
CHAPTER 7

Time-dependent Correlation
and Response Functions

The next three chapters are devoted to a discussion of the transport properties and mi-
croscopic dynamics of simple, dense fluids.1 The present chapter deals with the general
formalism of time-correlation functions and with linear response theory; Chapter 8 is con-
cerned with the behaviour of time-dependent fluctuations in the long-wavelength, low-
frequency limit, where contact can be made with the macroscopic equations of hydro-
dynamics; and Chapter 9 describes methods that allow the explicit calculation of time-
correlation functions.

7.1 GENERAL PROPERTIES OF TIME-CORRELATION FUNCTIONS

A dynamical variable, A(t) say, of a system consisting of N structureless particles is a
function of some or all of the time-varying coordinates ri and momenta pi , i = 1 to N . We
recall from Section 2.1 that the time evolution of A is determined by the equation of motion
A(t) = exp(iLt)A(0), where L is the Liouville operator. It follows that A has the signature
εA = +1 or −1 under time reversal depending on whether or not it changes sign under the
transformation pi → −pi . Now consider two such variables, A and B , each of which may
be either real or complex. Their equilibrium time-correlation function is written as

CAB(t ′, t ′′) = 〈A(t ′)B∗(t ′′)
〉

(7.1.1)

with the convention that t ′ � t ′′. The superscript ∗ denotes a complex conjugate and the
angular brackets represent either an average over time or an ensemble average over initial
conditions. Thus CAB(t ′, t ′′) is defined either as

〈
A(t ′)B∗(t ′′)

〉= lim
τ→∞

1

τ

∫ τ

0
A(t ′ + t)B∗(t ′′ + t)dt (7.1.2)

or as 〈
A(t ′)B∗(t ′′)

〉 = ∫∫ f
[N ]
0

(
rN,pN

)
B∗(rN,pN

)
× exp

[
iL(t ′ − t ′′)

]
A
(
rN,pN

)
drNdpN (7.1.3)
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The average in (7.1.3) is taken over all possible states of the system at time t ′′, weighted by
the equilibrium probability density f

[N ]
0 ; for a system characterised by fixed values of N,V

and T , f
[N ]
0 is given by the canonical distribution (2.3.1). Equations (7.1.2) and (7.1.3)

yield the same result in the thermodynamic limit if the system is ergodic. The most im-
portant class of time-correlation functions are the autocorrelation functions CAA(t), for
which A and B are the same variable.

Since the equilibrium probability density is independent of time, the ensemble aver-
age in (7.1.3) is independent of the choice of time origin t ′′, and the correlation function
CAB(t ′, t ′′) is invariant under time translation. If we put t ′′ = s and t ′ = s + t the correla-
tion function is a function only of the time difference t and is said to be stationary with
respect to s. It is therefore customary to set s = 0 and use the more compact notation

CAB(t) = 〈A(t)B∗〉 (7.1.4)

where B∗ ≡ B∗(0). The stationary character of the correlation function means that

d

ds

〈
A(t + s)B∗(s)

〉= 〈Ȧ(t + s)B∗(s)
〉+ 〈A(t + s)Ḃ∗(s)

〉= 0 (7.1.5)

and hence that 〈
Ȧ(t)B∗〉= −〈A(t)Ḃ∗〉 (7.1.6)

In particular:

〈ȦA∗〉 = 0 (7.1.7)

Repeated differentiation with respect to s leads to a number of useful relations; these can
also be deduced by exploiting the definition (7.1.2). For example:

d2

dt2

〈
A(t)B∗〉 = 〈Ä(t)B∗〉

= lim
τ→∞

1

τ

∫ τ

0
Ä(t + t ′)B∗(t ′)dt ′

= − lim
τ→∞

1

τ

∫ τ

0
Ȧ(t + t ′)Ḃ∗(t ′)dt ′

= −〈Ȧ(t)Ḃ∗〉 (7.1.8)

The invariance of correlation functions under time translation implies that

CAB(t) = εAεBCAB(−t) = εAεB
〈
A(−t)B∗〉

= εAεB
〈
AB∗(t)

〉= εAεBC∗
BA(t) (7.1.9)

where εA, εB are the time-reversal signatures of the two variables.
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It is clear that

lim
t→0

CAB(t) = 〈AB∗〉 (7.1.10)

where 〈AB∗〉 is a static correlation function. In the limit t → ∞ the variables A(t) and B

become uncorrelated and

lim
t→∞CAB(t) = 〈A〉〈B∗〉 (7.1.11)

However, it is usually more convenient to define the dynamical variables in such a way as
to exclude their average values and to consider only the time correlation of their fluctuating
parts, i.e.

CAB(t) = 〈[A(t) − 〈A〉][B∗ − 〈B∗〉]〉 (7.1.12)

With this convention, CAB(t) → 0 as t → ∞. Because〈[
A(t) ± A

][
A(t) ± A

]∗〉� 0 (7.1.13)

it is also true that

−〈AA∗〉 � CAA(t) � 〈AA∗〉 (7.1.14)

The magnitude of an autocorrelation function is therefore bounded above by its initial
value. This is to be expected, since an autocorrelation function describes the averaged way
in which spontaneous (thermal) fluctuations in a variable A decay in time.

If CAB(t) is defined as in (7.1.12), it is also possible to define its Fourier transform or
power spectrum:

CAB(ω) = 1

2π

∫ ∞

−∞
CAB(t) exp(iωt)dt (7.1.15)

and its Laplace transform:

C̃AB(z) =
∫ ∞

0
CAB(t) exp(izt)dt (7.1.16)

where z is a complex frequency. Since CAB(t) is bounded, C̃AB(z) is analytic in the upper
half of the complex z plane (Im z > 0); it is also related to CAB(ω) by a Hilbert transform,
i.e.

C̃AB(z) =
∫ ∞

0
dt exp(izt)

∫ ∞

−∞
CAB(ω) exp(−iωt)dω

= i

∫ ∞

−∞
CAB(ω)

z − ω
dω (7.1.17)

From the results in (7.1.9) it follows that an autocorrelation function CAA(t) and its power
spectrum CAA(ω) are real, even functions of t and ω, respectively. An integral such as
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that in (7.1.17) can be evaluated with the help of a standard relation commonly written in
short-hand form as

lim
ε→0

1

x ± iε
≡ P

(
1

x

)
∓ iπδ(x) (7.1.18)

where P denotes the principal value. Thus, since CAA(ω) is necessarily real:

lim
ε→0

Re C̃AA(ω + iε) = lim
ε→0

Re

(
i

∫ ∞

−∞
CAA(ω

′)
ω − ω′ + iε

dω′
)

= πCAA(ω) (7.1.19)

It can also be shown that CAA � 0 for all ω. Consider an auxiliary variable, AT (ω), defined
as

AT (ω) = 1√
2T

∫ T

−T

A(t) exp(iωt)dt (7.1.20)

The statistical average of 〈AT (ω)A∗
T (ω)〉 cannot be negative. Hence

〈
AT (ω)A∗

T (ω)
〉= 1

2T

∫ T

−T

dt
∫ T

−T

dt ′
〈
A(t)A∗(t ′)

〉
exp
[
iω(t − t ′)

]
� 0 (7.1.21)

If we now make a change of variable from t ′ to τ = t − t ′ and take the limit T → ∞, we
find that

lim
T→∞

〈
AT (ω)A∗

T (ω)
〉 = ∫ ∞

−∞
CAA(τ) exp(iωτ)dτ

= CAA(ω) � 0 (7.1.22)

The experimental significance of time-correlation functions lies in the fact that the spec-
tra measured by various spectroscopic techniques are the power spectra of well-defined
dynamical variables. This connection between theory and experiment will be made explicit
in Section 7.5 for the special but important case of inelastic neutron scattering. In addition,
as we shall see later, the linear transport coefficients of hydrodynamics are related to time
integrals of certain autocorrelation functions. Finally, time-correlation functions provide
a quantitative description of the microscopic dynamics in liquids. Computer simulations
play a key role here, since they give access to a large variety of correlation functions, many
of which are not measurable by laboratory experiments.

Apart from the limitation to classical mechanics, the properties of time-correlation func-
tions given thus far are completely general. We now restrict the discussion to systems of
particles for which the interaction potential is continuous; the hamiltonian is therefore dif-
ferentiable and the Liouville operator has the form given by (2.1.8). An autocorrelation
function of such a system is an even function of time and can be expanded in a Taylor
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series in even powers of t around t = 0. Thus

CAA(t) =
∞∑
n=0

t2n

(2n)!
〈
A(2n)A∗〉= ∞∑

n=0

t2n

(2n)! (−1)n
〈
A(n)A(n)∗〉

=
∞∑
n=0

t2n

(2n)! (−1)n
〈∣∣(iL)nA

∣∣2〉 (7.1.23)

where the superscript (2n) denotes a 2n-fold derivative and repeated use has been made
of (7.1.8). Differentiation of the inverse Fourier transform of (7.1.15) 2n times with respect
to t gives 〈

ω2n〉
AA

≡
∫ ∞

−∞
ω2nCAA(ω)dω = (−1)nC(2n)

AA (t = 0) (7.1.24)

Thus, apart from a possible change of sign, the frequency moments of the power spectrum
are equal to the derivatives of the autocorrelation function taken at t = 0; these derivatives
are static correlation functions that are expressible as integrals over the particle distribu-
tion functions. On expanding the right-hand side of (7.1.17) in powers of 1/z it becomes
clear that the frequency moments defined by (7.1.24) are also the coefficients in the high-
frequency expansion of the Laplace transform:

C̃AA(z) = i

z

∞∑
n=0

〈ω2n〉AA

z2n
(7.1.25)

Expansions of the type displayed in (7.1.23) cannot be used for systems such as the hard-
sphere fluid. The impulsive nature of the forces between particles with hard cores means
that the Liouville operator no longer has the form2 shown in (2.1.8). As a result, the time-
correlation functions are non-analytic at t = 0, and their power spectra have frequency
moments that are infinite.

The definition of a time-correlation function provided by (7.1.3) has the form of an inner
product of the “vectors” A(t) and B in the infinite-dimensional, Hilbert space of dynamical
variables, usually called Liouville space. A useful notation based on this identification is
one in which a time-correlation function is written as〈

A(t)B∗〉≡ (B,A(t)
)

(7.1.26)

where (· · · , · · ·) denotes an inner product. The usual requirements of an inner product are
therefore satisfied. In particular, (A,A) � 0 and (A,B) = (B,A)∗. Formal properties of
time-correlation functions can then be deduced from the fact that the Liouville operator is
hermitian (and hence iL is anti-hermitian) with respect to the inner product, i.e.

(B,LA) = (A,LB)∗ = (LB,A) (7.1.27)
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Because L is hermitian, the propagator exp(iLt) is a unitary operator with an hermitian
conjugate given by exp(−iLt). It follows that〈

A(t)B∗〉 ≡ (B, exp(iLt)A
)= (B, exp(−iLs)A(t + s)

)
= (A(t + s), exp(iLs)B

)∗ ≡ 〈A(t + s)B∗(s)
〉

(7.1.28)

thereby proving that the correlation function is stationary. Note that the effect of the op-
eration A(t) = exp(iLt)A is to “rotate” A through an angle Lt in Liouville space. By
exploiting the fact that iLA = Ȧ, properties of time-correlation functions that involve time
derivatives of dynamical variables are also easily derived. For example:〈

Ȧ(t)B∗〉 ≡ (B, iLA(t)
)

= −(A(t), iLB
)∗ ≡ −〈A(t)Ḃ∗〉 (7.1.29)

in agreement with (7.1.6).
The proof that the Liouville operator is hermitian requires an integration by parts of the

derivatives appearing in the Poisson-bracket representation (2.1.8). The inner product is
sometimes defined without the weighting factor f (N)

0 , but the Liouville operator retains its

hermitian character, since Lf
(N)
0 = 0.

