
CHAPTER 4

Distribution-function Theories

The greater part of this chapter is devoted to a description of the more important theoretical
methods available for calculation of the pair distribution function of a uniform fluid. If
the pair distribution function is known, thermodynamic properties of the system can be
obtained by a number of different routes. We begin, however, by describing the way in
which the distribution function is measured in radiation-scattering experiments.

4.1 THE STATIC STRUCTURE FACTOR

The structure factor of a uniform fluid was defined in Section 3.6 in terms of the Fourier
transform of the pair correlation function, h(r). It can be defined more generally as

S(k) =
〈

1

N
ρkρ−k

〉
(4.1.1)

where ρk is a Fourier component of the microscopic density (3.1.2):

ρk =
∫

ρ(r) exp(−ik · r)dr =
N∑
i=1

exp(−ik · ri ) (4.1.2)

Given the δ-function representation of the pair density in (2.5.13), the definition (4.1.1)
implies that in the homogeneous case:

S(k) =
〈

1

N

N∑
i=1

N∑
j=1

exp(−ik · ri ) exp(ik.rj )

〉

= 1 +
〈

1

N

N∑
i=1

N∑
j �=i

exp
[−ik · (ri − rj )

]〉

= 1 +
〈

1

N

N∑
i=1

N∑
j �=i

∫∫
exp
[−ik · (r − r′)

]
δ(r − ri )δ(r′ − rj )dr dr′

〉
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= 1 + 1

N

∫∫
exp
[−ik · (r − r′)

]
ρ
(2)
N (r − r′)dr dr′

= 1 + ρ

∫
g(r) exp(−ik · r)dr (4.1.3)

In the last step we have used the definition (2.5.8) of the pair distribution function and
exploited the fact that the system is translationally invariant in order to integrate over r′.
Conversely, g(r) is given by the inverse transform

ρg(r) = (2π)−3
∫ [

S(k) − 1
]

exp(ik · r)dk (4.1.4)

The final result in (4.1.3) can also be written as

S(k) = 1 + (2π)3ρδ(k) + ρĥ(k) (4.1.5)

The definitions (3.6.10) and (4.1.1) are therefore equivalent apart from a δ-function term,
which henceforth we shall ignore. Experimentally (see below) the term corresponds to
radiation that passes through the sample unscattered.

The structure factor of a fluid can be determined experimentally from measurements of
the cross-section for scattering of neutrons or x-rays by the fluid as a function of scattering
angle. Below we give a simplified treatment of the calculation of the neutron cross-section
in terms of S(k).

Let us suppose that an incident neutron is scattered by the sample through an angle θ .
The incoming neutron can be represented as a plane wave:

ψ1(r) = exp(ik1 · r) (4.1.6)

while at sufficiently large distances from the sample the scattered neutron can be repre-
sented as a spherical wave:

ψ2(r) ∼ exp(ik2r)

r
(4.1.7)

Thus, asymptotically (r → ∞), the wavefunction of the neutron behaves as

ψ(r) ∼ exp(ik1 · r) + f (θ)
exp(ik2r)

r
(4.1.8)

and the amplitude f (θ) of the scattered component is related to the differential cross-
section dσ/dΩ for scattering into a solid angle dΩ in the direction θ , φ by

dσ

dΩ
= ∣∣f (θ)

∣∣2 (4.1.9)

The geometry of a scattering event is illustrated in Figure 4.1. The momentum transferred
from neutron to sample in units of h̄ is

k = k1 − k2 (4.1.10)
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FIG. 4.1. Geometry of an elastic scattering event.

To simplify the calculation we assume that the scattering is elastic. Then |k1| = |k2| and

k = 2k1 sin 1
2θ = 4π

λ
sin 1

2θ (4.1.11)

where λ is the neutron wavelength.
The scattering of the neutron occurs as the result of interactions with the atomic nu-

clei. These interactions are very short ranged, and the total scattering potential V(r) may
therefore be approximated by a sum of δ-function pseudopotentials in the form

V(r) = 2πh̄2

m

N∑
i=1

biδ(r − ri ) (4.1.12)

where bi is the scattering length of the ith nucleus. For most nuclei, bi is positive, but it
may also be negative and even complex; it varies both with isotopic species and with the
spin state of the nucleus.

The wavefunction ψ(r) must be a solution of the Schrödinger equation:(
− h̄2

2m
∇2 + V(r)

)
ψ(r) = Eψ(r) (4.1.13)

The general solution having the correct asymptotic behaviour is

ψ(r) = exp(ik1 · r) − m

2πh̄2

∫
exp(ik1|r − r′|)

|r − r′| V(r′)ψ(r′)dr′ (4.1.14)

The second term on the right-hand side represents a superposition of spherical waves em-
anating from each point in the sample.

Equation (4.1.14) is an integral equation for ψ(r). The solution in the case when the
interaction V(r) is weak is obtained by setting ψ(r) ≈ exp(ik1 · r) inside the integral sign.
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This substitution yields the so-called first Born approximation to ψ(r):

ψ(r) ≈ exp(ik1 · r) − m

2πh̄2

∫
exp(ik1|r − r′|)

|r − r′| V(r′) exp(ik1 · r′)dr′ (4.1.15)

We can now obtain an expression for f (θ) by taking the r → ∞ limit of (4.1.15) and
matching the result to the known, asymptotic form of ψ(r) given by (4.1.8). If |r| � |r′|,
then

|r − r′| = (r2 + r ′2 − 2r · r′)1/2 ≈ r − r̂ · r′ (4.1.16)

where r̂ is a unit vector in the direction of r. Since we have assumed that the scattering is
elastic, k1r̂ = k2. Thus, as r → ∞:

ψ(r) ∼ exp(ik1 · r) − exp(ik1r)

r

m

2πh̄2

∫
exp(−ik2 · r′)V(r′) exp(ik1 · r′)dr′ (4.1.17)

By comparing (4.1.17) with (4.1.8), and remembering that k1 = k2, we find that

f (θ) = − m

2πh̄2

∫
exp(−ik2 · r)V(r) exp(ik1 · r)dr

= − m

2πh̄2

∫
V(r) exp(ik · r)dr (4.1.18)

Hence the amplitude of the scattered component is proportional to the Fourier transform
of the scattering potential. The first line of (4.1.18) also shows that f (θ) is expressible
as a matrix element of the interaction V(r) between initial and final plane-wave states of
the neutron. Use of the first Born approximation is therefore equivalent to calculating the
cross-section dσ/dΩ by the “golden rule” of quantum mechanical perturbation theory.

An expression for dσ/dΩ can now be derived by substituting for V(r) in (4.1.18), in-
serting the result in (4.1.9) and taking the thermal average. This yields the expression

dσ

dΩ
=
〈∣∣∣∣∣

N∑
i=1

bi exp(−ik · ri )

∣∣∣∣∣
2〉

=
〈

N∑
i=1

N∑
j=1

bibj exp
[−ik · (rj − ri )

]〉
(4.1.19)

A more useful result is obtained by taking an average of the scattering lengths over isotopes
and nuclear spin states, which can be done independently of the thermal averaging over
coordinates. We therefore introduce the notation〈

b2
i

〉≡ 〈b2
〉
, 〈bibj 〉 = 〈bi〉〈bj 〉 ≡ 〈b〉2

〈b〉2 ≡ b2
coh,

(〈
b2
〉− 〈b〉2

)≡ b2
inc

(4.1.20)
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and rewrite (4.1.19) as

dσ

dΩ
= N

〈
b2〉+ 〈b〉2

〈
N∑
i=1

N∑
j �=i

exp
[−ik · (rj − ri )

]〉

= N
(〈
b2〉− 〈b〉2)+ 〈b〉2

〈∣∣∣∣∣
N∑
i=1

exp(−ik · ri )

∣∣∣∣∣
2〉

= Nb2
inc + Nb2

cohS(k) (4.1.21)

The subscripts “coh” and “inc” refer, respectively, to coherent and incoherent scattering.
Information about the structure of the fluid is contained entirely within the coherent con-
tribution to the cross-section; there is no incoherent contribution if the sample consists of
a single isotopic species of zero nuclear spin. The amplitude of the wave scattered by a
single, fixed nucleus is

f (θ) = −b

∫
δ(r) exp(ik · r)dr = −b (4.1.22)

In the absence of incoherent scattering the cross-section for scattering by a liquid is

dσ

dΩ
= Nb2S(k) (4.1.23)

where Nb2 is the cross-section for a system of N independent nuclei and S(k) represents
the effects of spatial correlations.

