
CHAPTER 8

Hydrodynamics and Transport Coefficients

Chapter 7 was concerned largely with the formal definition and general properties of time-
correlation functions and with the link that exists between spontaneous, time-dependent
fluctuations and the response of a fluid to an external probe. The main objectives of the
present chapter are, first, to show how the decay of fluctuations is described within the
framework of linearised hydrodynamics and, secondly, to obtain explicit expressions for
the macroscopic transport coefficients in terms of microscopic quantities. The hydrody-
namic approach is valid only on scales of length and time much larger than those char-
acteristic of the molecular level, but we show how the gap between the microscopic and
macroscopic descriptions can be bridged by an essentially phenomenological extrapola-
tion of the hydrodynamic results to shorter wavelengths and higher frequencies. The same
problem is taken up in a more systematic way in Chapter 9.

8.1 THERMAL FLUCTUATIONS AT LONG WAVELENGTHS AND LOW
FREQUENCIES

We have seen in Section 4.1 that the microscopic structure of a liquid is revealed ex-
perimentally by the scattering of radiation of wavelength comparable with the interpar-
ticle spacing. Examination of a typical pair distribution function, such as the one pictured
in Figure 2.1, shows that positional correlations decay rapidly in space and are negligi-
bly small at separations beyond a few molecular diameters. From a static point of view,
therefore, a fluid behaves, for longer wavelengths, essentially as a continuum. When dis-
cussing the dynamics, however, it is necessary to consider simultaneously the scales both
of length and time. In keeping with traditional kinetic theory it is conventional to compare
wavelengths with the mean free path lc and times with the mean collision time τc. The
wavenumber–frequency plane may then be divided into three parts. The region in which
klc � 1, ωτc � 1 corresponds to the hydrodynamic regime, in which the behaviour of
the fluid is described by the phenomenological equations of macroscopic fluid mechan-
ics. The range of intermediate wavenumbers and frequencies (klc ≈ 1,ωτc ≈ 1) forms the
kinetic regime, where allowance must be made for the molecular structure of the fluid and
a treatment based on the microscopic equations of motion is required. Finally, the region
where klc � 1, ωτc � 1 represents the free-particle regime; here the distances and times
involved are so short that the particles move almost independently of each other.

219
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In this chapter we shall be concerned mostly with the hydrodynamic regime, where the
local properties of the fluid vary slowly on microscopic scales of length and time. The set of
hydrodynamic variables or hydrodynamic fields include the densities of mass (or particle
number), energy and momentum; these are closely related to the conserved microscopic
variables introduced in Section 7.4. Like their microscopic counterparts, the conserved
hydrodynamic variables satisfy continuity equations of the form (7.4.3), which express the
conservation of matter, energy and momentum. In addition, there exist certain constitutive
relations between the fluxes (or currents) and gradients of the local variables, expressed
in terms of phenomenological transport coefficients. Fick’s law of diffusion and Fourier’s
law of heat transport are two of the more familiar examples of a constitutive relation.

One of the main tasks of the present chapter is to obtain microscopic expressions for the
transport coefficients that are similar in structure to the formula (7.7.10) already derived
for the electrical conductivity of an ionic fluid. This is achieved by calculating the hydro-
dynamic limit of the appropriate time-correlation function. To understand what is involved
in such a calculation it is first necessary to clarify the relationship between hydrodynamic
and microscopic dynamical variables. As an example, consider the local density. The mi-
croscopic particle density ρ(r, t) is defined by (7.4.5); its integral over all volume is equal
to N , the total number of particles in the system. The hydrodynamic local density ρ̄(r, t) is
obtained by averaging the microscopic density over a subvolume v around the point r that
is macroscopically small but still sufficiently large to ensure that the relative fluctuation in
the number of particles inside v is negligible. Then

ρ̄(r, t) = 1

v

∫
v

ρ(r′ − r, t)dr′ (8.1.1)

Strictly speaking, the definition of ρ̄(r, t) also requires a smoothing or “coarse graining”
in time. This can be realised by averaging (8.1.1) over a time interval that is short on
a macroscopic scale but long in comparison with the mean collision time. In practice,
however, smoothing in time is already achieved by (8.1.1) if the subvolume is sufficiently
large. The Fourier components of the hydrodynamic density are defined as