7.2 AN ILLUSTRATION: THE VELOCITY AUTOCORRELATION FUNCTION
AND SELF-DIFFUSION

The ideas introduced in Section 7.1 can be usefully illustrated by considering one of the
simplest but most important examples of a time-correlation function, namely the autocor-
relation function of the velocity u = p/m of a tagged particle moving through a fluid. The
velocity autocorrelation function, defined as

Z(t) = 1
3

〈
u(t) · u

〉= 〈ux(t)ux

〉
(7.2.1)

is a measure of the projection of the particle velocity onto its initial value, averaged over
initial conditions. Its value at t = 0 is given by the equipartition theorem:

Z(0) = 1
3

〈
u2〉= kBT

m
(7.2.2)

At times long compared with any microscopic relaxation time the initial and final velocities
will be completely uncorrelated. Thus Z(t → ∞) = 0. The results of computer simulations
of argon-like liquids show that the velocities are already largely decorrelated after times
of order 10−12 s, but in general Z(t) also has a weak, slowly decaying part. The detailed
behaviour at long times varies with thermodynamic state, as is evident from the examples
plotted in Figure 7.1. We shall return later to a discussion of the main features of curves
such as these, but first we show that there exists a general relationship between the self-
diffusion coefficient D and the time integral of Z(t).
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FIG. 7.1. Normalised velocity autocorrelation function of the r−12-fluid at two different values of the dimen-
sionless coupling parameter Γ defined by (5.3.13). The higher value of Γ represents a thermodynamic state close
to the fluid–solid transition and the unit of time is τ = (mσ 2/48ε)1/2. After Heyes et al.3

Consider a set of identical, tagged particles having initial positions {ri (0)}. If the parti-
cles diffuse in time t to positions {ri (t)}, the self-diffusion coefficient is given by a well-
known relation due to Einstein:

D = lim
t→∞

〈|ri (t) − ri (0)|2〉
6t

(7.2.3)

This result is a direct consequence of Fick’s law of diffusion, as we shall see in Section 8.2.
It is also a relation characteristic of a “random walk”, in which the mean-square displace-
ment of the walker becomes a linear function of time after a sufficiently large number of
random steps. The nature of the limiting process involved in (7.2.3) highlights the gen-
eral importance of taking the thermodynamic limit before the limit t → ∞. For a system
of finite volume V , the diffusion coefficient defined by (7.2.3) is strictly zero, since the
maximum achievable mean-square displacement is of order V 2/3. In practice, for a sys-
tem of macroscopic dimensions, the ratio on the right-hand side of (7.2.3) will reach a
plateau value at times much shorter than those required for the diffusing particles to reach
the boundaries of the system; it is the plateau value that provides the definition of D for a
finite system.

We now rewrite the Einstein relation in terms of the velocity autocorrelation function.
The displacement in a time interval t of any tagged particle is

r(t) − r(0) =
∫ t

0
u(t ′)dt ′ (7.2.4)

When squared and averaged over initial conditions, (7.2.4) becomes

〈∣∣r(t) − r(0)
∣∣2〉 = 〈∫ t

0
u(t ′)dt ′ ·

∫ t

0
u(t ′′)dt ′′

〉
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= 2
∫ t

0
dt ′
∫ t ′

0
dt ′′
〈
u(t ′) · u(t ′′)

〉
= 6

∫ t

0
dt ′
∫ t ′

0
dt ′′Z(t ′ − t ′′) (7.2.5)

A change of variable from t ′′ to s = t ′ − t ′′ followed by an integration by parts with respect
to t ′ shows that

〈∣∣r(t) − r(0)
∣∣2〉 = 6

∫ t

0
dt ′
∫ t ′

0
dsZ(s)

= 6t
∫ t

0

(
1 − s

t

)
Z(s)ds (7.2.6)

and substitution of (7.2.5) in (7.2.3) gives the required result:

D =
∫ ∞

0
Z(t)dt (7.2.7)

Equation (7.2.7) is an example of a Green–Kubo formula, an important class of relations
in which a macroscopic dynamical property is written as the time integral of a microscopic
time-correlation function.

If the interparticle potential is continuous, the short-time expansion of Z(t) starts as

Z(t) = kBT

m

(
1 − Ω2

0
t2

2
+ · · ·

)
(7.2.8)

Equation (7.1.23) shows that the coefficient of 1
2 t

2 is

Ω2
0 = m

3kBT
〈u̇ · u̇〉 = 〈|F|2〉

3mkBT
(7.2.9)

where F is the total force exerted on the diffusing particle by its neighbours. If the tagged
particle is identical to all other particles in the fluid, F = −∇VN , where VN is the total
potential energy. When VN is a sum of pair terms, Ω2

0 can be expressed in terms of the
equilibrium pair distribution function and the interparticle potential. To show this, we first
derive a useful, general result. Let A(rN) be some function of the particle coordinates.
Then 〈

A
(
rN
)∂VN

∂xi

〉
= 1

ZN

∫
· · ·
∫

A
(
rN
)∂VN

∂xi
exp(−βVN)dr1 · · ·dxi dyi dzi · · ·drN

= kBT

ZN

∫
· · ·
∫

∂A(rN)

∂xi
exp(−βVN)dr1 · · ·dxi dyi dzi · · ·drN (7.2.10)
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or 〈
A
(
rN
)∂VN

∂xi

〉
= kBT

〈
∂A(rN)

∂xi

〉
(7.2.11)

The second equality in (7.2.10) follows from an integration by parts with respect to xi .
Equation (7.2.11) is called the Yvon theorem. When applied to the current problem it
shows that the mean-square force on a particle is〈|F|2〉= kBT

〈∇2VN

〉
(7.2.12)

With the assumption of pairwise additivity, manipulations similar to those used in Sec-
tion 2.5 now allow (7.2.9) to be rewritten in the form

Ω2
0 = (N − 1)

3m

〈∇2v(r)
〉= ρ

3m

∫
∇2v(r)g(r)dr (7.2.13)

The quantity Ω0 is called the Einstein frequency, since it represents the frequency at which
the tagged particle would vibrate if it were undergoing small oscillations in the potential
well produced by the surrounding particles when maintained at their mean equilibrium
positions around the tagged particle. Numerically, Ω0 is of order 1013 s−1 for liquid argon
near its triple point.

Equation (7.2.8) does not apply to systems of hard spheres because the hard-sphere
potential is not differentiable.4 The short-time behaviour of Z(t) now takes the form

〈
u(t) · u

〉= 〈u2〉+ t

(
d

dt

〈
u(t) · u

〉)
t=0

+ · · · (7.2.14)

where the differentiation with respect to time must be carried out after the ensemble aver-
aging. Thus

Z(t) = 1
3

〈
u2〉(1 − Ω ′

0t + · · ·) (7.2.15)

where the frequency Ω ′
0 is

Ω ′
0 = − 1

〈u2〉 lim
Δt→0

〈Δu · u〉
Δt

(7.2.16)

Consider a tagged hard sphere of diameter d moving in a fluid of untagged but other-
wise identical hard spheres.5 Over a sufficiently short time interval the tagged sphere will
suffer at most one collision with a sphere from the bath. To evaluate Ω ′

0 from its defini-
tion (7.2.16), let us suppose that the tagged sphere, of momentum p, collides with a sphere
of momentum p′, as pictured in Figure 7.2. Because the collision is elastic, the momentum
gained by the tagged particle is Δp = −(p · r̂−p′ · r̂)r̂, where r̂ = r/r is a unit vector along
the line joining the two centres of mass. Thus −Δp · p = p(p − p′) where p,p′ are the
components of p and p′, respectively, along r̂. If p > p′, the separation of the two spheres
will decrease in a short time Δt by an amount Δr = (p − p′)Δt/m. On average, given
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1

p'
p

r

2

FIG. 7.2. A collision between a tagged hard sphere, (1), and a sphere from the bath, (2).

that Δr is small, the number of spheres that initially lie within a distance d to d + Δr of
the tagged sphere will be n(Δr) ≈ 4πd2g(d)(p − p′)Δt/m, where g(d) is the pair distri-
bution function at contact, and the probability that the tagged sphere will suffer a collision
with a sphere having a component of momentum p′ along r̂ is P(p′) = n(Δr)fM(p′)dp′,
where fM is the maxwellian distribution (2.1.26) in its component form. The statistical
average of −Δp · p is therefore obtained by multiplying P(p′) by p(p−p′)fM(p)dp and
integrating over p and p′. Bringing these results together we find that

Ω ′
0 = − 1

3mkBT
lim

Δt→0

〈Δp · p〉
Δt

= 4πd2g(d)

3m2kBT

∫∫
p>p′

p(p − p′)2fM(p)fM(p′)dp dp′ (7.2.17)

or, on changing variables from p,p′ to p+ = (p + p′)/
√

2, p− = (p − p′)/
√

2:

Ω ′
0 = 4

√
2πd2g(d)

3m2kBT

∫ ∞

−∞
dp+

∫ ∞

0
dp−p3−fM(p−)fM(p+) (7.2.18)

The double integral is now easily evaluated to give

Ω ′
0 = 8ρd2g(d)

3

(
πkBT

m

)1/2

= 2ΓE

3
(7.2.19)

where ΓE is the Enskog collision rate introduced in Section 2.5.
The derivation of (7.2.19) shows that the Enskog approximation makes allowance for

static correlations in the fluid, but the key assumption underlying the Boltzmann equation
is retained, namely that successive collisions are completely uncorrelated. The velocity of
a tagged particle immediately following a collision is therefore dependent on its velocity
immediately prior to the collision, but not on its velocity at earlier times. Because colli-
sions between hard spheres are instantaneous events, this is tantamount to saying that the
“memory” associated with the tagged-particle velocity is of infinitesimally short duration,
with the consequence, as we shall see in later sections, that the velocity autocorrelation
function is exponential in time. By identifying the right-hand side of (7.2.14) with the
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leading terms in the expansion of an exponential function, we do in fact recover Enskog’s
approximation6 for the velocity autocorrelation function of hard spheres:

ZE(t) = kBT

m
exp
(−2ΓE|t |/3

)
(7.2.20)

where the absolute value of t appears because Z(t) must be an even function of t .
The corresponding approximation for the diffusion coefficient is obtained by substitution
of (7.2.20) in (7.2.7):

DE = 3kBT

2mΓE
= 3

8ρd2g(d)

(
kBT

πm

)1/2

(7.2.21)

This expression is nearly exact in the low-density limit7 while its applicability at higher
densities has been thoroughly tested in molecular dynamics calculations.8 From Figure 7.3
we see that the diffusion coefficient obtained by simulation exceeds the Enskog value at
intermediate densities, but falls below it at densities close to crystallisation.9 The high-
density deviations arise from back-scattering effects, corresponding to the fact that colli-
sions lead, on average, to the reversal of the velocity of a tagged particle into a compara-
tively narrow range of angles. This gives rise to an extended negative region in Z(t); the
same effect is seen for other potential models, as exemplified in Figure 7.1. The increase
in the ratio D/DE at intermediate densities is attributable in large part to an enhancement
of velocity correlations due to the excitation of slowly decaying, collective motions in the
fluid. The motion of the tagged particle induces a backflow pattern in the surrounding fluid
that reacts on the particle at later times, giving rise to persistence (or “memory”) effects
and an unexpectedly slow (∼ t−3/2) decay of Z(t) at very long times; this behaviour is
again not specific to hard spheres. We shall return to the question of the “long-time tails”
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FIG. 7.3. Molecular-dynamics results for the self-diffusion coefficient D and shear viscosity η of the hard-sphere
fluid relative to their values in the Enskog approximation. The curves are drawn as a guide to the eye. After
Sigurgeirsson and Heyes.8(b)
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of correlation functions in Section 8.7. Figure 7.3 also shows the corresponding results
for the shear viscosity of the hard-sphere fluid, but we postpone discussion of these until
Section 8.4.