A similar calculation can be made of the cross-section for elastic scattering of x-rays.
There is now no separation into coherent and incoherent parts, but the expression for the
differential cross-section has the same general form as in (4.1.23). One important differ-
ence is that x-rays are scattered by interaction with the atomic electrons and the analogue
of the neutron scattering length is the atomic form factor, f (k). The latter, unlike b, is a
function of k and defined as

f (k) =
〈

Z∑
n=1

exp
[
ik · (r(n)i − ri

)]〉
Q

(4.1.24)

where the subscript Q denotes a quantum mechanical expectation value, r(n)i represents the
coordinates of the nth electron of the ith atom (with nuclear coordinates ri ) and Z is the
atomic number; for large atoms, f (k) ≈ Z over the range of k in which S(k) displays a
significant degree of structure.

The pair distribution function is derived from a measured structure factor, such as that
pictured in Figure 3.2, by numerically transforming the experimental data according to
(4.1.4). Difficulties arise in practise because measurements of S(k) necessarily introduce a
cut-off at large values of k. These difficulties are the source of the unphysical ripples seen
at small r in the distribution function for liquid argon shown in Figure 2.1.
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The definition of the structure factor given by (4.1.1) is easily extended to systems of
more than one component. As in Section 3.6, we consider an n-component system in which
the number concentration of species ν is xν . The microscopic partial density ρν(r) and its
Fourier components ρν

k are defined in a manner analogous to (3.1.2) and (4.1.2), except
that the sums run only over the particles of species ν. Thus

ρν
k =

Nν∑
i=1

exp(−ik · ri ) (4.1.25)

If the fluid is homogeneous, the partial pair distribution function

gνμ(r) = hνμ(r) + 1 (4.1.26)

has a δ-function representation given by

xνxμρgνμ(r) =
〈

1

N

Nν∑
i=1

Nμ∑
j=1

′
δ(r + rj − ri )

〉
(4.1.27)

The partial structure factor defined by a generalisation of (4.1.1) as

Sνμ(k) =
〈

1

N
ρν

kρ
μ

−k

〉
(4.1.28)

is related to gνμ(r) by

Sνμ(k) = xνδνμ + xνxμρ

∫
gνμ(r) exp(−ik · r)dr (4.1.29)

which again differs from the earlier definition (3.6.15) by an unimportant δ-function term.

4.2 THE YBG HIERARCHY AND THE BORN–GREEN EQUATION

It was shown in Section 2.1 that the non-equilibrium phase-space distribution functions
f (n)(rn,pn; t) are coupled together by a set of equations called the BBGKY hierarchy.
A similar hierarchy exists for the equilibrium particle densities, assuming again that the
forces between particles are pairwise additive; this is generally known as the Yvon–Born–
Green or YBG hierarchy.

Consider first the case when n = 1. At equilibrium (2.1.20) becomes(
p1

m
.
∂

∂r1
+ X1.

∂

∂p1

)
f

(1)
0 (r1,p1)

= −
∫∫

F12.
∂

∂p1
f

(2)
0 (r1,p1, r2,p2)dr2 dp2 (4.2.1)
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where, from the expression for f (n)
0 given by (2.5.1) with the subscript N omitted:

f
(1)
0 (r1,p1) = ρ(1)(r1)fM(p1) (4.2.2)

f
(2)
0 (r1,p1, r2,p2) = ρ(2)(r1, r2)fM(p1)fM(p2) (4.2.3)

On inserting (4.2.2) and (4.2.3) into (4.2.1), exploiting the normalisation (2.1.27) and the
fact that (∂/∂p)fM(p) = −(β/m)pfM(p), and finally dividing through by (β/m)fM(p1),
we obtain a relation between the single-particle (n = 1) and pair (n = 2) densities:

(kBT p1 · ∇1 − p1 · X1)ρ
(1)(r1) =

∫
(p1 · F12)ρ

(2)(r1, r2)dr2 (4.2.4)

Equation (4.2.4) may be cast in the form pi · Q = 0 where i = 1, but because this result
would be true for any choice of pi it follows that Q = 0. Thus, replacing the forces X1
and F12 in (4.2.4) by the negative gradients of the external potential φ(r1) and interparticle
potential v(r1, r2), respectively, and dividing through by ρ(1)(r1), we find that

−kBT∇1 lnρ(1)(r1) = ∇1φ(r1) +
∫

∇1v(r1, r2)ρ
(1)(r2)g

(2)(r1, r2)dr2 (4.2.5)

This expression provides a possible starting point for the calculation of the density profile
of a fluid in an external field, while if there are no interactions between particles it reduces
to the usual barometric law, ρ(1)(r) ∝ exp[−βφ(r)].

Similar manipulations for the case when n = 2 yield a relationship between the pair and
triplet distribution functions which, in the absence of an external field, takes the form

−kBT∇1 lng(2)(r1, r2)

= ∇1v(r1, r2) + ρ

∫
∇1v(r1, r3)

(
g(3)(r1, r2, r3)

g(2)(r1, r2)
− g(2)(r1, r3)

)
dr3 (4.2.6)

where on the right-hand side we have subtracted a term that vanishes in the isotropic case.
We now eliminate the triplet distribution function by use of Kirkwood’s superposition
approximation,1 i.e.

g(3)(r1, r2, r3) ≈ g(2)(r1, r2)g
(2)(r2, r3)g

(2)(r1, r3) (4.2.7)

which becomes exact in the limit ρ → 0. When this approximation is introduced into
(4.2.6) the result is a non-linear integro-differential equation for the pair distribution func-
tion in terms of the pair potential:

−kBT∇1
[
lng(r1, r2) + βv(r1, r2)

]
= ρ

∫
∇1v(r1, r3)g(r1, r3)

[
g(r2, r3) − 1

]
dr3 (4.2.8)
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This is the Born–Green equation.2 Given v(r), (4.2.8) can be solved numerically to yield
g(r), from which in turn all thermodynamic properties can be derived via the energy, pres-
sure and compressibility equations. The work of Born and Green represented one of the
earliest attempts to determine the structure and thermodynamics of a classical fluid by fol-
lowing a well-defined statistical mechanical route, but the results obtained are satisfactory
only at low densities.3 As we shall see later, other approximate integral equations have
subsequently been proposed that work well even at high densities.

By construction, the superposition approximation satisfies the so-called core condition
for hard-core systems, meaning that g(3)(r1, r2, r3) vanishes when any of the interparticle
distances r12, r13 or r23 is less than the hard-core diameter. However, it violates the sum
rule

g(2)(r1, r2) = ρ

N − 2

∫
g(3)(r1, r2, r3)dr3 (4.2.9)

which follows directly from the definitions (2.5.3) and (2.5.9). An alternative to (4.2.7) is
provided by the “convolution” approximation,4 which has the merit of satisfying (4.2.9)
exactly. The approximation is most easily expressed in k-space, where it takes the form

S(3)(k,k′) ≡
〈

1

N
ρkρk′ρ−k−k′

〉
≈ S(k)S(k′)S

(|k + k′|) (4.2.10)

The product of structure factors in (4.2.10) transforms in r-space into a convolution product
of pair distribution functions, but this fails to satisfy the core condition and in practice is
rarely used. The convolution approximation can be derived5 by setting the triplet function
ĉ(3)(k,k′) equal to zero in the three-particle analogue of the Ornstein–Zernike relation
(3.5.10).