ρ̄k(t) =
∫

ρ̄(r, t) exp(−ik · r)dr (8.1.2)

where the wavevector k must be such that k is less than about 2π/v1/3. The corresponding
density autocorrelation function is then defined as in (7.4.20), except that the Fourier com-
ponents of the microscopic density are replaced by ρ̄k. Since we are now working at the
macroscopic level, the average to be taken is not an ensemble average, but an average over
initial conditions, weighted by the probability density of thermodynamic fluctuation theory
(see Appendix A). By forming such an average, we are implicitly invoking the hypothesis
of local thermodynamic equilibrium. In other words, we are assuming that although the hy-
drodynamic densities vary over macroscopic lengths and times, the fluid contained in each
of the subvolumes is in a state of thermodynamic equilibrium, and that the local density,
pressure and temperature satisfy the usual relations of equilibrium thermodynamics. These
assumptions are particularly plausible at high densities, since in that case local equilibrium
is rapidly brought about by collisions between particles.
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Once the calculation we have described in words has been carried out, the relations of
interest are obtained by supposing that in the limit of long wavelengths (λ � lc) and long
times (t � τc) or, equivalently, of small wavenumbers and low frequencies, correlation
functions derived from the hydrodynamic equations are identical to the correlation func-
tions of the corresponding microscopic variables. This intuitively appealing hypothesis,
which is due to Onsager, can be justified on the basis of the fluctuation–dissipation the-
orem discussed in Section 7.6. In the example of the density autocorrelation function the
assumption can be expressed by the statement that〈

ρk(t)ρ−k
〉∼ 〈ρ̄k(t)ρ̄−k

〉
, klc � 1, t/τc � 1 (8.1.3)

with the qualification, explained above, that the meaning of the angular brackets is dif-
ferent for the two correlation functions. As the sections that follow are concerned almost
exclusively with the calculation of correlation functions of hydrodynamic variables, no
ambiguity is introduced by dropping the bar we have used to distinguish the latter from the
corresponding microscopic quantities.

One important implication of the assumption of local thermodynamic equilibrium is that
the Maxwell distribution of velocities applies at the local level. The local velocity is defined
via the relation

p(r, t) = ρm(r, t)u(r, t) (8.1.4)

where p(r, t) is the momentum density and ρm(r, t) = mρ(r, t) is the mass density (we as-
sume that the fluid contains only one component). The single-particle distribution function
is now a function of r and t and (2.1.26) is replaced by

fl.e.(u, r; t) = ρ(r, t)
(

m

2πkBT (r, t)

)3/2

exp

(−m|u − u(r, t)|2
2kBT (r, t)

)
(8.1.5)

where T (r, t) is the local temperature. The function fl.e.(u, r; t) is called the “local-
equilibrium” Maxwell distribution.

8.2 SPACE-DEPENDENT SELF MOTION

As an illustration of the general procedure described in the previous section, we first con-
sider the relatively simple problem of the diffusion of tagged particles. If the tagged par-
ticles are physically identical to the other particles in the fluid, and if their concentration
is sufficiently low that their mutual interactions can be ignored, the problem is equivalent
to that of single-particle motion as described by the self part of the van Hove correlation
function Gs(r, t) (see Section 7.4). The macroscopic tagged-particle density ρ(s)(r, t) and
current j(s)(r, t) satisfy a continuity equation of the form

∂ρ(s)(r, t)
∂t

+ ∇ · j(s)(r, t) = 0 (8.2.1)
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and the corresponding constitutive equation is provided by Fick’s law:

j(s)(r, t) = −D∇ρ(s)(r, t) (8.2.2)

where the interdiffusion constant D is in this case the same as the self-diffusion constant.
Combination of (8.2.1) and (8.2.2) yields the diffusion equation:

∂ρ(s)(r, t)
∂t

= D∇2ρ(s)(r, t) (8.2.3)

or, in reciprocal space:

∂ρ
(s)
k (t)

∂t
= −Dk2ρ

(s)
k (t) (8.2.4)

Equation (8.2.4) can be integrated immediately to give

ρ
(s)
k (t) = ρ

(s)
k exp

(−Dk2t
)

(8.2.5)

where ρ
(s)
k is a Fourier component of the tagged-particle density at t = 0. If we multiply

both sides of (8.2.5) by ρ
(s)
−k and take the thermal average, we find that the normalised

autocorrelation function is

1

n

〈
ρ
(s)
k (t)ρ

(s)
−k

〉= 1

n

〈
ρ
(s)
k ρ

(s)
−k

〉
exp
(−Dk2t

)= exp
(−Dk2t

)
(8.2.6)

where n is the total number of tagged particles. Here we have used the fact that because
the concentration of tagged particles is low, their coordinates are mutually uncorrelated. It
then follows from the general hypothesis discussed in Section 8.1 that in the hydrodynamic
limit the self part of the density autocorrelation function (7.4.21), i.e. the self intermediate
scattering function defined by (7.5.12), behaves as