A treatment of self-diffusion by kinetic theory that goes beyond the Enskog approxi-
mation must take account of the correlated sequences of binary collisions that a tagged
particle experiences. In such a sequence the tagged particle collides initially with a particle
from the bath, then diffuses through the fluid, suffering collisions with other bath particles,
before colliding either with the same particle it met initially or with another particle whose
motion is correlated in some way with that of the initial collision partner. Examples of col-
lision sequences are illustrated in Figure 7.4; in each case the tagged particle is labelled 1
and A, B represent two different space-time points. In example (a), the two collisions are
uncorrelated. In (b) and (c), particles 1 and 2 first meet at A, then recollide at B; in (b)
the recollision involves one intermediate collision between 2 and 3 (a three-body event)
and in (c) it involves intermediate collisions between 1 and 4 and between 2 and 3 (a four-
body event). Example (d) is a different type of four-body event in which the initial (at A)
and final (at B) collision partners are different but the collisions suffered by 1 at A and B
are nonetheless correlated. Sequences (b), (c) and (d) are all examples of “ring-collision”
events.

B

A

1
2

2

1

3

3

1
1

3
3

2

1

4

4

B

A

(a) (b)

(c) (d)

1

1

2

2

3

3

A

B

2

3

3

21

4

4
A

B

2

FIG. 7.4. Examples of uncorrelated (a) and correlated (b, c, d) sequences of binary collisions. A and B represent
two different space-time points. See text for details.
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7.3 BROWNIAN MOTION AND THE GENERALISED LANGEVIN EQUATION

Calculations of the velocity autocorrelation function either by the Enskog method or by
other, more sophisticated versions of kinetic theory are largely limited to hard-sphere sys-
tems, though efforts have been made to apply similar techniques in calculations for contin-
uous potentials. In this section we describe a different approach that is more phenomeno-
logical in character, but has found wide application in the theory of transport processes in
liquids. Its basis is the stochastic theory used by Langevin to describe the brownian motion
of a large and massive particle in a bath of particles that are much smaller and lighter than
itself. The problem is characterised by two very different timescales, one associated with
the slow relaxation of the initial velocity of the brownian particle and another linked to the
frequent collisions that the brownian particle suffers with particles of the bath. Langevin
assumed that the force acting on the brownian particle consists of two parts: a systematic,
frictional force proportional to the velocity u(t), but acting in the opposite sense, and a
randomly fluctuating force, R(t), which arises from collisions with surrounding particles.
The equation of motion of a brownian particle of mass m is therefore written as

mu̇(t) = −mξu(t) + R(t) (7.3.1)

where ξ is the friction coefficient. The random force is assumed to vanish in the mean:〈
R(t)

〉= 0 (7.3.2)

to be uncorrelated with the velocity at any earlier time:〈
R(t) · u

〉= 0, t > 0 (7.3.3)

and to have an infinitesimally short correlation time, i.e.〈
R(t + s) · R(s)

〉= 2πR0δ(t) (7.3.4)

which in turn means that the power spectrum of the random force is a constant, R0
(a “white” spectrum):

1

2π

∫ ∞

−∞
〈
R(t) · R

〉
exp(iωt)dt = R0 (7.3.5)

These are reasonable assumptions when the brownian particle is much larger than its neigh-
bours, because even on a short timescale its motion will be determined by a very large
number of essentially uncorrelated collisions. When all particles are of the same size, the
assumptions are less well justified, and a generalisation of a type to be described later is
required.

The two terms on the right-hand side of the Langevin equation (7.3.1) are not inde-
pendent. To see the connection between them we first write the solution to (7.3.1) in the
form

mu(t) = mu(0) exp(−ξ t) + exp(−ξ t)

∫ t

0
exp(ξs)R(s)ds (7.3.6)
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On squaring and taking the statistical average we find, using (7.3.3) and (7.3.4), that

m2〈∣∣u(t)∣∣2〉 = m2〈∣∣u(0)∣∣2〉 exp(−2ξ t)

+ exp(−2ξ t)
∫ t

0
ds
∫ t

0
ds′ exp

[
ξ(s + s′)

]
2πR0δ(s − s′)

= m2〈∣∣u(0)∣∣2〉 exp(−2ξ t) + πR0

ξ

[
1 − exp(−2ξ t)

]
(7.3.7)

We now take the limit t → ∞; the brownian particle will then be in thermal equilibrium
with the bath regardless of the initial conditions. Hence 〈|u(∞)|2〉 = 3kBT/m and (7.3.7)
can be rearranged to give an expression for the friction coefficient:

ξ = πβR0

3m
= β

3m

∫ ∞

0

〈
R(t) · R

〉
dt (7.3.8)

From a physical point of view it is not surprising to find a link between the frictional and
random forces. If the brownian particle were to be drawn through the bath by an external
field, random collisions suffered by the particle would give rise to a systematic retard-
ing force proportional to the particle velocity. Equation (7.3.8) is a further illustration of
the fluctuation–dissipation theorem already discussed in Section 3.5 and which we shall
establish more generally in Section 7.6.

The friction coefficient is also related to the diffusion coefficient. Consider the case when
the brownian particle is initially (t = 0) situated at the origin (r = 0). We wish to calculate
the mean-square displacement of the particle after a time t . By multiplying through (7.3.1)
by r(t) and using the results

r · u = r · ṙ = 1
2

d

dt
r2 (7.3.9)

r · u̇ = r · r̈ = 1
2

d2

dt2
r2 − u2 (7.3.10)

we find that

1
2m

d2

dt2

∣∣r(t)∣∣2 + 1
2ξm

d

dt

∣∣r(t)∣∣2 = m
∣∣u(t)∣∣2 + r(t) · R(t) (7.3.11)

In the statistical mean (7.3.11) becomes

d2

dt2

〈∣∣r(t)∣∣2〉+ ξ
d

dt

〈∣∣r(t)∣∣2〉= 6kBT

m
(7.3.12)

The solution to (7.3.12) that satisfies the boundary conditions 〈|r(0)|2〉 = 0 and

d

dt

〈∣∣r(t)∣∣2〉∣∣∣∣
t=0

= 2
〈
r(0) · u(0)

〉= 0 (7.3.13)
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is 〈∣∣r(t)∣∣2〉= 6kBT

ξm

(
t − 1

ξ
+ 1

ξ
exp(−ξ t)

)
(7.3.14)

At very short times, such that ξ t � 1, the solution becomes

〈∣∣r(t)∣∣2〉≈ (3kBT

m

)
t2 = 〈u2〉t2 (7.3.15)

which corresponds to free-particle motion. At very large times (ξ t � 1), (7.3.14) reduces
to 〈∣∣r(t)∣∣2〉≈ (6kBT

ξm

)
t (7.3.16)

and comparison with (7.2.3) leads to Einstein’s expression for the diffusion coefficient:

D = kBT

ξm
(7.3.17)

An estimate of ξ can be obtained from a hydrodynamic calculation of the frictional
force on a sphere of diameter d moving with constant velocity u in a fluid of shear vis-
cosity η. This leads to a famous result due to Stokes, the precise form of which depends
on the assumptions made about the behaviour at the surface of the sphere of the velocity
field created by the fluid. If the “stick” boundary condition is used, the fluid velocity at the
surface is everywhere taken equal to u; in the “slip” approximation, the normal compo-
nent of the fluid velocity is set equal to the normal component of u, thereby ensuring that
no fluid can enter or leave the sphere, and the tangential force acting on the sphere is as-
sumed to vanish. The stress tensor at the surface is then obtained by solving the linearised
Navier–Stokes equation (see Section 8.3) subject to one of these boundary conditions, sup-
plemented by the requirement that the fluid velocity must vanish at infinite distance from
the sphere. When the stress tensor is known, the total frictional force F can be calculated
by integration over the surface. The final result has the form F = −ξu, with

ξ = 3πηd

m
(stick), ξ = 2πηd

m
(slip) (7.3.18)

Combination of (7.3.17) with (7.3.18) leads to the two familiar forms of Stokes’s law:

Dη = kBT

3πd
(stick), Dη = kBT

2πd
(slip) (7.3.19)

It is a remarkable feature of Stokes’s law that although it is derived from purely macro-
scopic considerations, and is apparently limited to brownian particles, it also provides a
good, empirical correlation of experimental data on simple liquids, use of the slip bound-
ary condition generally leading to more reasonable values of the effective diameter d .
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The form of the velocity autocorrelation function of the brownian particle is easily de-
duced. If we multiply through (7.3.1) by u(0) and take the thermal average we find that

Z(t) = 1
3

〈
u(t) · u(0)

〉= (kBT

m

)
exp(−ξ t) (7.3.20)

where t � 0. The expression for the diffusion coefficient given by (7.3.17) is then recov-
ered by inserting (7.3.20) in (7.2.7). Note that the autocorrelation function is of the same,
exponential form as the Enskog result for the hard-sphere fluid. This is to be expected,
since a markovian hypothesis underlies both calculations. In practice, as is evident from
Figure 7.1, the velocity autocorrelation function of a simple liquid may be very far from
exponential. Moreover, the power spectrum of an exponential correlation function has an
infinite second moment, which for continuous potentials is not consistent with the result
shown in (7.2.8). The inconsistency arises because the applicability of (7.3.20) does not
extend to very short times. In a time interval t such that ξ t � 1 the brownian particle expe-
riences very few collisions and the basic assumptions of the Langevin theory are no longer
valid.

When the dimensions of the diffusing particle are similar to those of its neighbours, the
weakest part of the theory is the markovian approximation whereby the frictional force
on the particle at a given time is assumed to be proportional only to its velocity at the
same time. The implication of this assumption is that the motion of the particle adjusts
itself instantaneously to changes in the surrounding medium. It would obviously be more
realistic to suppose that the frictional force acting on a particle reflects the previous history
of the system. In other words, we should associate a certain “memory” with the motion of
the particle. This can be achieved by introducing a friction coefficient ξ(t − s) that is non-
local in time and determines the contribution to the systematic force at time t coming from
the velocity at earlier times s. Mathematically this amounts to writing the frictional force
as a convolution in time, giving rise to a non-markovian generalisation of the Langevin
equation, which we write as

mu̇(t) = −m

∫ t

0
ξ(t − s)u(s)ds + R(t) (7.3.21)

The properties of R(t) expressed by (7.3.2) and (7.3.3) are assumed to be unaltered. If,
therefore, we multiply through (7.3.21) by u(0) and take the thermal average, we arrive at
an equation for the velocity autocorrelation function in the form

Ż(t) = −
∫ t

0
ξ(t − s)Z(s)ds (7.3.22)

The quantity ξ(t) is called the memory function for the autocorrelation function Z(t). An
equation analogous to (7.3.22) can be written down for the autocorrelation function of an
arbitrary dynamical variable, A say. Such an expression may be regarded as a generalised
Langevin equation in which the random “force” is proportional to that part of A(t) which is
uncorrelated with A(0) (cf. (7.3.3)). All that is lost in extending the use of the generalised
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Langevin equation to other dynamical variables is a feeling for the physical meaning of the
“friction” coefficient and random “force”.