4.3 FUNCTIONAL EXPANSIONS AND INTEGRAL EQUATIONS

A series of approximate integral equations for the pair distribution function of a uniform
fluid in which the particles interact through pairwise-additive forces can be derived system-
atically by an elegant method due to Percus.6 The basis of the method is the interpretation
of the quantity ρg(r) as the single-particle density at a point r in the fluid when a particle
of the system is known to be located at the origin, r = 0. The particle at the origin, labelled
0, is assumed to be fixed in space, while the other particles move in the force field of parti-
cle 0. Then the total potential energy of the remaining particles in the “external” field due
to particle 0 is of the form (3.1.3), with

φ(i) = v(0, i) (4.3.1)

Let Ξ [φ], as given by (3.1.8), be the grand partition function in the presence of the external
field. In that expression, VN is the total interatomic potential energy of particles 1, . . . ,N .
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Alternatively, we may treat the particle at the origin as an (N + 1)th particle. Then

VN +
N∑
i=1

φ(i) =
N∑
i=1

N∑
j>i

v(i, j) +
N∑
i=1

v(0, i) = VN+1 (4.3.2)

If we denote the partition function in the absence of the field by Ξ0, (3.1.8) may be rewrit-
ten as

Ξ [φ] =
∞∑

N=0

zN

N !
∫

· · ·
∫

exp(−βVN+1)d1 · · ·dN

= Ξ0

z

∞∑
N=0

1

Ξ0

zN+1

N !
∫

· · ·
∫

exp(−βVN+1)d1 · · ·dN

= Ξ0

z

∞∑
N=1

1

Ξ0

zN

(N − 1)!
∫

· · ·
∫

exp(−βVN)d1 · · ·d(N − 1) (4.3.3)

Equation (2.5.3) shows that the sum on N in (4.3.3) is the definition of the single-particle
density in a homogeneous system. Thus

Ξ [φ] = ρΞ0

z
(4.3.4)

The physical content of this result is closely related to that of (2.4.30). By a similar ma-
nipulation, but starting from (3.1.9), it can be shown that the single-particle density in the
presence of the external field is related to the two-particle density in the absence of the
field by

ρ(1)(1|φ) = ρ(2)(0,1|φ = 0)

ρ
(4.3.5)

Because the system is spatially uniform in the absence of the field, (2.6.7) and (4.3.5)
together yield the relation

ρ(1)(1|φ) = ρg(0,1) (4.3.6)

which is the mathematical expression of Percus’s idea. The effect of switching on the force
field of particle 0 is to change the potential φ(1) from zero to Δφ = v(0,1); the response,
measured by the change in the single-particle density, is

Δρ(1)(1) = ρ(1)(1|φ) − ρ(1)(1|φ = 0) = ρg(0,1) − ρ = ρh(0,1) (4.3.7)

If the field due to particle 0 is regarded as a perturbation, it is natural to consider func-
tional Taylor expansions of various functionals of φ or ρ(1) with respect to Δφ. One obvi-
ous choice is to expand Δρ(1) itself in powers of Δφ. The first-order result is simply the
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Yvon equation (3.6.7), with the infinitesimal quantities δρ(1), δφ replaced by Δρ(1),Δφ.
On combining this expression with (4.3.1) and (4.3.7) we find that

h(0,1) = −βv(0,1) + ρ

∫
h(1,2)

[−βv(0,2)
]

d2 (4.3.8)

Comparison with the Ornstein–Zernike relation (3.5.12) shows that in this approximation

c(0,1) ≈ −βv(0,1) (4.3.9)

When the potential is steeply repulsive at short range, (4.3.8) and (4.3.9) are very poor
approximations, because Δρ(1) is then a highly non-linear functional of φ. The approach
is more successful in the case of the Coulomb potential; as we shall see in Section 4.5,
(4.3.9) is equivalent to the Debye–Hückel approximation.

Better results are obtained for short-ranged potentials by expansion in powers of Δρ(1).
In combination with the Ornstein–Zernike relation, each choice of functional to be ex-
panded yields a different integral equation for the pair distribution function. Here we con-
sider the effect of expanding the intrinsic free energy. Equation (3.5.23) is an exact relation
for F ex[ρ(1)] relative to the free energy of a reference system at the same temperature and
chemical potential. If we take the reference system to be a uniform fluid of density ρ0 and
chemical potential μ0, the quantities c

(1)
0 , F ex can be replaced by −βμex

0 , F ex
0 and (3.5.23)

becomes

F ex[ρ(1)] = F ex
0 + μex

0

∫
Δρ(1)(r)dr

− kBT

∫ 1

0
dλ (1 − λ)

∫∫
Δρ(1)(r)c(2)(r, r′;λ)Δρ(1)(r′)dr dr′ (4.3.10)

This result is still exact, but if we make the approximation of setting c(2)(r, r′;λ) equal
to the direct correlation function of the reference system, c(20 (r, r′), for all values of λ, we
obtain an expansion of Fex[ρ(1)] correct to second order in Δρ(1) ≡ ρ(1) − ρ0:

F ex ≈ F ex
0 + μex

0

∫
Δρ(1)(r)dr

− 1
2kBT

∫∫
Δρ(1)(r)c(2)0 (r, r′)Δρ(1)(r′)dr dr′ (4.3.11)

or, after adding the ideal part, given by (3.1.22), and replacing μex
0 by μ0 − kBT lnρ0Λ

3:

F
[
ρ(1)] ≈ F0 + (μ0 − kBT )

∫
Δρ(1)(r)dr + kBT

∫
ρ(1)(r) ln

ρ(1)(r)
ρ0

dr

− 1
2kBT

∫∫
Δρ(1)(r)c(2)0

(|r − r′|)Δρ(1)(r′)dr dr′ (4.3.12)
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The grand-potential functional Ωφ[ρ(1)] defined by (3.4.1) is

Ωφ

[
ρ(1)]= F

[
ρ(1)]+ ∫ ρ(1)(r)φ(r)dr − μ

∫
ρ(1)(r)dr (4.3.13)

or, after substitution for F from (4.3.12):

Ωφ

[
ρ(1)] ≈ Ω0 +

∫
ρ(1)(r)φ(r)dr

+ kBT

∫ (
ρ(1)(r) ln

ρ(1)(r)
ρ0

− Δρ(1)(r)
)

dr

− 1
2kBT

∫∫
Δρ(1)(r)c(2)0

(|r − r′|)Δρ(1)(r′)dr dr′ (4.3.14)

where

Ω0 = F0 − μ0

∫
ρ0 dr (4.3.15)

is the grand potential of the reference system. At equilibrium, Ωφ is a minimum with
respect to variations in the single-particle density, and it is straightforward to show that the
density which minimises (4.3.14) is

ρ(1)(r) = ρ0 exp

(
−βφ(r) +

∫
Δρ(1)(r′)c(2)0

(|r − r′|)dr′
)

(4.3.16)

The same result is obtained by minimising the total free-energy functional obtained by
adding the external-field term to (4.3.12), but subject now to the constraint that the total
number of particles must remain constant, i.e.∫

Δρ(1)(r)dr = 0 (4.3.17)

Equation (4.3.16) may be viewed as providing either an expression for the density profile
of a fluid in a true external field or, following Percus, an expression for the pair distribution
function of a uniform fluid of density ρ0 for which φ(r) can be identified with the pair
potential. In the uniform case it follows from (4.3.7) that

g(r) = exp

(
−βv(r) + ρ

∫
c
(|r − r′|)h(r′)dr′

)
(4.3.18)

or, from the Ornstein–Zernike relation (3.5.12):

g(r) = exp
[−βv(r)

]
exp
[
h(r) − c(r)

]
(4.3.19)
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Equation (4.3.19) represents the hypernetted-chain or HNC approximation.7 The corre-
sponding expression for the grand potential is obtained by substituting (4.3.6) for ρ(1)(r)
in (4.3.14). This leads, after some rearrangement and use of the Ornstein–Zernike relation,
to the expression

Ω = Ω0 + 1
2ρkBT

∫
h(r)

[
h(r) − c(r)

]
dr − ρkBT

∫
c(r)dr (4.3.20)

The quantity ΔΩ = Ω −Ω0 is the change in grand potential arising from the introduction
of a particle that acts as the source of the external field. Since that particle is fixed in
space, it makes no contribution to the ideal free energy, and the change in grand potential
is therefore equal to the excess chemical potential. Thus, in the HNC approximation:

βμex = 1
2ρ

∫
h(r)

[
h(r) − c(r)

]
dr − ρ

∫
c(r)dr (4.3.21)

Equation (4.3.19) represents an approximate closure of the Ornstein–Zernike relation,
since it provides a second, independent relation between h(r) and c(r). Elimination of
c(r) between the two relations yields the HNC integral equation:

lng(r) + βv(r) = ρ

∫ [
g(r − r′) − 1

][
g(r′) − 1 − lng(r′) − βv(r′)

]
dr′ (4.3.22)

The HNC equation and other integral equations of a similar type can be solved numerically
by an iterative approach, starting with a guess for either of the functions h or c. Perhaps the
easiest method is to use the relation (3.5.13) between the Fourier transforms of h and c. An
initial guess, c(0)(r) say, is made and its Fourier transform inserted in (3.5.13); an inverse
transformation yields a first approximation for h(r). The closure relation between h and c

is then used to obtain an improved guess, c(1)(r) say. The process is repeated, with c(1)(r)

replacing c(0)(r) as input, and the iteration continues until convergence is achieved.8 To
ensure convergence it is generally necessary to mix successive approximations to c(r)

before they are used at the next level of iteration. A variety of elaborations of this basic
scheme have been worked out.

The approximation represented by (4.3.19) is equivalent to setting

c(r) = h(r) − ln
[
h(r) + 1

]− βv(r) (4.3.23)

For sufficiently large r , h(r) � 1; if we expand the logarithmic term in (4.3.23), we find
that c(r) ≈ −βv(r). As we shall see in Chapter 10, the r−1 decay of c(r) at large r is
crucial in determining the properties of ionic fluids. For such systems we must expect the
HNC approximation to be superior to those approximations in which c(r) has a different
asymptotic behaviour.
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4.4 THE PERCUS–YEVICK EQUATION

The derivation of (4.3.19) has a strong appeal, since it shows that the HNC closure of the
Ornstein–Zernike relation corresponds to minimising a well-defined grand-potential (or
free-energy) functional, albeit an approximate one. It also leads naturally to an expression
for the chemical potential of a uniform fluid expressed solely in terms of the functions h(r)

and c(r). The HNC equation can, however, be derived in a simpler way by expanding the
single-particle direct correlation function c(1)(r) of an inhomogeneous fluid about that of a
uniform reference system in powers of Δρ(1) where, as before, we follow Percus’s idea by
supposing that the inhomogeneity is induced by “switching on” the interaction φ(r) with
a particle fixed at the origin. To first order in Δρ(1) the result is

c(1)(r) ≈ c
(1)
0 +

∫
Δρ(1)(r′) δc(1)(r)

δρ(1)(r′)

∣∣∣∣
φ=0

dr′

= −βμex
0 +

∫
Δρ(1)(r′)c(2)0 (r, r′)dr′ (4.4.1)

where the subscript 0 again denotes a property of the reference system. Taken together
with the relation (3.5.4) between c(1)(r) and ρ(1)(r), it is easy to show that (4.4.1) is equiv-
alent to (4.3.16), and therefore leads again to the HNC expression (4.3.19). This method
of approach is also suggestive of routes to other integral equation approximations, since
there are many functionals that could be expanded to yield a possibly useful closure of the
Ornstein–Zernike relation. We can, for example, choose to expand exp[c(1)(r)] in powers
of Δρ(1). The first-order result is now

exp
[
c(1)(r)

] ≈ exp
(−βμex

0

)+ ∫ Δρ(1)(r′)δ exp[c(1)(r)]
δρ(1)(r′)

∣∣∣∣
φ=0

dr′

= exp
(−βμex

0

)(
1 +

∫
Δρ(1)(r′)c(2)0 (r, r′)dr′

)
(4.4.2)

which leads, via (3.5.4), to an expression for the pair distribution function of a uniform
fluid:

g(r) = exp
[−βv(r)

](
1 + ρ

∫
c
(|r − r′|)h(r′)dr′

)
= exp

[−βv(r)
][

1 + h(r) − c(r)
]

(4.4.3)

This is the Percus–Yevick or PY approximation.9 The integral equation that results from
using the Ornstein–Zernike relation to eliminate c(r) from (4.4.3) is

exp
[
βv(r)

]
g(r) = 1 + ρ

∫ [
g(r − r′) − 1

]
g(r′)

(
1 − exp

[
βv(r′)

])
dr′ (4.4.4)
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The approximation (4.4.3) is equivalent to taking

c(r) ≈ (1 − exp
[
βv(r)

])
g(r) (4.4.5)

so that c(r) is zero whenever the potential vanishes. The PY equation proves to be more
successful than the HNC approximation when the potential is strongly repulsive and short
ranged. From comparison of (4.4.3) with (4.3.19) we see that the PY approximation is
recovered by linearisation of the HNC result with respect to (h− c), while a diagrammatic
analysis shows that the PY equation corresponds to summing a smaller class of diagrams
in the density expansion of h(r). To some extent, therefore, the greater success of the PY
equation in the case of short-range potentials must be due to a cancellation of errors.

The HNC and PY equations are the classic integral-equation approximations of liquid-
state theory. We shall deal shortly with the question of their quantitative reliability, but it
is useful initially to note some general features of the two approximations. Both equations
predict, correctly, that g(r) behaves as exp[−βv(r)] in the limit ρ → 0. As we shall see in
Section 4.6, they also yield the correct expression for the term of order ρ in the density ex-
pansion of g(r). It follows that they both give the correct second and third virial coefficients
in the expansion of the equation of state. At order ρ2 and beyond, each approximation ne-
glects a certain number (different for each theory) of the diagrams appearing in the exact
expansion of g(r). Once a solution for the pair distribution function has been obtained, the
internal energy, pressure and compressibility can be calculated from (2.5.20), (2.5.22) and
(2.6.12), respectively. The pressure can also be determined in two other ways. First, the
inverse compressibility can be integrated numerically with respect to density to yield the
so-called compressibility equation of state. Secondly, the internal energy can be integrated
with respect to inverse temperature to give the Helmholtz free energy (see (2.3.9)); the
latter can in turn be differentiated numerically with respect to volume to give the “energy”
equation of state. The results obtained via the three routes – virial, compressibility and
energy – are in general different, sometimes greatly so. This lack of thermodynamic con-
sistency is a common feature of approximate theories. The HNC equation is a special case
insofar as it corresponds to a well-defined free-energy functional, and differentiation of
that free energy with respect to volume can be shown10 to give the same result as the virial
equation. The energy and virial routes to the equation of state are therefore equivalent.

The PY equation is of particular interest in the theory of simple liquids because it is
soluble analytically in the important case of the hard-sphere fluid. Written in terms of the
cavity distribution function y(r), the PY approximation (4.4.5) is

c(r) = y(r)f (r) (4.4.6)

For hard spheres of diameter d , (4.4.6) is equivalent to setting

c(r) = −y(r), r < d,

= 0, r > d
(4.4.7)

It follows that c(r) has a discontinuity at r = d , since y(r) is continuous everywhere (see
Section 4.6). The solution is further restricted by the fact that g(r) must vanish inside the
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hard core, i.e.

g(r) = 0, r < d (4.4.8)

Given (4.4.7) and (4.4.8) it is possible to rewrite the Ornstein–Zernike relation as an inte-
gral equation for y(r) in the form

y(r) = 1 + ρ

∫
r ′<d

y(r ′)dr′ − ρ

∫
r′<d

|r−r′ |>d

y(r ′)y
(|r − r′|)dr′ (4.4.9)

which can be solved by Laplace transform methods.11 The final result for c(r) is

c(x) = −λ1 − 6ηλ2x − 1
2ηλ1x

3, x < 1,

= 0, x > 1
(4.4.10)

where x ≡ r/d , η is the packing fraction and

λ1 = (1 + 2η)2/(1 − η)4, λ2 = −(2 + η)2/4(1 − η)4 (4.4.11)

Appendix D describes a different method of solution, due to Baxter;12 this has the advan-
tage of being easily generalised to cases where the potential consists of a hard-sphere core
and a tail. The analytical solution to the PY equation has also been found for the case of
binary mixtures of hard spheres with different but additive diameters.13