Fs(k, t) ∼ exp
(−Dk2t

)
, klc � 1, t/τc � 1 (8.2.7)

The long-wavelength, low-frequency limit of the van Hove self correlation function is
the spatial Fourier transform of (8.2.7):

Gs(r, t) = 1

(4πDt)3/2
exp
(−r2/4Dt

)
(8.2.8)

In the same limit the self dynamic structure factor is

Ss(k,ω) = 1

π

Dk2

ω2 + (Dk2)2
(8.2.9)

Equation (8.2.9) represents a single, lorentzian curve centred at ω = 0 with a width at half-
height equal to 2Dk2. A spectrum of this type is typical of any diffusive process described
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by an equation similar to (8.2.3). Alternatively, the structure of the Laplace transform of
(8.2.7), i.e.

F̃s(k, z) = 1

−iz + Dk2
(8.2.10)

shows that a diffusive process is characterised by a purely imaginary pole at z = −iDk2.
It should be emphasised again that the simple result expressed by (8.2.9) is valid only for
klc � 1, ωτc � 1. Its breakdown at high frequencies is reflected in the fact that the even
frequency moments (beyond zeroth order) of Ss(k,ω) are all infinite. Note also that the
transport coefficient D is related to the behaviour of Ss(k,ω) in the limit k, ω → 0. From
(8.2.9) we see that

D = lim
ω→0

lim
k→0

ω2

k2
πSs(k · ω) (8.2.11)

where it is crucial that the limits are taken in the correct order, i.e. k → 0 before ω → 0. In
principle, (8.2.11) provides a means of determining D from the results of inelastic neutron-
scattering experiments.

Equations (7.5.16) and (8.2.8) show that the van Hove self correlation function is a
gaussian function of r both for t → 0 (free-particle behaviour) and t → ∞ (the hydrody-
namic limit); it is therefore tempting to suppose that the function is gaussian at all times.
To study this point in more detail we write Gs(r, t) as a generalised gaussian function of r
in the form

Gs(r, t) =
(
α(t)

π

)3/2

exp
[−α(t)r2] (8.2.12)

where α(t) is a function of t but not of r ; the hydrodynamic limit corresponds to taking
α(t) = 1/4Dt and the ideal-gas model to α(t) = m/2kBT t2. The mean-square displace-
ment of tagged particles after a time t is the second moment of Gs(r, t), i.e.

〈
r2(t)

〉≡ 〈∣∣r(t) − r(0)
∣∣2〉= ∫ r2Gs(r, t)dr (8.2.13)

and is therefore related to the unknown function α(t) by 〈r2(t)〉 = 3/2α(t). If we insert this
result in (8.2.12) and take the Fourier transform, we find that in the gaussian approximation
the self intermediate scattering function has the form

Fs(k, t) = exp

(
−k2

6

〈
r2(t)

〉)
(8.2.14)

Systematic corrections to the gaussian approximation can be obtained from a cumulant
expansion of Fs(k, t) in powers of k2. Comparison with molecular-dynamics results for
argon-like liquids shows that in the intermediate range of k between the free-particle and
hydrodynamic regimes the first correction (of order k4) to (8.2.14) is typically 10% or less
and positive; corrections of higher order are even smaller.1

The Einstein expression for the long-time limit of the mean-square displacement of a
tagged particle is a direct consequence of the hydrodynamic result for Gs(r, t); substitution
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of (8.2.8) into the definition (8.2.13) leads immediately to (7.2.3). Since the mean-square
displacement is also related to the velocity autocorrelation function through (7.2.6), there
is a close connection between the functions Gs(r, t) (or Fs(k, t)) and Z(t). In fact, in the
gaussian approximation represented by (8.2.14), Fs(k, t) is entirely determined by Z(t)

and vice versa; more generally, only the second of these statements is true. To see the
significance of this connection we return briefly to the description of the system in terms
of microscopic variables. If we define the Fourier components of the microscopic current
associated with a tagged particle i having velocity ui as

jki (t) = ui (t) exp
[−ik · ri (t)

]
(8.2.15)

and the self-current autocorrelation function as

Cs(k, t) = 〈k · jki (t)k · j−ki
〉

(8.2.16)

it is clear that

Z(t) = 〈uiz(t)uiz

〉= lim
k→0

1

k2
Cs(k, t) = − lim

k→0

1

k2

d2

dt2
Fs(k, t) (8.2.17)

where we have chosen k to lie along the z-axis and used the single-particle version of
(7.4.26). The relation between the corresponding power spectra is