If we take the Laplace transform of (7.3.22), we obtain a simple, algebraic relation be-
tween Z̃(z) and ξ̃ (z):

Z̃(z) = kBT/m

−iz + ξ̃ (z)
(7.3.23)

On replacing the frequency-dependent friction coefficient in (7.3.23) by a constant, ξ , and
inverting the transform, we recover the exponential form of Z(t) given by (7.3.20); this
amounts to choosing a purely local (markovian) memory function, ξ(t) = ξδ(t), which
leads back to the original Langevin equation (7.3.1). Similarly, the Enskog approxima-
tion (7.2.20) corresponds to taking ξ(t) = (3/2ΓE)δ(t). Equation (7.3.22) is exact, how-
ever, since it acts as a definition of the unknown function ξ(t). What is lacking at this stage
is any statistical-mechanical definition of either R(t) or ξ(t), nor is it obvious that ξ(t) is
a simpler object to understand than Z(t) itself; if it were not, (7.3.22) would be of little
value. The interpretation of the generalised Langevin equation and the memory-function
equation in terms of statistical mechanics is described in detail in Chapter 9. Here it is suf-
ficient to say that ξ(t) is expected to decay much faster than Z(t). If this is so, it suggests
that a phenomenological model of a complicated dynamical process can be devised by
postulating a rather simple form for the appropriate memory function that satisfies, in par-
ticular, the low-order sum rules on the autocorrelation function. For example, to describe
the diffusion process, we could suppose that the memory function decays exponentially10

with a characteristic time τ :

ξ(t) = ξ(0) exp
(−|t |/τ) (7.3.24)

If we differentiate (7.3.22) with respect to time, set t = 0 and use (7.2.9), we find that

ξ(0) = − Z̈(0)

Z(0)
= Ω2

0 (7.3.25)

Then, by taking the Laplace transform of (7.3.24) and substituting the result in (7.3.23),
we obtain the expression

Z̃(z) = kBT/m

−iz + Ω2
0

−iz+τ−1

(7.3.26)

It follows from (7.2.7) that the diffusion coefficient is

D = Z̃(0) = kBT

mΩ2
0τ

(7.3.27)

and inverse Laplace transformation of (7.3.26) shows that the velocity autocorrelation func-
tion is given by

Z(t) =
(

kBT/m

α+ − α−

)[
α+ exp

(−α−|t |)− α− exp
(−α+|t |)] (7.3.28)
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where α+, α− are the two poles of Z̃(z = iα):

α± = 1

2τ

[
1 ∓ (1 − 4Ω2

0τ
2)1/2] (7.3.29)

If τ < 1/2Ω0, the poles are real and positive and Z(t) decays monotonically with the
correct curvature (Ω2

0 ) at the origin. On the other hand, if τ > 1/2Ω0, which from (7.3.27)
is equivalent to the condition

mDΩ0

kBT
< 2 (7.3.30)

then the poles are a complex-conjugate pair and the velocity autocorrelation function be-
haves as

Z(t) =
(
kBT

m

)
exp
(−|t |/2τ

)[
cosΩ1|t | + (1/2Ω1τ) sinΩ1|t |

]
(7.3.31)

where Ω2
1 = Ω2

0 − 1/4τ 2. The function defined by (7.3.31) exhibits a negative region at
intermediate times, in qualitative agreement with simulation results on simple liquids at
low temperatures and high densities (see Figure 7.1), where the condition (7.3.30) is in-
deed well satisfied. The argument that leads to (7.3.28) is nonetheless inadequate in certain
respects. First, it provides no prescription for the relaxation time τ , though the value of
τ can be derived from (7.3.27) if D is known. Secondly, use of the simple memory func-
tion (7.3.24) yields a spectrum Z(ω) for which the even frequency moments beyond the
second are all infinite. Both defects can be overcome by postulating a gaussian rather than
an exponential memory function and forcing agreement with the fourth frequency moment
of Z(ω), which in turn requires a knowledge of the equilibrium triplet distribution func-
tion. However, none of the phenomenological memory-function calculations that use as
their basic ingredients only the short-time behaviour of the correlation function are capa-
ble of reproducing the observed slow (∼ t−3/2) decay at long times (Ω0t � 1).

7.4 CORRELATIONS IN SPACE AND TIME

A detailed description of the time evolution of spatial correlations in liquids requires the
introduction of time-dependent generalisations of the static distribution functions defined
in Sections 2.5 and 2.6. The relevant dynamical variable is the microscopic particle den-
sity (3.1.2), where account must now be taken of the time-dependence of the particle coor-
dinates ri . More generally, we define a microscopic dynamical variable as

A(r, t) =
N∑
i=1

ai(t)δ
[
r − ri (t)

]
(7.4.1)
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where ai is some physical quantity such as the mass, velocity or energy of particle i. The
spatial Fourier components of A(r, t) are

Ak(t) =
∫

A(r, t) exp(−ik · r)dr =
N∑
i=1

ai(t) exp
[−ik · ri (t)

]
(7.4.2)

A microscopic dynamical variable is said to be conserved if it satisfies a continuity equation
of the form

∂A(r, t)
∂t

+ ∇ · jA(r, t) = 0 (7.4.3)

where jA is the current associated with the variable A. Equation (7.4.3) is a local expression
of the fact that

∫
A(r, t)dr =∑i ai(t) is independent of time; the corresponding equation

for the Fourier components of A is

∂Ak(t)

∂t
+ ik · jAk (t) = 0 (7.4.4)

which shows that spontaneous fluctuations in a conserved variable decay very slowly at
long wavelengths.

The time-dependent, microscopic particle density

ρ(r, t) =
N∑
i=1

δ
[
r − ri (t)

]
(7.4.5)

corresponds to the case when ai = 1 and is a particularly important example of a conserved
local variable. The associated particle current is

j(r, t) =
N∑
i=1

ui (t)δ
[
r − ri (t)

]
(7.4.6)

with Fourier components

jk(t) =
N∑
i=1

ui (t) exp
[−ik · ri (t)

]
(7.4.7)

where ui is the velocity of particle i. Each Fourier component may be separated into longi-
tudinal (l) and transverse (t) parts, the two parts being parallel and perpendicular, respec-
tively, to the wavevector k. The longitudinal component, jkl , is related to the microscopic
density via the continuity equation (7.4.4).

The time-correlation function of two space-dependent dynamical variables is defined as
in (7.1.2) or (7.1.3) but is now, in general, non-local in space:

CAB(r′, r′′; t ′, t ′′) = 〈A(r′, t ′)B∗(r′′, t ′′)
〉

(7.4.8)
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while the correlation functions of the Fourier components are defined as

CAB(k′,k′′; t ′, t ′′) = 〈Ak′(t ′)B∗
k′′(t ′′)

〉= 〈Ak′(t ′)B−k′′(t ′′)
〉

(7.4.9)

These correlation functions have all the properties given in Section 7.1, in particular those
associated with stationarity. In addition, for homogeneous liquids, translational invariance
in space means that the correlation function (7.4.8) depends only on the relative coordinates
r = r′ − r′′. Thus

CAB(r′, r′′; t ′, t ′′) = CAB(r′ − r′′, t ′ − t ′′) (7.4.10)

Translational invariance also implies that correlations between Fourier components Ak′(t ′)
and Bk′′(t ′′) are non-zero only if k′ = k′′, i.e.

CAB(k′,k′′; t) = 〈Ak′(t)B−k′′
〉
δk′,k′′ (7.4.11)

Clearly CAB(k, t) is the spatial Fourier transform of CAB(r, t):

CAB(k, t) =
∫

CAB(r, t) exp(−ik · r)dr (7.4.12)

If the fluid is also isotropic, the correlation functions (7.4.10) and (7.4.11) share with their
static counterparts the property that they are functions, respectively, of the scalar quanti-
ties r and k. The frequency moments of the power spectrum of an autocorrelation func-
tion CAA(k, t) are again given by (7.1.24), but are now wavenumber-dependent. The conti-
nuity equation for conserved variables leads to simple expressions for the second frequency
moments, called f -sum rules. From (7.1.24) and (7.4.4) it follows that

〈
ω2〉

AA
= 〈ȦkȦ−k〉 = k2〈∣∣jAkl∣∣2〉 (7.4.13)

The memory function, MAA say, associated with a space-dependent autocorrelation
function CAA must allow for non-local effects in space as well as in time. The memory-
function equation satisfied by CAA is therefore written as

ĊAA(r, t) +
∫ t

0
dt ′
∫

dr′MAA(r − r′, t − t ′)CAA(r′, t ′) = 0 (7.4.14)

or, by exploiting the convolution theorem:

ĊAA(k, t) +
∫ t

0
dt ′MAA(k, t − t ′)CAA(k, t ′) = 0 (7.4.15)

We now focus specifically on the way in which time-dependent correlations in the micro-
scopic density and particle current are described. A convenient starting point is provided
by the space and time-dependent distribution function introduced by van Hove. The van
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Hove function for a uniform fluid is defined as

G(r, t) =
〈

1

N

N∑
i=1

N∑
j=1

∫
δ
[
r − rj (t) + ri (0)

]〉
(7.4.16)

which can be rewritten successively as

G(r, t) =
〈

1

N

∫ N∑
i=1

N∑
j=1

δ
[
r′ + r − rj (t)

]
δ
[
r′ − ri (0)

]
dr′
〉

=
〈

1

N

∫
ρ(r′ + r, t)ρ(r′,0)dr′

〉
= 1

ρ

〈
ρ(r, t)ρ(0,0)

〉
(7.4.17)

The van Hove function therefore has the meaning of a density–density time-correlation
function which for t = 0 is closely related to the static correlation function (3.1.6). It sep-
arates naturally into two terms, usually called the “self” (s) and “distinct” (d) parts, i.e.

G(r, t) = Gs(r, t) + Gd(r, t) (7.4.18)

where

Gs(r, t) =
〈

1

N

N∑
i=1

δ
[
r − ri (t) + ri (0)

]〉
(7.4.19a)

Gd(r, t) =
〈

1

N

N∑
i=1

N∑
j �=i

δ
[
r − rj (t) + ri (0)

]〉
(7.4.19b)

Hence Gs(r,0) = δ(r) and (from (2.5.15)) Gd(r,0) = ρg(r). The physical interpretation
of the van Hove function is that G(r, t)dr is the number of particles j in a region dr around
a point r at time t given that there was a particle i at the origin at time t = 0; the division
into self and distinct parts corresponds to the possibilities that i and j may be the same
particle or different ones. As t increases, Gs broadens into a bell-shaped curve and the
peaks in Gd gradually disappear. In the limit t → ∞, both functions become independent
of r , with Gs(r, t → ∞) ∼ 1/V and Gd(r, t → ∞) ∼ ρ; the behaviour at large r is the
same as that at large t .