The compressibility of the hard-sphere fluid is obtained by substitution of (4.4.10) in
(3.5.15), and integration with respect to η yields the compressibility equation of state:

βP c

ρ
= 1 + η + η2

(1 − η)3
(4.4.12)

Alternatively, substitution of

lim
r→d+ g(r) = y(d) = − lim

r→d− c(r) (4.4.13)

in (2.5.26) leads to the virial equation of state:

βP v

ρ
= 1 + 2η + 3η2

(1 − η)2
(4.4.14)

The difference between P c and P v increases with increasing density. The general expres-
sions for the nth virial coefficient, obtained by expanding the two equations in powers of
η, are

Bc
n/b

n−1 = 2
[
2 + 3n(n − 1)

]
/4n

Bv
n/b

n−1 = 8[3n − 4]/4n
(4.4.15)
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FIG. 4.2. Equation of state of the hard-sphere fluid in the PY and HNC approximations. The full curves and
dashes show results from the virial and compressibility equations, respectively, and the points are calculated from
the Carnahan–Starling equation (3.9.17).

where b ≡ B2 = (2π/3)d3. Both equations yield the exact values of B2 and B3, but give
incorrect (and different) values for the higher-order coefficients.

The full equations of state are plotted in Figure 4.2 for comparison with results predicted
by the Carnahan–Starling formula (3.9.17), which is nearly exact. The pressures calculated
from the compressibility equation lie systematically closer to and above the Carnahan–
Starling results at all densities, while the virial pressures lie below them. It appears that the
Carnahan–Starling formula interpolates accurately between the two PY expressions; in fact
(3.9.17) is recovered if (4.4.12) and (4.4.14) are added together with weights, respectively,
of two-thirds and one-third:

βP

ρ
= β

3ρ

(
2P c + P v)= 1 + η + η2 − η3

(1 − η)3
(4.4.16)

Results obtained by numerical solution of the HNC equation are also shown in Figure 4.2.
They are clearly inferior to the PY results.

The PY approximation to the pair distribution function is obtained by substitution of
(4.4.10) into the Ornstein–Zernike relation; as a consequence of the discontinuity in c(x)

at x = 1, g(x) is only a piecewise-analytical function.14 A comparison of the calculated
distribution function with the results of a Monte Carlo simulation of the hard-sphere fluid
at a density (η = 0.49) close to the fluid–solid transition is shown in Figure 4.3. Although
the general agreement is good, the theoretical curve shows two significant defects. First,
the value at contact is too low. Secondly, the oscillations are slightly out of phase with
the Monte Carlo results. In addition, the amplitude of the oscillations decreases too slowly
with increasing distance, with the consequence that the main peak in the structure factor is
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FIG. 4.3. Radial distribution function of the hard-sphere fluid at a density close to the fluid–solid transition. The
curve shows the PY solution and the points are the results of Monte Carlo calculations.
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FIG. 4.4. Equation of state of the Lennard-Jones fluid along the isotherm T ∗ = 1.35. The curves show results
obtained from the PY and HNC equations via the virial (v) and energy (e) routes and the points are the results of
Monte Carlo calculations.16

too high, reaching a maximum value of 3.05 rather than the value 2.85 obtained by simu-
lation. An accurate representation of the pair distribution function of the hard-sphere fluid
is an important ingredient of many theories. To meet that need, a simple, semi-empirical
modification of the PY result has been devised in which the faults seen in Figure 4.3 are
corrected.15

Solutions to the PY and HNC equations have been obtained for a variety of other pair
potentials over wide ranges of temperature and density. Comparison of results for the
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Lennard-Jones potential with those of computer simulations show that the PY approxi-
mation is superior at all thermodynamic states for which calculations have been made.3

At high temperatures the agreement with simulations is excellent both for internal energy
and for pressure, but it worsens rapidly as the temperature is reduced. Figure 4.4 shows
results for the virial and energy equations of state along the isotherm T ∗ = 1.35, which
corresponds to a near-critical temperature. Although the pressures calculated by the en-
ergy route are in good agreement with those obtained by simulation,17 the more significant
feature of the results is the serious thermodynamic inconsistency that they reveal, which
becomes more severe as the temperature is lowered further. The deficiencies in the PY ap-
proximation at low temperatures are also evident in the behaviour of the pair distribution
function. The main peak in g(r) has too great a height and occurs at too small a value of r ,
while the later oscillations are out of phase with the results of simulations; in the latter
respect, the situation is markedly worse than it is for hard spheres. These weaknesses show
that the PY approximation cannot be regarded as a quantitatively satisfactory theory of the
liquid state.

4.5 THE MEAN SPHERICAL APPROXIMATION

There are a variety of model fluids of interest in the theory of liquids for which the pair
potential consists of a hard-sphere interaction plus a tail. The tail is normally attractive, but
not necessarily spherically symmetric. Such systems have been widely studied in the mean
spherical approximation or MSA. The name comes from the fact that the approximation
was first proposed as a generalisation of the mean spherical model of Ising spin systems.
The general form of the potential in the spherically symmetric case is

v(r) = ∞, r < d,

= v1(r), r > d
(4.5.1)

where d is the hard-sphere diameter. The MSA is defined in terms of the pair distribution
function and direct correlation function by

g(r) = 0, r < d

c(r) = −βv1(r), r > d
(4.5.2)

When supplemented by the Ornstein–Zernike relation, these two expressions combine to
yield an integral equation for g(r). The first expression is exact, while the second extends
the asymptotic behaviour of c(r) to all r > d and is clearly an approximation. Despite the
crude form assumed for c(r), the MSA gives good results in many cases. For example, it
provides a much better description of the properties of the square-well fluid18 than is given
by either the PY or HNC approximation. However, the most attractive feature of the MSA
is the fact that the integral equation can be solved analytically for a number of potential
models of physical interest, including the hard-core Yukawa fluid defined by (1.2.2) as
well as simple models of electrolyte solutions (discussed in Chapter 10) and polar liquids
(Chapter 11).
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The PY equation for hard spheres is the special case of the MSA when the tail in the
potential is absent and the analytical solution of the MSA for certain pair potentials is
closely linked to the method of solution of the PY hard-sphere problem. The two theories
also have a common diagrammatic structure,19 but the connection between them can be
established more easily in the following way. The basic PY approximation (4.4.3) may be
expressed in the form

c(r) = f (r) + f (r)
[
h(r) − c(r)

]
(4.5.3)

where f (r) is the Mayer function for the potential v(r). In the low-density limit, h(r) and
c(r) become the same, and the right-hand side of (4.5.3) reduces to f (r). Equation (4.5.3)
can therefore be rewritten as

c(r) = c0(r) + f (r)
[
h(r) − c(r)

]
(4.5.4)

where c0(r), the limiting value of c(r) at low density, is equal to f (r) both in an exact
theory and in the PY approximation. If we choose another form for c0(r) in (4.5.3), we
generate a different theory. For a potential of the type defined by (4.5.1) the exact c0(r) is

c0(r) = exp
[−βv(r)

]− 1 = [1 + fd(r)
]

exp
[−βv1(r)

]− 1 (4.5.5)

where fd(r) is the Mayer function for hard spheres. The MSA is equivalent to linearising
(4.5.5) with respect to v1(r) by setting

c0(r) ≈ [1 + fd(r)
][

1 − βv1(r)
]− 1 = fd(r) − βv1(r)

[
1 + fd(r)

]
(4.5.6)

and at the same time replacing f by fd in (4.5.4). Taken together, these two approximations
give rise to the expression

fd(r)
[
1 + h(r)

]= [c(r) + βv1(r)
][

1 + fd(r)
]

(4.5.7)

which is equivalent to the closure relation (4.5.2). This characterisation of the MSA shows
that it involves approximations additional to those underlying the PY equation. One would
therefore not expect the MSA to be of comparable accuracy to the PY approximation. In
practice, as the results for the square-well fluid show, this is not necessarily true.

