finite “time”) and the Markov chain is said to be ergodic; it
is clear that this usage of the term “ergodic” is closely related to its meaning in statistical
mechanics. When the chain is ergodic, it can be shown that the limits

Πn = lim
t→∞p(t)

nmqm(0) (2.7.22)

exist and are the same for all m. In other words there exists a limiting probability distri-
bution Π ≡ {Πn} that is independent of the initial distribution q(0). When the limiting
distribution is reached, it persists, because p · Π = Π or, in component form:

Πn =
∑
m

pnmΠm (2.7.23)

This result is called the steady-state condition. In the case of interest here the limits are
simply the Boltzmann factors, Πn = exp[−βVN(n)]. The task therefore is to find a set of
transition probabilities that are consistent with these limits; this task is greatly simplified
by seeking a transition matrix that satisfies microscopic reversibility, i.e. one for which

Πnpmn = Πmpnm (2.7.24)

If this relation holds, the steady-state condition is automatically satisfied.
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Let us suppose that the system is in state m at a given time. A trial state n can be
generated by selecting a particle i at random and giving it a small, random displacement,
ri → ri +Δ. If αnm is the probability of choosing n as the trial state, and if this is the same
as the probability αmn of choosing m as the trial state when starting from n, then a choice
of transition probabilities that satisfies (2.7.23) is

pnm = αnm, if Πn � Πm,

= αnm

Πn

Πm

, if Πn <Πm

(2.7.25)

with pmm = 1 −∑n�=m pnm. The transition matrix defined by (2.7.24) is the one pro-

posed in the pioneering work of Metropolis and coworkers17 and remains much the most
commonly used prescription for p. What it means in practice is that the trial state is ac-
cepted unconditionally if VN(n) � VN(m) and with a probability exp[−βΔVN ], where
ΔVN = VN(n) − VN(m), if VN(n) > VN(m). The procedure takes a particularly simple
form for a system of hard spheres: trial configurations in which two or more spheres over-
lap are rejected, but all others are accepted. One important point to note about the Metropo-
lis scheme is that the system remains in its current state if the trial state n is rejected. In
that case, state m appears a further time in the Markov chain, and the contribution it makes
to any ensemble average must be counted again.

Monte Carlo methods similar to that outlined above are easily devised for use in other
ensembles. All that changes are the form of the probability distribution and the way in
which trial states are generated. In the case of the isothermal–isobaric ensemble, for ex-
ample, random displacements of the particles must be combined with random changes in
volume, while in the grand-canonical ensemble displacements must be combined with ran-
dom attempts to insert or remove particles. The extension to molecular systems is also
straightforward. Interactions between particles are now dependent on their mutual orien-
tation and “displacements” therefore consist of random translational moves and random
reorientations.

NOTES AND REFERENCES

1. See, e.g., Reichl, L.E., “A Modern Course in Statistical Physics”, 2nd edn. John Wiley, New York, 1998,
p. 289.

2. Résibois, P. and DeLeener, M., “Classical Kinetic Theory of Fluids”. John Wiley, New York, 1977.
3. Maitland, G.C., Rigby, M., Smith, E.B. and Wakeham, W.A., “Intermolecular Forces”. Clarendon Press,

Oxford, 1981, Chap. 5.
4. Hill, T.L., “Statistical Mechanics”. McGraw-Hill, New York, 1956, p. 189.
5. For a different formulation of the constant-pressure ensemble, see Koper, G.J.M. and Reiss, H., J. Phys.

Chem. B 100, 422 (1996) and Corti, D.S. and Soto-Campos, D., J. Chem. Phys. 108, 7959 (1998).
6. Widom, B., J. Chem. Phys. 39, 2808 (1963). See also Shing, K.S. and Gubbins, K.E., Mol. Phys. 46, 1109

(1982).
7. Yarnell, J.L., Katz, M.J., Wenzel, R.G. and Koenig, S.H., Phys. Rev. A 7, 2130 (1973).
8. See, e.g., Reif, F., “Fundamentals of Statistical and Thermal Physics”. McGraw-Hill, New York, 1965,

pp. 268 and 471.



NOTES AND REFERENCES 45

9. (a) Allen, M.P. and Tildesley, D.J., “Computer Simulation of Liquids”. Oxford, Clarendon Press, 1987.
(b) Frenkel, D. and Smit, B., “Understanding Molecular Simulation”, 2nd edn. Academic Press, San Diego,
2002. (c) Landau, D.P. and Binder, K., “A Guide to Monte Carlo Simulations in Statistical Physics”. Cam-
bridge University Press, Cambridge, 2000.

10. Alder, B.J. and Wainwright, T.E., J. Chem. Phys. 31, 459 (1959).
11. Verlet, L., Phys. Rev. 159, 98 (1967).
12. Tuckerman, M., Berne, B.J. and Martyna, G., J. Chem. Phys. 97, 1990 (1992).
13. See, e.g., ref. 9(b), p. 81.
14. Ciccotti, G., Ferrario, M. and Ryckaert, J.P., Mol. Phys. 47, 1253 (1982).
15. Ryckaert, J.P., Mol. Phys. 55, 549 (1985).
16. Wood, W.W. and Parker, F.R., J. Chem. Phys. 27, 720 (1957).
17. Metropolis, N., Rosenbluth, A.W., Rosenbluth, M.N., Teller, A.N. and Teller, E., J. Chem. Phys. 21, 1087

(1953).