Rather than considering the density–density correlation in real space, it is often more
convenient to focus attention on the correlation function of the Fourier components ρk:

F(k, t) = 1

N

〈
ρk(t)ρ−k

〉
(7.4.20)

The function F(k, t) is called the intermediate scattering function; as we shall see later,
F(k, t) is closely related to the cross-section measured in an inelastic scattering experi-
ment. By following steps almost identical to those that establish the relation (4.1.3) be-
tween the static structure factor and the pair distribution function it is easy to show that
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F(k, t) is the spatial Fourier transform of the van Hove function, i.e.

F(k, t) =
∫

G(r, t) exp(−ik · r)dr (7.4.21)

The power spectrum of the intermediate scattering function:

S(k,ω) = 1

2π

∫ ∞

−∞
F(k, t) exp(iωt)dt (7.4.22)

is called the dynamic structure factor. Combination of (4.1.1) and (7.1.24) shows that the
static and dynamic structure factors are related by∫ ∞

−∞
S(k,ω)dω = F(k,0) = S(k) (7.4.23)

The physical significance of this sum rule will become clear in the next section. Finally, we
define the autocorrelation function of the Fourier components (7.4.7) of the current asso-
ciated with the microscopic density. Because jk is a vector, the corresponding correlation
function is a second-rank tensor, but rotational invariance implies that the longitudinal and
transverse projections of the particle current are uncorrelated if the fluid is isotropic. When
that is so, the correlation-function tensor has only two independent components and may
therefore be written in the form

Cαβ(k, t) = k2

N

〈
jα

k (t)j
β

−k

〉
= k̂αk̂βCl(k, t) + (δαβ − k̂αk̂β)Ct (k, t) (7.4.24)

where α,β = x, y or z and k̂α, k̂β are cartesian components of the unit vector k̂ = k/k.
If the z-axis is chosen parallel to k, the longitudinal and transverse current autocorrelation
functions are given by

Cl(k, t) = k2

N

〈
jz

k(t)j
z
−k

〉
(7.4.25a)

Ct(k, t) = k2

N

〈
jx

k (t)j
x
−k

〉
(7.4.25b)

The continuity equation (7.4.4) (with A = ρ) and the general property (7.1.8) imply that
the density and longitudinal-current correlation functions are not independent, since

Cl(k, t) = 1

N

〈
ρ̇k(t)ρ̇k

〉= − d2

dt2
F(k, t) (7.4.26)

Written in terms of Laplace transforms, (7.4.26) becomes

C̃l(k, z) = z2F̃ (k, z) − izS(k) (7.4.27)
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or, on taking the real part and making use of (7.1.19):

Cl(k,ω) = ω2S(k,ω) (7.4.28)

The function Cl(k,ω) describes the spectrum of longitudinal-current fluctuations in the
liquid. Fluctuations in density are therefore intimately related to fluctuations in longitudinal
current, but are independent of the transverse current.

In classical statistical mechanics, positions and velocities at a given instant are uncorre-
lated. Thus the definitions of the current autocorrelation functions show that their zero-time
values are the same and given by

Cl,t (k,0) = k2
(
kBT

m

)
= ω2

0, say (7.4.29)

From (7.4.26) and the general f -sum rule (7.4.13) it follows that the second frequency
moment of the dynamic structure factor is given by

〈
ω2〉

ρρ
=
∫ ∞

−∞
ω2S(k,ω)dω = −F̈ (k,0) = ω2

0 (7.4.30)

Since the f -sum rule is a consequence of the continuity equation, the second moment is
purely kinetic in origin, but higher-order moments depend on the interparticle potential.
If the potential is continuous, the general results contained in (7.1.23) and (7.1.24) imply
that the odd frequency moments of S(k,ω) are all zero and the fourth moment is equal, by
virtue of the relation (7.4.28), to the second moment of Cl(k,ω). We may therefore base a
calculation of the fourth moment on the short-time expansion of Cl(k, t), which we write
as

Cl(k, t) = ω2
0

(
1 − ω2

1l
t2

2! + · · ·
)

(7.4.31)

Equations (7.1.8) and (7.4.31) show that

ω2
0ω

2
1l = − d2

dt2
Cl(k, t)

∣∣∣∣
t=0

= d4

dt4
F(k, t)

∣∣∣∣
t=0

= 1

N
〈ρ̈kρ̈−k〉 (7.4.32)

If again we take the z-axis along the direction of k and make the substitution u̇iz =
−(1/m)(∂VN/∂zi), (7.4.32) becomes

ω2
0ω

2
1l = k4〈u4

iz

〉+ k2
(
kBT

m

)〈 N∑
i=1

N∑
j=1

∂VN

∂zi

∂VN

∂zj
exp
[
ik(zi − zj )

]〉
(7.4.33)
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For a maxwellian distribution of velocities, 〈u4
iz〉 = 3〈u2

iz〉2, and the statistical average
in (7.4.33) can be simplified with the help of Yvon’s theorem (7.2.11) to give〈

N∑
i=1

N∑
j=1

∂VN

∂zi

∂VN

∂zj
exp
[
ik(zi − zj )

]〉

= kBT

〈
N

∂2VN

∂z2
1

+ N(N − 1)
∂2VN

∂z1∂z2
exp
[
ik(z1 − z2)

]〉
(7.4.34)

where 1 and 2 are the labels of two, arbitrarily chosen particles. Hence, if VN is a sum of
pair terms:

ω2
1l = 3ω2

0 + ρ

m

∫
(1 − coskz)

∂2v(r)

∂z2
g(r)dr (7.4.35)

where v(r) is the pair potential. At large k, the kinetic contribution dominates, correspond-
ing to free-particle behaviour. From (7.4.28) we see that ω2

1l is related to the second and
fourth frequency moments of S(k,ω) by ω2

1l = 〈ω4〉ρρ/〈ω2〉ρρ .
A similar calculation can be made for the transverse current. The short-time expansion

of the correlation function is now

Ct(k, t) = ω2
0

(
1 − ω2

1t
t2

2! + · · ·
)

(7.4.36)

with

ω2
0ω

2
1t = − d2

dt2
Ct(k, t)

∣∣∣∣
t=0

(7.4.37)

By pursuing the methods already used in the longitudinal case we find that the analogue
of (7.4.35) is

ω2
1t = ω2

0 + ρ

m

∫
(1 − coskz)

∂2v(r)

∂x2
g(r)dr (7.4.38)

Higher-order moments of Cl(k,ω) and Ct(k,ω) involve correlations between increasingly
large numbers of particles and rapidly become very tedious to evaluate.

7.5 INELASTIC NEUTRON SCATTERING

We now show how the Fourier transforms of the van Hove functions G(r, t) and Gs(r, t)
are related to measurements of the inelastic scattering of slow (or “thermal”) neutrons.
To do so, we require a generalisation of the calculation of Section 4.1 that allows for the
exchange of energy between the neutrons and the target.11 Neutrons are particularly useful
as probes of the microscopic dynamics of liquids because their momentum h̄k and energy
E = h̄ω are related by E = h̄2k2/2m, where m is the neutron mass. It follows that when
E is of order kBT , and therefore comparable with the thermal energies of particles in the
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liquid, the wavelength λ = 2π/k associated with the neutron is approximately 2 Å, which
is similar to the distance between neighbouring particles.

In a typical scattering event a neutron of momentum h̄k1 and energy h̄ω1 is scattered
into a solid angle dΩ . Let the momentum and energy of the neutron after the event be h̄k2
and h̄ω2 and let the momentum and energy transfer from neutron to sample be h̄k and h̄ω.
The dynamical conservation laws require that

h̄ω = E2 − E1 ≡ h̄ω12 (7.5.1)

h̄k = h̄k1 − h̄k2 (7.5.2)

where E1 and E2 are the initial and final energies of the sample. The probability per unit
time, W12, for the transition |1,k1〉 → |2,k2〉, where |1〉 and |2〉 denote the initial and final
states of the sample, is given by Fermi’s “golden rule”:

W12 = 2π

h̄

∣∣〈1,k1|V|2,k2
〉∣∣2δ(h̄ω − h̄ω12) (7.5.3)

where V represents the perturbation, i.e. the interaction between the neutron and the atomic
nuclei. For the sake of simplicity we have ignored the spin state of the neutron. The partial
differential cross-section for scattering into the solid angle dΩ in a range of energy transfer
h̄dω is calculated by averaging W12 over all initial states |1〉 with their statistical weights
P1 ∝ exp(−βE1), summing over all final states |2〉 allowed by energy conservation, mul-
tiplying by the density of final states of the neutron, namely

dk2/(2π)3 = k2
2 dk2 dΩ/(2π)3 = (m/h̄2)h̄k2 dω dΩ/(2π)3 (7.5.4)

and dividing by the flux h̄k1/m of incident neutrons, with the final result having the form

d2σ

dΩ dω
= k2

k1

(
m

2πh̄2

)2∑
{1}

∑
{2}

P1
∣∣〈1,k1|V|2,k2

〉∣∣2δ(ω − ω12) (7.5.5)

The differential cross-section (4.1.9) is obtained by integrating over all energy transfers:

dσ

dΩ
=
∫

dσ

dΩ dω
dω (7.5.6)

The structure and dynamics of the liquid enter the calculation through the interaction of
the neutron with the atomic nuclei. We assume again that V is given by the sum (4.1.12)
of δ-function pseudopotentials between a neutron located at r and nuclei at positions ri . If
the initial and final states of the neutron are taken as plane-wave states of the form (4.1.6),
the matrix element in (7.5.5) may be rewritten as

〈
1,k1|V|2,k2

〉= 2πh̄2

m

N∑
i=1

〈
1
∣∣bi exp(−ik · ri )

∣∣2〉 (7.5.7)
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where h̄k is the momentum transfer already defined and bi is the scattering length of nu-
cleus i.

Consider first the case when all nuclei in the sample have the same scattering length.
By incorporating (7.5.7) into (7.5.5), exploiting the definition (4.1.2) and introducing the
integral representation of the δ-function, we obtain an expression for the cross-section in
terms of the Fourier components of the microscopic density:

d2σ

dΩ dω
= b2

(
k2

k1

)∑
{1}

∑
{2}

P1
∣∣〈1|ρk|2〉∣∣2δ(ω − ω12)

= b2
(
k2

k1

)∑
{1}

∑
{2}

P1
1

2π

∫ ∞

−∞
∣∣〈1|ρk|2〉∣∣2 exp

[
i(ω − ω12)t

]
dt (7.5.8)

Equation (7.5.8) can be simplified by recognising that

exp(−iω12t)
∣∣〈1|ρk|2〉∣∣2

= exp(−iE2t/h̄) exp(iE1t/h̄)
〈
1|ρk|2〉〈2|ρ−k|1〉

= 〈1∣∣exp(iE1t/h̄)ρk exp(−iE2t/h̄)
∣∣2〉〈2|ρ−k|1〉

= 〈1∣∣exp(iHt/h̄)ρk exp(−iHt/h̄)
∣∣2〉〈2|ρ−k|1〉

= 〈1∣∣ρk(t)
∣∣2〉〈2|ρ−k|1〉 (7.5.9)

where H is the hamiltonian of the sample.
It remains only to sum over the initial states of the sample, which is equivalent to taking

an ensemble average, and over the final states, which is done by exploiting the closure
property,

∑
j |j 〉〈j | = 1, of a complete set of quantum states |j 〉. The final result for the

cross-section is

d2σ

dΩ dω
= b2

(
k2

k1

)
1

2π

∫ ∞

−∞
〈
ρk(t)ρ−k

〉
exp(iωt)dt

= Nb2
(
k2

k1

)
S(k,ω) (7.5.10)

where S(k,ω) is the dynamic structure factor defined by (7.4.22). Equation (7.5.10) shows
that a measurement of the experimental cross-section as a function of k and ω is equiva-
lent, at least in principle, to a determination of the van Hove correlation function G(r, t).
The connection with the elastic cross-section is made via (7.5.6); comparison of (4.1.23)
with (7.5.10), taken for the case k1 = k2, shows that (7.5.6) provides the physical content
of the so-called “elastic” sum rule (7.4.23).