The structure of (4.5.7) suggests a natural way in which the MSA can be extended to a
class of pair potentials wider than that defined by (4.5.1).20 Let us suppose that the potential
v(r) is divided in the form

v(r) = v0(r) + v1(r) (4.5.8)

The conventional MSA is applicable only when v0 is the hard-sphere potential. When v0 is
strongly repulsive but continuous, the natural generalisation of the closure relation (4.5.7)
is obtained by replacing fd by f0, the Mayer function for the potential v0. The resulting
equation can then be rearranged to give

g(r) = exp
[−βv0(r)

][
1 + h(r) − c(r) − βv1(r)

]
(4.5.9)
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which reduces to the PY approximation (4.4.3) when v1(r) is very weak. When applied
to the Lennard-Jones fluid, the “soft-core” MSA gives good results when the potential is
divided at its minimum in the manner that has also proved very successful when used in
thermodynamic perturbation theory (see Section 5.4).

4.6 DIAGRAMMATIC EXPANSIONS OF THE PAIR FUNCTIONS

In Section 3.8 we derived the density expansion of the two-particle direct correlation func-
tion c(2)(1,2). We now wish to do the same for other pair functions. One of our main goals
is to obtain a precise, diagrammatic characterisation of the HNC approximation of Sec-
tion 4.3. The simplest way to proceed is to take as starting point the iterative solution of
the Ornstein–Zernike relation in (3.5.11). That solution can be expressed in diagrammatic
terms as

h(1,2) = [all chain diagrams consisting of two terminal white 1-circles

labelled 1 and 2, black ρ(1)-circles and c-bonds]

=
1 2

+
21

+
21

+ · · · (4.6.1)

where the meaning of the terms “chain” diagram and “terminal” circle is self-evident.
We now replace the c-bonds in (4.6.1) by their series expansion. The first term on the
right-hand side of (4.6.1) yields the complete set of diagrams that contribute to c(1,2)
and are therefore free of connecting circles, which means they contain neither articulation
circles nor nodal circles. The black circles appearing at higher order are all nodal circles;
they remain nodal circles when the c-bonds are replaced by diagrams drawn from the
series (3.8.7), but no articulation circles appear. The topology of the resulting diagrams is
therefore similar to that of the diagrams in the series for c(1,2) except that nodal circles
are now permitted. Thus21

h(1,2) = [all irreducible diagrams consisting of two white 1-circles

labelled 1 and 2, black ρ(1)-circles and f -bonds] (4.6.2)

Equation (4.6.2) contains more diagrams than (3.8.7) at each order in density beyond the
zeroth-order term; the additional diagrams contain at least one nodal circle. For example,
of the two second-order terms shown below, (a) appears in both expansions but (b) appears
only in (4.6.2), because in (b) the black circles are nodal circles.

1 2 1 2

(a) (b)

Diagrams (a) and (b) differ only by the presence in (a) of an f -bond between the white
circles. If we recall that e(1,2) = f (1,2) + 1, we see that the sum of (a) and (b) is given
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by a single diagram in which the white circles are linked by an e-bond. All diagrams in
(4.6.2) can be paired uniquely in this way, except that the lowest-order diagram

1 2

appears alone. We therefore add to (4.6.2) the disconnected diagram consisting of two
white 1-circles:

1 2
= 1

and obtain an expansion of g(1,2) = h(1,2) + 1 in terms of diagrams in which the white
circles are linked by an e-bond and all other bonds are f -bonds. Alternatively, on dividing
through by e(1,2), we find that the cavity distribution function y(1,2) = g(1,2)/e(1,2)
can be expressed in the form

y(1,2) = [all irreducible diagrams consisting of two non-adjacent white

1-circles labelled 1 and 2, black ρ(1)-circles and f -bonds]

= 1 +
1 2

+
1 2

+
1 2

+
1 2

+
1 2

+
1 2

+ · · · (4.6.3)

If the system is homogeneous and the factor e(1,2) is restored, (4.6.3) becomes an expan-
sion of g(1,2) in powers of ρ with coefficients gn(r) such that

g(r) = exp
[−βv(r)

](
1 +

∞∑
n=1

ρngn(r)

)
(4.6.4)

Both g1(r) and g2(r) have been evaluated analytically for hard spheres.22

The form of the series (4.6.4) leads immediately to two important results. First, g(r) be-
haves as exp[−βv(r)] as ρ → 0, as we proved in a different way in Section 2.6. Secondly,
y(r) is a continuous function of r even for hard spheres, for which the discontinuity in g(r)

at r = d is wholly contained in the factor exp[−βv(r)]. This useful property has already
been exploited in the derivation of the hard-sphere equation of state (2.5.26). It is also clear
from (4.6.3) that y(1,2) can be interpreted as the distribution function for a pair 1, 2 in a
“mixed” system in which the interaction between those particles is suppressed (and hence
e(1,2) = 1) but other interactions remain the same. For a system of hard spheres, two
such particles would correspond to spheres that can overlap each other, but not other parti-
cles, and therefore play a role equivalent to that of spherical cavities. Figure 4.5 shows the
calculated cavity distribution function for the Lennard-Jones fluid in a high-density, low-
temperature thermodynamic state. The very rapid increase in y(r) as r → 0 implies that
there is a high probability of finding the two “cavity” particles at very small separations.

The pair distribution function is sometimes written as

g(1,2) = exp
[−βψ(1,2)

]
(4.6.5)
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FIG. 4.5. Monte Carlo results for the cavity distribution function of the Lennard-Jones fluid. After
Llano-Restrepo and Chapman.23

where ψ(1,2) is the potential of mean force. The name is justified by the fact that the quan-
tity −∇1ψ(1,2) is the force on particle 1, averaged over all positions of particles 3,4, . . . ,
with particles 1 and 2 held at r1 and r2, respectively. This can be proved24 by taking the
logarithm of both sides of the definition of g(1,2) provided by (2.5.3) and (2.5.8) and dif-
ferentiating with respect to the coordinates of particle 1. It is clear from the behaviour of
the pair-distribution function at low-density that ψ(1,2) → v(1,2) as ρ → 0. If we define
a function ω(1,2) by

ω(1,2) = β
[
v(1,2) − ψ(1,2)

]
(4.6.6)

then

g(1,2) = e(1,2) exp
[
ω(1,2)

]
(4.6.7)

and therefore

ω(1,2) = lny(1,2) (4.6.8)

An application of Lemma 1 of Section 3.7 to the diagrams in (4.6.3) shows that

ω(1,2) = [all diagrams consisting of two non-adjacent white 1-circles

labelled 1 and 2, black ρ(1)-circles and f -bonds, such that

the white circles are not an articulation pair] (4.6.9)

The effect of this operation is to eliminate those diagrams in the expansion of y(1,2) that
are star products of other diagrams in the same expansion. The fact that the white circles
are not an articulation pair means that there exists at least one path between each pair of
black circles which does not pass through either white circle.
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From the earlier discussion we know that c(1,2) is the sum of all diagrams in h(1,2)
that are free of nodal circles. We therefore define a function b(1,2) such that

b(1,2) = h(1,2) − c(1,2) (4.6.10)

where

b(1,2) = [all irreducible diagrams consisting of two white 1-circles

labelled 1 and 2, black ρ(1)-circles and f -bonds, and which

contain at least one nodal circle]

=
1 2

+
1 2

+
1 2

+
1 2

+ · · · (4.6.11)

Diagrams belonging to the set (4.6.11) are called series diagrams; the function b(1,2) is
given by the convolution integral on the right-hand side of the Ornstein–Zernike relation
(3.5.10) and is therefore termed the indirect correlation function.