Z(ω) = ω2

2π
lim
k→0

1

k2

∫ ∞

−∞
Fs(k, t) exp(iωt)dt = ω2 lim

k→0

Ss(k,ω)

k2
(8.2.18)

Equation (8.2.18) may be regarded as a generalisation of (8.2.11) to non-zero frequencies
in which Z(ω) appears as a frequency-dependent diffusion coefficient; it also provides a
possible route to an experimental determination of the velocity autocorrelation function.

The relationship between Z(t) and Fs(k, t) (or Cs(k, t)) is further reflected in the short-
time expansions of these functions. By analogy with (7.4.31) the expansion of Cs(k, t) in
powers of t can be written as

Cs(k, t) = ω2
0

(
1 − ω2

1s
t2

2! + · · ·
)

(8.2.19)

From the general result (7.1.23) and the continuity equation (8.2.1) it follows that

ω2
0ω

2
1s = −〈k · j̇kik · j̇−ki

〉= 〈ρ̈ki ρ̈−ki〉
= k4〈u4

iz

〉+ k2〈u̇2
iz

〉= 3ω4
0 + (k2/m2)〈F 2

iz

〉
(8.2.20)

and hence, from the definition (7.2.9), that

ω2
1s = 3ω2

0 + Ω2
0 (8.2.21)
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The next term (of order t4) in the Taylor expansion of Cs(k, t) involves integrals over the
triplet distribution function. Short-time expansions such as (8.2.19) are useful in extending
the validity of hydrodynamic results to microscopic scales of length and time.

8.3 THE NAVIER–STOKES EQUATION AND HYDRODYNAMIC
COLLECTIVE MODES

We turn now to the problem of describing the decay of long-wavelength fluctuations in the
collective dynamical variables. For a one-component fluid the macroscopic local densities
associated with the conserved variables are the number density ρ(r, t), energy density
e(r, t) and momentum density p(r, t). The conservation laws for the local densities have
the form

m
∂

∂t
ρ(r, t) + ∇ · p(r, t) = 0 (8.3.1)

∂

∂t
e(r, t) + ∇ · Je(r, t) = 0 (8.3.2)

∂

∂t
p(r, t) + ∇ · Π(r, t) = 0 (8.3.3)

where Je is the energy current and Π is the momentum current or stress tensor. These
equations must be supplemented by two constitutive relations in which Je and Π are ex-
pressed in terms of quantities representing dissipative processes in the fluid. We choose a
frame of reference in which the mean velocity of the fluid is zero, i.e. 〈u(r, t)〉 = 0, and
assume that the local deviations of the hydrodynamic variables from their average values
are small. The equations may then be linearised with respect to the deviations. We consider
in turn each of the three conservation laws.

Conservation of particle number. Equation (8.3.1) is easily dealt with. The assumption
that the local deviation in number density is small means that the momentum density can
be written as

p(r, t) = m
[
ρ + δρ(r, t)

]
u(r, t) ≈ mρu(r, t) ≡ mj(r, t) (8.3.4)

which also serves as the definition of the local particle current j(r, t). With this approxi-
mation, (8.3.1) becomes

∂

∂t
δρ(r, t) + ∇ · j(r, t) = 0 (8.3.5)

Conservation of energy. The macroscopic energy current Je is defined as

Je(r, t) = (e + P)u(r, t) − λ∇T (r, t) (8.3.6)

where e = U/V is the equilibrium energy density, λ is the thermal conductivity and T (r, t)
is the local temperature already introduced in (8.1.5); terms corresponding to viscous heat-
ing have been omitted, since these are quadratic in the local velocity. Equations (8.3.2),
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(8.3.5) and (8.3.6) can now be combined to give the energy equation, i.e.