By analogy with (7.4.21) and (7.4.22), it is customary to define a self dynamic structure
factor Ss(k,ω) as the double Fourier transform of the self part of the van Hove function,
i.e.

Ss(k,ω) = 1

2π

∫ ∞

−∞
dt exp(iωt)

∫
Gs(r, t) exp(−ik · r)dr (7.5.11)
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together with a self intermediate scattering function Fs(k, t), defined through the transform

Ss(k,ω) = 1

2π

∫ ∞

−∞
Fs(k, t) exp(iωt)dt (7.5.12)

with Fs(k,0) = 1. The self functions are important for the discussion of inelastic scattering
in situations where more than one scattering length is involved. As in Section 4.1, the
averaging over scattering lengths can be carried out independently of the thermal average
over nuclear coordinates. A generalisation of the result in (4.1.21) allows the inelastic
cross-section to be written as the sum of incoherent and coherent parts in the form

d2σ

dΩ dω
=
(

d2σ

dΩ dω

)
inc

+
(

d2σ

dΩ dω

)
coh

(7.5.13)

with (
d2σ

dΩ dω

)
inc

= Nb2
inc

(
k2

k1

)
Ss(k,ω)(

d2σ

dΩ dω

)
coh

= Nb2
coh

(
k2

k1

)
S(k,ω)

(7.5.14)

By varying the isotopic composition of the sample, or by using polarised neutrons, it is
possible to measure separately the coherent and incoherent cross-sections and thereby,
again in principle, to separate Gs and Gd.

For systems with inversion symmetry, which includes all fluids, the dynamic structure
factor is invariant under a change of sign of k. In the classical limit, S(k,ω) is also an
even function of ω, but a measured cross-section cannot be strictly even with respect to ω;
if that were the case, thermal equilibrium between radiation and sample would never be
reached. The principle of detailed balance requires that the cross-sections for the scatter-
ing processes |k1,1〉 → |k2,2〉 and |k2,2〉 → |k1,1〉 be equal to the ratio of the statistical
weights of the states |1〉 and |2〉, i.e. S(k,ω)/S(k,−ω) = exp(βh̄ω). Experimental scatter-
ing data are therefore frequently reported in the form of a “symmetrised” dynamic structure
factor, S(k,ω), defined as

S(k,ω) = exp
(− 1

2βh̄ω
)
S(k,ω) (7.5.15)

This is an even function of frequency for both classical and quantum systems.
In the limit r, t → 0, particles in a fluid move freely at constant velocity. These condi-

tions correspond to the limit k,ω → ∞, where S(k,ω) behaves in the manner appropriate
to an ideal gas. The limiting form of S(k,ω) is easily derived, since positions of different
particles are uncorrelated in an ideal gas (Gd = ρ); the calculation of S(k,ω) is therefore
equivalent to a calculation of Gs(r, t). The probability that an ideal-gas particle will move a
distance r in a time t is equal to the probability, given by the Maxwell distribution (2.1.28),
that the particle has a velocity in the range u to u + du, where u = r/t . Thus

Gs(r, t) =
(

βm

2πt2

)3/2

exp
(−βmr2/2t2) (7.5.16)
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where the form of the pre-exponential factor is determined by the requirement that∫
Gs(r, t)dr = 1. The corresponding result for S(k,ω) is

S(k,ω) =
(

βm

2πk2

)1/2

exp
(−βmω2/2k2) (7.5.17)

Equation (7.5.17) provides a reasonable fit to data on simple liquids at wavelengths signifi-
cantly shorter than the spacing between particles, typically for k greater than about 10 Å−1;
small deviations from the free-particle result can be allowed for by calculating the correc-
tion to S(k,ω) due to a single, binary collision. At longer wavelengths correlations between
particles become increasingly important and the ideal-gas model is no longer valid. Very
small values of k correspond to the hydrodynamic regime, where thermodynamic equilib-
rium is brought by frequent collisions between particles; this is the opposite extreme to the
free-particle limit represented by (7.5.17).

Inelastic neutron-scattering experiments designed for the study of both single-particle
and collective dynamical properties have been carried out for a number of monatomic liq-
uids. These experiments have been complemented by simulations of the Lennard-Jones and
hard-sphere fluids and a variety of models of the liquid alkali metals. Most of the interest
lies in the behaviour of the dynamic structure factor as a function of k and all the existing
experiments and simulations reveal broadly the same features. At reduced wavenumbers
kd ≈ 1 or smaller, where d is the atomic diameter, S(k,ω) has a sharp peak at zero fre-
quency and two more or less well defined side peaks, one on each side of the central peak.
As k increases, the peaks shift to higher frequencies with a dispersion that is approximately
linear. We shall see in Chapter 8 that the side peaks observed at long wavelengths corre-
spond to propagating sound waves; they are clearly visible in the results of neutron scat-
tering experiments on liquid caesium, some of which are plotted in Figure 7.5. At shorter
wavelengths the sound waves are strongly damped and disappear when kd ≈ 2, leaving
only a central, lorentzian-like peak. The width of the central peak first increases with k,
but then shows a marked decrease at wavenumbers close to the peak in the static structure
factor (see curve (d) in Figure 7.5). This last effect is called “de Gennes narrowing”; it
corresponds to a dramatic slowing down in the decay of the density autocorrelation func-
tion F(k, t), which in turn has its origins in the strong spatial correlations existing at these
wavelengths. At still larger values of k, the spectrum broadens again, going over finally to
its free-particle limit. The behaviour of Ss(k,ω) is much simpler; this has only a single,
central peak, the width of which increases smoothly with k.

Measurements of S(k,ω) can also be made by the inelastic scattering of light or x-rays.
Both techniques measure only the coherent cross-section and cannot be used as probes of
the single-particle motion, though this also simplifies analysis of the experimental data.
In thermal-neutron scattering experiments the smallest momentum transfers correspond to
wavelengths of the order of the nearest-neighbour spacing, but in light scattering the wave-
lengths involved are much larger, of order 5000 Å. It is therefore possible to calculate the
spectral distribution of scattered light from the macroscopic equations of hydrodynamics,
which are discussed in detail in Chapter 8. Light is scattered by fluctuations in the local
dielectric constant of the sample, but for most liquids these are directly proportional to the
fluctuations in density and the measured spectrum is proportional to S(k,ω). Inelastic x-ray
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FIG. 7.5. Results from inelastic neutron-scattering experiments for the dynamic structure factor of liquid caesium
near the normal melting temperature. The spectra have been normalised to unit area and only the energy-gain side
is shown. The main peak in S(k) is at k ≈ 1.4 Å−1. After Bodensteiner et al.12

scattering experiments have become feasible only with the development of high-resolution
synchrotron radiation facilities. The momentum-energy relation for the neutron means that
there exists a maximum possible energy transfer for a given momentum transfer, with a
value determined by the velocity of the incoming neutron. This constraint does not apply
in the case of x-ray scattering, thereby allowing measurements of S(k,ω) to be made over
a wider range of the frequency-wavenumber plane.

7.6 LINEAR-RESPONSE THEORY

We turn now to an investigation of the behaviour of a system under the perturbing influence
of an external field to which the system is weakly coupled. As we shall see, the response of
the system can be described entirely in terms of time-correlation functions characteristic of
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the system at equilibrium, i.e. in the absence of the field; the expression already obtained
for the inelastic neutron-scattering cross-section in terms of the dynamic structure factor
is an example of this relationship. The derivation of the general result requires only a
straightforward calculation of the change produced in a dynamical variable B by an applied
space and time-dependent field F conjugate to a variable A. Both A and B are to be
regarded in general as functions of the coordinates and momenta of all particles in the
system. The mean value of B in the equilibrium state is assumed to be zero.

The hamiltonian of the system in the presence of the external field is

H = H0 +H′(t) (7.6.1)

where H0 characterises the unperturbed system and H′(t) represents the perturbation:

H′(t) = −
∫

A(r)F(r, t)dr (7.6.2)

The external field can always be treated as a superposition of monochromatic plane waves.
Since we are interested in the linear response of the system, it is sufficient to consider a
single plane wave:

F(r, t) = 1

V
Fk exp

[
i(k · r − ωt)

]
(7.6.3)

in which case (7.6.2) becomes

H′(t) = −A−kFk exp(−iωt) (7.6.4)

As a further simplification we shall temporarily suppose that the external field is spa-
tially homogeneous and ignore the dependence on k; the latter is trivially reintroduced
at a later stage. We also assume that the system was in thermal equilibrium in the infinite
past (t → −∞). Then H′(t) may be written as

H′(t) = −AF(t) = −AF0 exp
[−i(ω + iε)t

]
(7.6.5)

where A and B are now taken to be real. The factor exp(εt) (ε > 0) is included to ensure
that F → 0 as t → −∞; the limit ε → 0 is taken at the end of the calculation. The time
evolution of the phase-space probability density f [N ](t) ≡ f [N ](rN,pN ; t) in the presence
of the perturbation is determined by the Liouville equation (2.1.9). Thus

∂f [N ](t)
∂t

= −iLf [N ](t) = {H0 +H′, f [N ](t)
}

= −iL0f
[N ](t) − {A,f [N ](t)

}
F(t) (7.6.6)

where L0 is the Liouville operator corresponding to the unperturbed hamiltonian. Equa-
tion (7.6.6) must be solved subject to the initial condition that f [N ](−∞) = f

[N ]
0 .
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We are interested only in the response to a weak external field. We may therefore write
the probability density as

f [N ](t) = f
[N ]
0 + Δf [N ](t) (7.6.7)

and linearise (7.6.6) in the form

∂Δf [N ](t)
∂t

= −iL0Δf [N ](t) − {A,f
[N ]
0

}
F(t) (7.6.8)

The solution to (7.6.8) is

Δf [N ](t) = −
∫ t

−∞
exp
[−i(t − s)L0

]{
A,f

[N ]
0

}
F(s)ds (7.6.9)

That this is the solution for all t is easily checked by differentiation, since it is obvi-
ously correct for t = −∞. In the canonical ensemble, f [N ]

0 ∝ exp(−βH0), and the Poisson
bracket appearing in (7.6.9) can be re-expressed as

{
A,f

[N ]
0

} =
N∑
i=1

(
∂A

∂ri
· ∂f

[N ]
0

∂pi

− ∂A

∂pi

· ∂f
[N ]
0

∂ri

)

= −β

N∑
i=1

(
∂A

∂ri
· ∂H0

∂pi

− ∂A

∂pi

· ∂H0

∂ri

)
f

[N ]
0

= −β(iL0A)f
[N ]
0 = −βȦf

[N ]
0 (7.6.10)

The mean change in the variable B(rN, rN) arising from the change in the distribution
function is therefore〈

ΔB(t)
〉 = ∫∫ B

(
rN,pN

)
Δf [N ](t)drN dpN

= β

∫ t

−∞
F(s)ds

∫∫
f

[N ]
0 B exp

[−i(t − s)L0
]
ȦdrNdpN

= β

∫ t

−∞
F(s)ds

∫∫
f

[N ]
0 Ȧ exp

[
i(t − s)L0

]
B drNdpN (7.6.11)

where we have used a result contained in (7.1.28). The response of the system can therefore
be written in the form 〈

ΔB(t)
〉= ∫ t

−∞
ΦBA(t − s)F(s)ds (7.6.12)

in terms of an after-effect function ΦBA(t), defined as

ΦBA(t) = β
〈
B(t)Ȧ

〉= −β
〈
Ḃ(t)A

〉
(7.6.13)
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The thermal averages in (7.6.13) are taken over the unperturbed system because in the
linear approximation represented by (7.6.11) the variable B evolves in time under the in-
fluence of the reference-system propagator exp(iL0t). It is sometimes convenient to use as
an alternative definition of the after-effect function the expression

θBA(t) = −β
〈
Ḃ(t)A

〉
θ(t) (7.6.14)

where θ(t) is the Heaviside step-function. Since θBA(t) = 0 for t < 0, the upper limit of
the integral in (7.6.12) can then be extended to +∞.