All series diagrams are also members of the set (4.6.9). The function ω(1,2) can there-
fore be re-expressed as

ω(1,2) = b(1,2) + d(1,2) (4.6.12)

where d(1,2) is the sum of the diagrams in (4.6.9) that are free of nodal circles; these
are called the bridge or elementary diagrams and d(1,2) is called the bridge function. To
second order in density the only bridge diagram is

1 2

On combining (4.6.7), (4.6.10) and (4.6.12), we obtain the following, exact relation:

ln
[
h(1,2) + 1

]= −βv(1,2) + d(1,2) + h(1,2) − c(1,2) (4.6.13)

Since h(1,2) and c(1,2) are linked by the Ornstein–Zernike relation, (4.6.13) would be
transformed into an integral equation for h (or c) if the unknown function d(1,2) were
replaced by some function of h (or c). For example, the f -bond expansion of d(1,2)
can be rewritten as an h-bond expansion25 and inserted in (4.6.13). The result, together
with the Ornstein–Zernike relation, constitutes an exact integral equation for h(1,2), but
because the h-bond expansion introduces an infinite series of many-dimensional integrals
of products of h, the equation is intractable. If instead we set d(1,2) = 0, we recover
the HNC approximation, which was arrived at in a very different way in Section 4.3. By
rewriting the exact relation (4.6.13) as

y(1,2) = exp
[
b(1,2) + d(1,2)

]
(exact) (4.6.14)
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we see that the HNC and PY approximations are equivalent to taking either

y(1,2) ≈ exp
[
b(1,2)

]
(HNC) (4.6.15)

or

y(1,2) ≈ b(1,2) + 1 (PY) (4.6.16)

In each case differences with respect to the exact result arise initially only at second order
in density. From comparison of (4.6.14) with (4.6.16) it also follows that the PY approxi-
mation can be viewed as one for which the bridge function is approximated by

d(1,2) ≈ ln
[
b(1,2) + 1

]− b(1,2) (PY) (4.6.17)

While this interpretation is certainly correct it is important not to misunderstand its mean-
ing. In particular, it does not imply that the PY approximation represents a partial summa-
tion of the diagrammatic expansion of d(r). On the contrary, the diagrammatic effect of
(4.6.17) is to replace the sum of all bridge diagrams by a sum of star products of series
diagrams.

The derivation of the Debye–Hückel expression for the radial distribution function of
a system of charged particles provides a simple but useful example of the application of
diagrammatic techniques to the calculation of pair functions. Consider a homogeneous,
one-component plasma of point charges q , for which the pair potential26 is

v(r) = q2/r (4.6.18)

Use of (4.6.18) in expansions of the pair functions leads to divergent integrals but conver-
gent results can be obtained if entire classes of diagrams are summed. The most strongly
divergent integrals in the expansion of ω(1,2) are those associated with the most weakly
connected diagrams, namely the chain diagrams. If the chain diagrams are summed to all
orders in ρ, but all other diagrams are ignored, the result is an approximation for ω(1,2)
of the form

ω(1,2) ≈ [all chain diagrams consisting of two terminal white 1-circles

labelled 1 and 2, one or more black ρ-circles and f -bonds]

=
21

+
1 2

+
21

+ · · · (4.6.19)

By analogy with (3.5.10) and (4.6.1), ω(1,2) is given by

ω(1,2) = ρ

∫
f (1,3)

[
f (3,2) + ω(3,2)

]
d3 (4.6.20)

On taking Fourier transforms (4.6.20) becomes

ω̂(k) = ρ[f̂ (k)]2

1 − ρf̂ (k)
(4.6.21)
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TABLE 4.1. Selected pair functions and their definitions

Function Symbol Definition

Pair distribution function g(r) (2.5.9)
Pair correlation function h(r) g(r) − 1
Direct correlation function c(r) (3.5.2), (3.5.10)
Cavity distribution function y(r) exp[βv(r)]g(r)
Potential of mean force ψ(r) −kBT lng(r)

[Unnamed] ω(r) β[v(r) − ψ(r)]
Indirect correlation function b(r) h(r) − c(r)

Bridge function d(r) ω(r) − b(r)

with

ρf̂ (k) = ρ

∫
exp(−ik · r)f (r)dr

≈ −βρq2
∫

exp(−ik · r)
r

dr = −k2
D

k2
(4.6.22)

where

kD = (4πβρq2)1/2 (4.6.23)

is the Debye wavenumber. We now substitute for ρf̂ (k) in (4.6.21) and find that

ρ
[
ω̂(k) − βv̂(k)

]= k2
D

k2
D + k2

(4.6.24)

or

ω(r) − βv(r) = −βψ(r) = −βq2

r
exp(−kDr) (4.6.25)

We see that summing the chain diagrams leads to a potential of mean force or “renor-
malised” potential equal to v(r) exp(−kDr). This damping of the Coulomb potential by
the factor exp(−kDr) is familiar from elementary Debye–Hückel theory and corresponds
physically to the effects of screening. It follows from (4.6.5) that the corresponding ap-
proximation for the radial distribution function is

g(r) = exp

(
−βq2

r
exp(−kDr)

)
(4.6.26)

Equation (4.6.26) is more familiar in its linearised form, valid for kDr � 1, i.e.

g(r) ≈ 1 − βq2

r
exp(−kDr) (4.6.27)
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This result could have been obtained more directly by replacing c(r) by −βv(r) in (4.6.1).
A serious weakness of the linearised approximation is the fact that it allows g(r) to become
negative at small r ; this failing is rectified in the non-linear version (4.6.26).

The pair functions discussed in this section, together with their definitions, are sum-
marised in Table 4.1.

4.7 EXTENSIONS OF INTEGRAL EQUATIONS

We saw in the previous section that the development of an accurate integral equation for
g(r) can be reduced to the problem of devising a satisfactory approximation for the bridge
function d(r). The HNC approximations consists in taking d(r) = 0. Hence the integral
equations to which some other approximation, d(r) ≈ d0(r) say, gives rise can be regarded
as a modified HNC equation in which the exact relation (4.6.13) is replaced by

lng(r) = −β
[
v(r) − kBT d0(r)

]+ h(r) − c(r) (4.7.1)

The task of solving the modified equation is therefore equivalent to finding the solution to
the HNC equation for an effective potential veff(r) defined as

veff(r) = v(r) − kBT d0(r) (4.7.2)

It is possible to improve the HNC approximation systematically by including successively
higher-order terms in the series expansion of the bridge function, but the calculations are
computationally demanding and the slow convergence of the series means that in general
only modest improvement is achieved.27

The true bridge function for a given system can be calculated from (4.6.14) if c(r),
h(r) and y(r) are known. A conventional simulation provides values of h(r) at separations
where g(r) is non-zero, from which c(r) for all r can be obtained via the Ornstein–Zernike
relation; in this range of r the calculation of y(r) from h(r) is a trivial task. To determine
d(r) at smaller separations, where h(r) ≈ −1, an independent calculation of y(r) is re-
quired. This can be achieved by simulation of the mixed system, described in the previous
section, in which the particles labelled 1 and 2 do not interact with each other. The calcu-
lation is straightforward in principle, but the very rapid rise in y(r) as r → 0 means that
special techniques are needed to ensure that the full range of r is adequately sampled.23,28

Figure 4.6 shows the bridge function derived from Monte Carlo calculations for the
Lennard-Jones fluid in a thermodynamic state not far from the triple point and compares
the results with those given by the PY approximation (4.6.17). In the example illustrated,
the bridge function makes a contribution to the effective potential (4.7.2) that is both short
ranged and predominantly repulsive, but the same is true for the Lennard-Jones fluid at
other thermodynamic states and also for other model fluids. The PY approximation is poor
at small values of r , but in that region the pair potential is so strongly repulsive that errors in
the effective potential are unimportant for many purposes. So far as the calculation of ther-
modynamic properties is concerned, the most serious deficiencies in the PY approximation
occur in the region of the main peak in g(r) (r/σ ≈ 1.0 to 1.6).
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FIG. 4.6. Bridge function of the Lennard-Jones fluid for r < σ (above) and r > σ (below). The PY results are
those given by (4.6.17). After Llano-Restrepo and Chapman.23

Alternatives to the PY approximation have been proposed29 that resemble (4.6.17) in-
sofar as d(r) is written as a function of b(r). These approximations give results for the
hard-sphere fluid that improve on those obtained from the PY equation and they have also
been applied, though with generally less success, to systems having an attractive term in
the potential. There is no reason to suppose, however, that the functional relationship be-
tween d(r) and b(r) is the same for all potentials, or even for different thermodynamic
states of a given system.23,30 To improve on the PY or PY-like approximations it seems
necessary to make the assumed form of d(r) explicitly dependent on v(r). The soft-core
MSA (SMSA) discussed in Section 4.5 provides an example of how this can be done. The
SMSA expression for g(r) given by (4.5.9) may be rewritten as

y(r) ≈ 1 + b(r) − βv1(r) (4.7.3)
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where v1(r) is the tail in the potential. Comparison with (4.6.13) shows that this is in turn
equivalent to approximating the bridge function by

d(r) ≈ ln
[
b∗(r) + 1

]− b∗(r) (SMSA) (4.7.4)

where

b∗(r) = b(r) − βv1(r) (4.7.5)

Equation (4.7.4) is identical to its PY counterpart (4.6.17), except that b(r) is replaced by
b∗(r). The result, as we have seen, is a marked improvement relative to the PY approxima-
tion in the case of the Lennard-Jones fluid.