∂

∂t
δq(r, t) − λ∇2δT (r, t) = 0 (8.3.7)

where δq(r, t) is the fluctuation in a quantity

q(r, t) = e(r, t) −
(
e + P

ρ

)
ρ(r, t) (8.3.8)

which can be interpreted as a density of heat energy. If the number of particles is
held constant, the entropy change of the system in an infinitesimal process is T dS =
dU + P dV . Hence

T dS = d(eV ) + P dV = V de − eV

ρ
dρ − PV

ρ
dρ = V dq (8.3.9)

A change in q is therefore equal to the heat lost or gained by the system per unit volume
when the change is carried out reversibly and δq(r, t) is related to the change in entropy
density s(r, t) by

δq(r, t) = T δs(r, t) (8.3.10)

If we invoke the hypothesis of local thermodynamic equilibrium, the deviation of a local
thermodynamic variable such as s(r, t) from its average value can be expressed in terms
of a set of statistically independent quantities. We choose as independent variables the
density and temperature (see Appendix A) and expand q(r, t) to first order in the deviations
δρ(r, t) and δT (r, t). Then, from (8.3.10), and remembering that N is fixed:

δq(r, t) = T

V

(
∂S

∂ρ

)
T

δρ(r, t) + T

V

(
∂S

∂T

)
ρ

δT (r, t)

= −TβV

ρ
δρ(r, t) + ρcV δT (r, t) (8.3.11)

where

βV =
(
∂P

∂T

)
ρ

= −ρ

(
∂(S/V )

∂ρ

)
T

(8.3.12)

is the thermal pressure coefficient, cV is the heat capacity per particle at constant volume
and use has been made of the Maxwell relation (∂S/∂V )T = (∂P/∂T )V . If we now substi-
tute (8.3.11) in (8.3.7), eliminate (∂/∂t)ρ(r, t) with the help of (8.3.5) and divide through
by ρcV , the energy equation becomes(

∂

∂t
− a∇2

)
δT (r, t) + TβV

ρ2cV
∇ · j(r, t) = 0 (8.3.13)
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where

a = λ

ρcV
(8.3.14)

Conservation of momentum. The stress tensor Π in (8.3.3) is given macroscopically by

Παβ(r, t) = δαβP (r, t) − η

(
∂uα(r, t)

∂rβ
+ ∂uβ(r, t)

∂rα

)
+ δαβ

( 2
3η − ζ

)∇ · u(r, t) (8.3.15)

where P(r, t) is the local pressure, η is the shear viscosity, ζ is the bulk viscosity and the
bracketed quantity in the second term on the right-hand side is the rate-of-strain tensor.2

Substitution of (8.3.15) in (8.3.3) and use of (8.3.5) leads to the Navier–Stokes equation in
its linearised form:

∂

∂t
j(r, t) + 1

m
∇P(r, t) − ν∇2j(r, t) −

1
3η + ζ

ρm
∇∇ · j(r, t) = 0 (8.3.16)

where

ν = η

ρm
(8.3.17)

is the kinematic shear viscosity. To first order in δρ(r, t) and δT (r, t) the fluctuation in
local pressure is

δP (r, t) =
(
∂P

∂ρ

)
T

δρ(r, t) +
(
∂P

∂T

)
ρ

δT (r, t)

= 1

ρχT

δρ(r, t) + βV δT (r, t) (8.3.18)

where χT is the isothermal compressibility (2.4.16). The Navier–Stokes equation can there-
fore be rewritten as

1

ρmχT

∇δρ(r, t) + βV

m
∇δT (r, t) +

(
∂

∂t
− ν∇2 −

1
3η + ζ

ρm
∇∇·

)
j(r, t) = 0 (8.3.19)

Equations (8.3.5), (8.3.13) and (8.3.19) form a closed set of linear equations for the vari-
ables δρ(r, t), δT (r, t) and j(r, t). These are readily solved by taking the double transforms
with respect to space (Fourier) and time (Laplace) to give

−izρ̃k(z) + ik · j̃k(z) = ρk (8.3.20)

(−iz + ak2)T̃k(z) + TβV

ρ2cV
ik · j̃k(z) = Tk (8.3.21)
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1

ρmχT

ikρ̃k(z) + βV

m
ikT̃k(z) +

(
−iz + νk2 +

1
3η + ζ

ρm
kk·
)

j̃k(z) = jk (8.3.22)

where, for example:

ρ̃k(z) =
∫ ∞

0
dt exp(izt)

∫
δρ(r, t) exp(−ik · r)dr (8.3.23)

and ρk, Tk and jk are the spatial Fourier components at t = 0. We now separate the com-
ponents of the current jk into their longitudinal and transverse parts. Taking k along the
z-axis, we rewrite (8.3.22) as

1

ρmχT

ikρ̃k(z) + βV

m
ikT̃k(z) + (−iz + bk2)j̃ z

k(z) = jz
k (8.3.24a)