The physical meaning of (7.6.12) and (7.6.13) is that the response, i.e. the change in
the variable B at time t , is a superposition of delayed effects and the response to a unit δ-
function force applied at t = 0 is proportional to the after-effect function itself. The basic
result of linear-response theory embodied in these two equations can also be derived by cal-
culating the changes in the phase-space trajectories of the particles to first order in the ap-
plied force. That method of derivation emphasises the assumption of mechanical linearity
which underlies linear-response theory. Mechanical linearity cannot hold for macroscopic
times, however, since it is known that the perturbed and unperturbed phase-space trajec-
tories diverge exponentially on a macroscopic timescale even when the external field is
very weak. On the other hand, the corresponding deviation in the phase-space distribution
function is expected to behave smoothly as a function of the perturbation. Linearisation
of the statistically averaged response should therefore be justified, in agreement with ex-
perimental observations. The apparent contradiction between mechanical non-linearity and
statistical linearity is resolved by noting that the decay times of the relevant correlations,
i.e. the times after which randomisation sets in, are generally quite short, and that use of a
linear approximation for the divergence of the trajectories in phase space is valid for time
intervals over which the after-effect function differs significantly from zero.

Equation (7.6.12) is easily generalised to the case in which the external field also varies
in space. If the unperturbed system is spatially uniform, the response is determined by an
after-effect function ΦBA(r, t) through the relation

〈
ΔB(r, t)

〉= ∫ t

−∞
ds
∫

ΦBA(r − r′, t − s)F(r′, s)dr′ (7.6.15)

or, in terms of Fourier components, by

〈
ΔBk(t)

〉= ∫ t

−∞
ds
∫

ΦBA(k, t − s)Fk(s)ds (7.6.16)

where

ΦBA(k, t) = − β

V

〈
Ḃk(t)A−k

〉
(7.6.17)

Equation (7.6.16) shows that in the linear regime a perturbation of given wavevector in-
duces a response only of the same wavevector; this is a consequence of the assumed uni-
formity of the unperturbed system and the property (7.4.11).



210 TIME-DEPENDENT CORRELATION AND RESPONSE FUNCTIONS

We now restrict the discussion to the case of isotropic fluids. If the external field has the
monochromatic form of (7.6.5), the expression for the response becomes

〈
ΔBk(t)

〉 = ∫ t

−∞
ΦBA(k, t − s)Fk exp

[−i(ω + iε)s
]

ds

= Fk exp
[−i(ω + iε)t

] ∫ t

−∞
ΦBA(k, t − s) exp

[−i(ω + iε)(s − t)
]

ds

= Fk exp
[−i(ω + iε)t

] ∫ ∞

0
ΦBA(k, t) exp

[
i(ω + iε)t

]
dt (7.6.18)

or, taking the limit ε → 0: 〈
ΔBk(t)

〉= χBA(k,ω)Fk exp(−iωt) (7.6.19)

where χBA(k,ω) is a complex dynamic susceptibility or dynamic response function:

χBA(k,ω) = χ ′
BA(k,ω) + iχ ′′

BA(k,ω)

= lim
ε→0+

∫ ∞

0
ΦBA(k, t) exp

[
i(ω + iε)t

]
dt (7.6.20)

If we substitute for ΦBA(k, t) from (7.6.17) and integrate by parts, we find that

χBA(k,ω) = β

V

[
CBA(k, t = 0) + i(ω + iε)C̃BA(k,ω + iε)

]
(7.6.21)

When A and B are the same, it follows from (7.1.19) that

CAA(k,ω) = V kBT

πω
χ ′′
AA(k,ω) (7.6.22)

The zero-frequency limit of χAA(k,ω), i.e. the static susceptibility χAA(k), is obtained
from (7.6.21) as

χAA(k) ≡ χAA(k,ω = 0) = β

V
CAA(k, t = 0) (7.6.23)

Thus the static version of (7.6.19) for the case when A and B are the same is

〈ΔAk〉 = β

V
〈AkA−k〉Fk (7.6.24)

Equation (7.6.22) is a particular form of the fluctuation–dissipation theorem. Indeed the
name is often applied specifically to this relation between the power spectrum of the auto-
correlation function of a dynamical variable and the imaginary part of the corresponding
response function. Use of the term “dissipation” is connected to the fact, well known in
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spectroscopy, that the energy absorbed from the external field and later dissipated as heat
is proportional to ωχ ′′

AA(k,ω).
When A is the microscopic density some minor changes are needed to the formulae

we have derived. Let φk exp(−iωt) be a Fourier component of an external potential that
couples to the component ρ−k of the density. The term H′(t) in the hamiltonian (7.6.1)
now has the form

H′(t) = 1

V
ρ−kφk exp(−iωt) (7.6.25)

The resulting change in density is〈
Δρk(t)

〉= χρρ(k,ω)φk exp(−iωt) (7.6.26)

which is a generalisation to non-zero frequencies of the static result (3.6.9). The after-effect
function is

Φρρ(k, t) = β

V

〈
ρ̇k(t)ρ−k

〉= βρḞ (k, t) (7.6.27)

and the imaginary part of the response function is related to the dynamic structure factor
by

S(k,ω) = − kBT

πρω
χ ′′
ρρ(k,ω) (7.6.28)

The changes in sign relative to (7.6.17) and (7.6.22) arise from the difference in sign be-
tween the hamiltonian terms (7.6.4) and (7.6.25); the density response function is conven-
tionally defined in terms of the response to an external potential rather than an external
field. Similarly, the static susceptibility is now

χρρ(k) = − β

V
〈ρkρ−k〉 = −βρS(k) (7.6.29)

in agreement with (3.6.9).
The properties of the after-effect function ΦBA(k, t) follow directly from its defini-

tion (7.6.17) and the general properties of time-correlation functions. If A and B are dif-
ferent, we see from (7.1.9) and (7.6.17) that

ΦBA(k, t) = εAεḂΦAB(k, t) = −εAεBΦAB(k, t) (7.6.30)

Equation (7.6.30) is an expression of the Onsager reciprocity relations. If A and B are real,
ΦBA(k, t) is also real, and from (7.6.20) we see that on the real axis

χBA(k,−ω) = χ∗
BA(k,ω) = χ ′

BA(k,ω) − iχ ′′
BA(k,ω) (7.6.31)

Thus the real and imaginary parts of χBA are, respectively, even and odd functions of
frequency.
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The response function χBA(k,ω) can be interpreted as the limit of a Laplace transform
χ(k, z) defined in the entire upper half of the complex plane (Im z > 0):

χBA(k, z) =
∫ ∞

0
ΦBA(k, t) exp(izt)dt (7.6.32)

If we confine ourselves to the important special case when the variables B and A are
the same we may discard the subscripts and consider the behaviour of the susceptibility
χ(k, z) ≡ χAA(k, z) as a function of the complex variable z = ω + iε, with ε > 0. By
restricting ε to positive values we ensure that χ(k, z) is analytic in the upper half-plane, but
the function is undefined in the lower half-plane because the integral in (7.6.32) diverges.
Since (7.6.13) implies that the after-effect function (with A = B) is linear in t at short
times, it follows that χ(k, z) behaves asymptotically as z−2 at large z.

Let the contour C in the complex plane be C = C1 +C2, where C1 is the real axis and C2

is the infinite semicircle in the upper half-plane. Application of Cauchy’s integral formula
shows that

χ(k, z) = 1

2πi

∫
C

χ(k, z′)
z′ − z

dz′ (7.6.33)

where z is any point inside C. On the other hand, because the conjugate variable z∗ lies
outside C, the function χ(k, z′)/(z′ − z∗) is analytic in and on the contour C. It follows
from Cauchy’s theorem that ∫

C

χ(k, z′)
z′ − z∗ dz′ = 0 (7.6.34)

The contributions to the integrals (7.6.33) and (7.6.34) from the contour C2 are both zero,
because χ(k, z) vanishes rapidly as z → ∞. By adding quantities that are zero to the right-
hand side of (7.6.33) and discarding the integral around C2, χ(k, z) can be re-expressed
either as

χ(k, z) = 1

2πi

∫
C1

χ(k, z′)
(

1

z′ − z
+ 1

z′ − z∗

)
dz′ (7.6.35a)

or as

χ(k, z) = 1

2πi

∫
C1

χ(k, z′)
(

1

z′ − z
− 1

z′ − z∗

)
dz′ (7.6.35b)

Two further expressions for χ(k, z) are obtained by adding the real part of (a) to i times
the imaginary part of (b) and vice versa:

χ(k, z) = 1

π

∫ ∞

−∞
χ ′′(k,ω)

ω − z
dω (7.6.36a)

χ(k, z) = 1

πi

∫ ∞

−∞
χ ′(k,ω)

ω − z
dω (7.6.36b)
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We now let ε → 0 in (7.6.36a), so that χ(k,ω + iε) → χ ′(k,ω) + iχ ′′(k,ω), and use the
identity (7.1.18). In this way we find that

χ ′(k,ω) = P 1

π

∫ ∞

−∞
χ ′′(k,ω′)
ω′ − ω

dω′ (7.6.37)

which is the Kramers–Kronig relation for χ ′(k,ω) in terms of χ ′′(k,ω). The inverse rela-
tion, obtained by applying the rule (7.1.18) to (7.6.36b), is

χ ′′(k,ω) = −P 1

π

∫ ∞

−∞
χ ′(k,ω′)
ω′ − ω

(7.6.38)

These results show that the real and imaginary parts of χ(k,ω) are not independent of each
other and a knowledge of one part is sufficient to determine the full response function.

The dispersion and damping of the collective modes associated with a dynamical vari-
able A are governed, respectively, by the real and imaginary parts of the poles (corre-
sponding to resonances) of the analytic continuation of χAA(k, z) into the lower half-plane.
Much of the early theoretical work on density fluctuations in liquids was based on attempts
to modify the density response function of an ideal gas to allow for the effects of parti-
cle interactions through a variety of mean-field or “effective-field” approximations. The
problem with such approximations is that they account only for static and not for dynamic
correlations between particles; they therefore fare badly at densities characteristic of the
liquid state.