We showed in Section 4.3 that the HNC approximation can be derived by minimising the
grand-potential functional obtained from a functional Taylor expansion of the intrinsic free
energy truncated at second order. The question therefore arises as to whether any significant
improvement is obtained when the third-order term is included.5 Equation (4.3.10) again
provides the starting point of the calculation, but c(2)(r, r′;λ) is now replaced, not by
c
(2)
0 (r, r′), but by

c(2)(r, r′;λ) ≈ c
(2)
0 (r, r′) + λ

∫
Δρ(1)(r′′)

δc
(2)
0 (r, r′)

δρ(1)(r′′)
dr′′

= c
(2)
0 (r, r′) + λ

∫
Δρ(1)(r′′)c(3)0 (r, r′, r′′)dr′′ (4.7.6)

where c
(3)
0 (r, r′, r′′) is the three-particle direct correlation function of the reference fluid.

The effect is to add to the grand-potential functional (4.3.14) the term

− 1
6kBT

∫∫∫
Δρ(1)(r)Δρ(1)(r′)Δρ(1)(r′′)c(3)0 (r, r′, r′′)dr dr′ dr′′

If we now follow the steps that previously led to the HNC approximation (4.3.19), we
obtain an expression for the pair distribution function of a uniform fluid having the form
(4.7.1), with

d0(r) = 1
2ρ

2
∫∫

c(3)(r − r′, r − r′′)h(r ′)h(r ′′)dr′ dr′′ (4.7.7)

Solution of the integral equation for g(r) requires some further approximation5 to be made
for the triplet function c(3). Equation (4.7.7) is equivalent to the lengthier expression in
terms of g(3) obtained from an expansion of c(1)(r) taken to second order, the so-called
HNC2 approximation.31

Results based on (4.7.7) show a clear improvement over the HNC approximation for a
number of model fluids but the method is computationally demanding. The HNC equa-
tion can more easily and successfully be extended by identifying d0(r) with the bridge
function of a suitable reference system, a step that leads to the “reference” HNC (RHNC)
approximation.32 The obvious choice of reference system is a fluid of hard spheres, since
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TABLE 4.2. Thermodynamic properties of the Lennard-Jones fluid: comparison
between molecular-dynamics results (MD) and calculations based on the RHNC

approximation. After Lado et al.32(c)

βP/ρ βUex/N

ρ∗ T ∗ MD RHNC MD RHNC

0.85 0.719 0.36 0.424 −6.12 −6.116
0.85 2.889 4.36 4.364 −4.25 −4.240
0.75 1.071 0.89 0.852 −5.17 −5.166
0.65 1.036 −0.11 −0.155 −4.52 −4.522
0.65 2.557 2.14 2.136 −3.78 −3.786
0.45 1.552 0.57 0.552 −2.98 −2.982
0.45 2.935 1.38 1.377 −2.60 −2.608
0.40 1.424 0.38 0.382 −2.73 −2.728

this is the only potential model for which the bridge function is known with sufficient
accuracy over the full range of state conditions.33 Equation (4.7.1) then represents a one-
parameter theory in which the only unknown quantity is the hard-sphere diameter d . It
was originally argued that the bridge function was likely to be highly insensitive to de-
tails of the potential and that its representation by a hard-sphere function should therefore
be a good approximation. Although it is now recognised that the bridge function does
not have a genuinely “universal” character,34 this approach has been applied successfully
in calculations for a variety of different systems. The overall agreement with the results
of simulations is very good, as illustrated by the results for thermodynamic properties of
the Lennard-Jones fluid given in Table 4.2; the errors in the corresponding pair distribution
functions are barely discernible, even under conditions close to the triple point. In the work
on which Table 4.2 is based, the hard-sphere diameter was chosen in such a way as to min-
imise an approximate free-energy functional. So far as internal consistency of the theory is
concerned, use of this procedure gives the RHNC approximation a status comparable with
that of the HNC equation. The method has also been applied to mixtures of Lennard-Jones
fluids, again with very good results.32(e)

A number of attempts have been made to combine different closure relations in hybrid
schemes that ensure a degree of thermodynamic consistency. For example, whereas the
HNC approximation is correct at large separations, the PY approximation, being much
superior for strongly repulsive potentials, is presumably more accurate at short distances.
It is therefore plausible to mix the two closures in such a way that the function y(r) in
(4.6.14) reduces to its PY value as r → 0 and to its HNC value as r → ∞.35 The parameter
that determines the proportions in which the two approximations are mixed at intermediate
values of r can then be chosen to force consistency between the compressibility and virial
equations of state. The method works well for systems of particles interacting through
purely repulsive potentials, but breaks down for the Lennard-Jones potential for which, at
low temperatures, it is impossible to find a value of the mixing parameter that provides
thermodynamic consistency.36 Where successful, the method relies heavily on the fact that
the HNC and PY approximations in some sense bracket the exact solution for the system
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of interest. The difficulty in the case of the Lennard-Jones fluid lies in the fact that the PY
approximation is poor at low temperatures. The problem can be overcome by interpolating
instead between the HNC approximation and the soft-core MSA, an approach – called
the HMSA – that yields results comparable in quality with those obtained by the RHNC
approximation.36

A more ambitious method of building thermodynamic consistency into an integral-
equation theory is to write the direct correlation function in a form that can be adjusted so
as to satisfy some consistency criterion. This is the basis of the self-consistent Ornstein–
Zernike approximation or SCOZA developed by Stell and coworkers.37 The SCOZA is
most easily applied when the potential consists of a hard core and a tail, v1(r) say, as
in (4.5.1). Since g(r) vanishes inside the hard core, closure of the Ornstein–Zernike is
achieved by making some approximation for c(r) in the range r > d ; this approximation
is typically of the form

c(r) = cd(r) − βA(ρ,T )v1(r), r > d (4.7.8)

where cd(r) is the direct correlation function of the hard-sphere fluid. The function A(ρ,T )

can then be chosen in such a way as to enforce consistency between the compressibility
and energy routes to the equation of state. Equation (4.7.8) resembles certain other closure
relations insofar as the range of c(r) is the same as that of the pair potential, but in contrast,
say, to the MSA, its amplitude is now density dependent. If the compressibility and internal
energy are to be consistent with each other, they must come from the same free energy, and
hence must satisfy the relation38

−∂ĉ(k = 0)

∂β
= ∂2u

∂ρ2
(4.7.9)

where u ≡ U ex/V and ĉ(k = 0) is related to the compressibility by (3.5.15). Published
calculations based on the SCOZA are largely concerned with the hard-core Yukawa model
(1.2.2), a system for which the analytical solution to the MSA is known.39 A major simpli-
fication of the problem is then possible. If cd(r) is represented by a second Yukawa term,
ĉ(k = 0) and u can be related analytically and (4.7.10) becomes a partial differential equa-
tion for the variable u(ρ,T ), which can be solved numerically; the two free parameters
in the second Yukawa term are chosen so as to reproduce the Carnahan–Starling equation
of state in the limit T → ∞. The method gives good results for the structure and thermo-
dynamics of the Yukawa fluid over a range of state conditions and choices of the Yukawa
parameter λ, but its chief merit is the fact that it remains accurate in the critical region,
where the performance of other integral-equation theories is mostly poor.
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