7.7 APPLICATIONS OF THE LINEAR-RESPONSE FORMALISM

The best known and most important of the applications of linear-response theory is its use
in the derivation of expressions for the transport coefficients of hydrodynamics, through
which induced fluxes are related to certain gradients within the fluid. The simplest ex-
ample concerns the mobility of a tagged particle under the action of a constant exter-
nal force F that acts only on the tagged particles. We suppose that the force is applied
along the x-direction from t = 0 onwards. Then the perturbation term in the hamiltonian
is H′(t) = −Fx(t)θ(t), where x(t) is the x-coordinate of a tagged particle; if the fluid is
isotropic, the drift velocity u of the particle will be in the same direction as the applied
force. From (7.6.12) and (7.6.13) it follows that

〈
ux(t)

〉= β

∫ t

−∞
〈
ux(t

′)ẋ
〉
Fθ(t ′)dt ′ = βF

∫ t

0

〈
ux(t

′)ux

〉
dt ′ (7.7.1)

This leads to the Einstein relation for the mobility μ, defined as the ratio of the limiting
drift velocity to the applied force:

μ = lim
t→∞

1

kBT

∫ t

0

〈
ux(t

′)ux

〉
dt ′ = D

kBT
(7.7.2)
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where D is the diffusion coefficient. Equation (7.7.2) is a further example of the
fluctuation–dissipation theorem: D is a quantity that characterises spontaneous fluctua-
tions in the velocity of a tagged particle and μ is a measure of the response of the tagged
particle to an applied force.

It is instructive to consider an alternative derivation of (7.7.2). If the tagged particles
are subjected to a weak, external force derived from a potential exp(εt)φ(r) (ε > 0), a
concentration gradient is set up. The resulting induced current is〈

j(s)(r, t)
〉= −μρs exp(εt)∇φ(r) − D∇〈ρ(s)(r, t)

〉
(7.7.3)

or, in terms of Fourier components:〈
j(s)k (t)

〉= −iμρs exp(εt)kφk − iDk
〈
ρ
(s)
k (t)

〉
(7.7.4)

where ρs is the number of tagged particles per unit volume. The first term on the right-hand
side of (7.7.3) represents the contribution to the current from the drift velocity of the tagged
particles and the second term arises from Fick’s law of diffusion (see Section 8.2). If the
field is turned on sufficiently slowly, i.e. if ε � Dk2, the system will remain in a steady
state. The two contributions to the current then cancel and (7.7.4) reduces to〈

ρ
(s)
k

〉= −μρs

D
φk (7.7.5)

If the concentration of tagged particles is sufficiently low for interactions between them to
be negligible, it follows from (3.6.9) that 〈ρ(s)

k 〉 and φk are also related by13

〈
ρ
(s)
k

〉= −βρsφk (7.7.6)

where −βρs is the static susceptibility of a non-interacting system of density ρs . Combi-
nation of (7.7.5) and (7.7.6) leads back to the Einstein expression (7.7.2).

The calculation of the electrical conductivity provides an example of a different type,
in which a collective response of a system to an external field is involved. Suppose that
a time-dependent electric field E(t) is applied to a system of charged particles. The field
gives rise to a charge current, defined as

ejZ(t) =
N∑
i=1

zieṙi (t) = Ṁ(t) (7.7.7)

where zie is the charge carried by the ith particle (e is the elementary charge) and M(t) is
the total dipole moment of the sample. The interaction with the applied field is described
by the hamiltonian

H′(t) = −
N∑
i=1

M(t) · E(t) (7.7.8)
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If the system is isotropic and the field is applied, say, along the x-axis, then, in the statistical
mean, only the x-component of the induced current will survive. The linear response to a
real, periodic field can therefore be written as

e
〈
jZ
x (t)

〉= Reσ(ω)E0 exp(−iωt) (7.7.9)

where, according to the general formulae (7.6.13) and (7.6.20), the electrical conductivity
per unit volume is given by

σ(ω) = βe

V

∫ ∞

0

N∑
i=1

〈
jZ
x (t)zieẋi

〉
exp(iωt)dt

= βe2

V

∫ ∞

0

〈
jZ
x (t)jZ

x

〉
exp(iωt)dt (7.7.10)

The usual static electrical conductivity σ is then identified as σ = limω→0 σ(ω). The statis-
tical average in the second line of (7.7.10) is the autocorrelation function of the fluctuating
charge current in the absence of the electrical field. In deriving this result we have ignored
any spatial variation of the electric field, thereby avoiding the difficulties which arise when
taking the long-wavelength limit for coulombic systems; we shall return to a discussion of
this problem in Chapter 10.

Correlation-function formulae for transport coefficients have been obtained by many
authors in a variety of ways. The derivation from linear-response theory is not always as
straightforward as it is in the case of electrical conductivity, the difficulty being that the
dissipative behaviour described by hydrodynamics is generally not induced by external
forces but by gradients of local thermodynamic variables, which cannot be represented by
a perturbation term in the hamiltonian. The thermal conductivity provides an example; this
is the transport coefficient that relates the induced heat flux to an imposed temperature
gradient via Fourier’s law. A temperature gradient is a manifestation of boundary condi-
tions and cannot be formulated in mechanical terms because temperature is a statistical
property of the system. However, a linear-response argument can still be invoked by in-
troducing an inhomogeneous field that couples to the energy density of the system and
sets up a heat flow. Einstein’s argument relating the diffusion coefficient to the mobility
can then be extended to yield a correlation-function expression for the thermal conduc-
tivity. We postpone a derivation of the microscopic expressions for thermal conductivity
and shear and bulk viscosities to Chapter 8, where it is shown that these coefficients are
related to the long-wavelength, low-frequency (or “hydrodynamic”) limit of certain space
and time-dependent correlation functions.

The response to a weak, applied field can be measured directly in a molecular dynam-
ics simulation in a way that allows the accurate calculation of transport coefficients with
relatively modest computational effort.14 To understand what is involved, we return to the
problem of the electrical conductivity. Clearly we could hope to mimic a real experiment
by adding to the equations of motion of the particles the force due to a steady electrical field
and computing the steady-state charge current to which the field gives rise. The practical
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value of such an approach is seriously limited by the fact that a very large field must be ap-
plied in order to produce a systematic response that is significantly greater than the natural
fluctuations. Use of a large field leads to a rapid heating-up of the system, non-conservation
of energy and other undesirable effects.

The problems associated with the use of large fields can be overcome either by imposing
constraints that maintain the system at constant kinetic energy or by a “subtraction” tech-
nique closely related to linear-response theory. In the subtraction method the response is
computed as the difference in the property of interest along two phase-space trajectories;
both start from the same phase point at time t = 0 but in one case a very small perturbing
force is applied. In the example of electrical conductivity the response is the difference in
charge current after a time t , given by

ΔjZ
x (t) = exp(iLt)jZ

x − exp(iL0t)j
Z
x (7.7.11)

where L and L0 are the Liouville operators that determine the perturbed and unperturbed
trajectories, respectively. The statistical response is obtained by averaging (7.7.11) over
initial conditions:〈

ΔjZ
x (t)

〉 = ∫∫ f
[N ]
0

[
exp(iLt) − exp(iL0t)

]
jZ
x drN dpN

= 〈jZ
x (t)

〉
L − 〈jZ

x (t)
〉
L0

(7.7.12)

where the brackets denote averages over the unperturbed equilibrium distribution function
and the nature of the mechanical evolution is indicated by the subscripts L and L0. The
success of the method rests mostly on the fact that random fluctuations in the two terms
in (7.7.12) are highly correlated and therefore largely cancel, leaving only the systematic
part, i.e. the response to the perturbation. It is therefore possible to use a perturbing force
that is very small. In principle, because the hamiltonian in the absence of the perturbation
is symmetric under reflection (xi → −xi), the second term in (7.7.12) should vanish, but
in practice this is not the case because the average is taken over a limited number of trajec-
tories. The form of the statistical response depends on the time-dependence of the applied
field. If a constant electric field is applied along the x-axis from t = 0 onwards, acting
in opposite senses on charges of different sign, the mean response is proportional to the
integral of the current autocorrelation function and therefore reaches a plateau value from
which the conductivity can be calculated via (7.7.10); if a δ-function force is applied at
t = 0, the response is proportional to the current autocorrelation function itself. The length
of the trajectories must, of course, exceed the relevant relaxation time of the system, in this
case the lifetime of spontaneous fluctuations in the electric current.

As a final example we show how the density response function of a non-interacting
system can be calculated by a linear-response argument. The time evolution of the single-
particle phase-space distribution function f (1)(r,p; t) of an ideal gas in an external poten-
tial φ(r, t) is determined by the Boltzmann equation (2.1.24) with the collision term set
equal to zero, i.e. (

∂

∂t
+ p

m
· ∂

∂r
− ∂φ(r, t)

∂r
· ∂

∂p

)
f (1)(r,p; t) = 0 (7.7.13)
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If we write the distribution function as

f (1)(r,p; t) = ρfM(p) + Δf (1)(r,p; t) (7.7.14)

where fM(p) is the Maxwell distribution (2.1.26), the change Δf (1) induced by the external
potential is linear in φ when the potential is weak. Substitution of (7.7.14) in (7.7.13) yields
an equation of motion for Δf (1):(

∂

∂t
+ p

m
· ∂

∂r
− ∂φ(r, t)

∂r
· ∂

∂p

)
Δf (1)(r,p; t) − ρ

∂φ(r, t)
∂r

· ∂fM(p)
∂p

= 0 (7.7.15)

and a double, Fourier–Laplace transform leads (in an obvious notation) to(
ω + iε − p · k

m

)
Δf (1)(k,p;ω + iε) + ρφ(k,ω + iε)k · ∂fM

∂p
= 0 (7.7.16)

The mean change in microscopic density due to the external potential is

〈
Δρ(r, t)

〉= ∫ Δf (1)(r,p; t)dp (7.7.17)

or, in terms of Fourier components:

〈
ρk(ω)

〉= ∫ Δf (1)(k,p;ω)dp (7.7.18)

Dividing through (7.7.16) by (ω + iε − p · k/m) and integrating over p we find that

〈
ρk(ω + iε)

〉= −ρφ(k,ω + iε)

∫
k · (∂fM/∂p)

ω + iε − p · k/m
dp (7.7.19)

Thus the density response function is

χρρ(k,ω + iε) = −ρ

∫
k · (∂fM/∂p)

ω + iε − p · k/m
dp

= βρ

∫
(p · k/m)fM(p)
ω + iε − p · k/m

dp

= −βρ + (ω + iε)βρ

∫
fM(p)

ω + iε − p · k/m
dp (7.7.20)

In the limit ε → 0 the imaginary part of (7.7.20) is

χ ′′
ρρ(k,ω) = −πβρω

∫
fM(p)δ(ω − p · k/m)dp (7.7.21)
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This result follows immediately from the identity (7.1.18). On substituting for fM(p) and
integrating over p we find that

χ ′′
ρρ(k,ω) = −βρω

(
πβm

2k2

)1/2

exp
(−βmω2/2k2) (7.7.22)

which, combined with (7.6.28), is equivalent to the expression (7.5.17) derived earlier for
the dynamic structure factor of an ideal gas.
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