(−iz + νk2)j̃ α
k = jα

k , α = x, y (8.3.24b)

where

b =
4
3η + ζ

ρm
(8.3.25)

is the kinematic longitudinal viscosity.
Equations (8.3.20), (8.3.21) and (8.3.24) are conveniently summarised in matrix form:⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−iz 0 ik 0 0

0 −iz + ak2 TβV ik

ρ2cV
0 0

ik

ρmχT

βV ik

m
−iz + bk2 0 0

0 0 0 −iz + νk2 0

0 0 0 0 −iz + νk2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρ̃k(z)

T̃k(z)

j̃ z
k(z)

j̃ x
k (z)

j̃
y

k (z)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

ρk

Tk

jz
k

jx
k

j
y

k

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
(8.3.26)

The matrix of coefficients in (8.3.26) is called the hydrodynamic matrix. Its block-diagonal
structure shows that the transverse-current fluctuations are completely decoupled from
fluctuations in the other, longitudinal variables. The determinant of the hydrodynamic ma-
trix therefore factorises into the product of purely longitudinal (l) and purely transverse (t)
parts, i.e.

D(k, z) = Dl(k, z)Dt (k, z) (8.3.27)

with

Dl(k, z) = −iz
(−iz + ak2)(−iz + bk2)+ (−iz + ak2) k2

ρmχT

− iz
Tβ2

V k2

ρ2mcV
(8.3.28)
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and

Dt(k, z) = (−iz + νk2)2 (8.3.29)

The dependence of frequency on wavenumber or dispersion relation for the collective
modes is determined by the poles of the inverse of the hydrodynamic matrix and hence
by the complex roots of the equation

D(k, z) = 0 (8.3.30)

The factorisation in (8.3.27) shows that (8.3.30) has a double root associated with the two
transverse modes, namely

z = −iνk2 (8.3.31)

while the complex frequencies corresponding to longitudinal modes are obtained as the
solution to the cubic equation

iz3 − z2(a + b)k2 − iz
(
abk2 + c2

s

)
k2 + (a/γ )c2

s k
4 = 0 (8.3.32)

where γ = cP /cV is the ratio of specific heats, cs is the adiabatic speed of sound, given by

c2
s = γ

ρmχT

(8.3.33)

and use has been made of the thermodynamic relation3

cP = cV + T χT β
2
V

ρ
(8.3.34)

Since the hydrodynamic calculation is valid only in the long-wavelength limit, it is suf-
ficient to calculate the complex frequencies to order k2. The algebra is simplified by in-
troducing the reduced variables s = z/csk; it is then straightforward to show4 that the
approximate solution to (8.3.32) is

z0 = −iDTk
2 (8.3.35a)

z± = ±csk − iΓ k2 (8.3.35b)

where

DT = a

γ
= λ

ρcP
(8.3.36)

is the thermal diffusivity and

Γ = a(γ − 1)/2γ + b/2 (8.3.37)
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is the sound attenuation coefficient. The imaginary roots in (8.3.31) and (8.3.35a) represent
diffusive processes of the type already discussed in the preceding section, and the pair of
complex roots in (8.3.35b) correspond to propagating sound waves, as we shall see in
Section 8.5.

8.4 TRANSVERSE-CURRENT CORRELATIONS

Equation (8.3.24b) shows that in the time domain the hydrodynamic behaviour of the
transverse-current fluctuations is governed by a first-order differential equation of the form

∂

∂t
jx

k (t) = −νk2jx
k (t) (8.4.1)

This result has precisely the same structure as the diffusion equation (8.2.4) and the kine-
matic shear viscosity has the same dimensions as the self-diffusion coefficient, but is typ-
ically two orders of magnitude larger than D for, say, an argon-like liquid near its triple
point. If we multiply through (8.4.1) by jx

−k and take the thermal average we find that the
transverse current autocorrelation function satisfies the equation

∂

∂t
Ct (k, t) + νk2Ct(k, t) = 0 (8.4.2)

Equation (8.4.2) is easily solved to give

Ct(k, t) = Ct(k,0) exp
(−νk2t

)= ω2
0 exp

(−νk2t
)

(8.4.3)

where ω0 is the frequency defined by (7.4.29). The exponential decay in (8.4.3) is typical
of a diffusive process (see Section 8.2).

The diffusive behaviour of the hydrodynamic “shear” mode is also apparent in the fact
that the Laplace transform of Ct(k, t) has a purely imaginary pole corresponding to the
root (8.3.31) of D(k, z):

C̃t (k, z) = ω2
0

−iz + νk2
(8.4.4)

Let z = ω + iε approach the real axis from above (ε → 0+). Then C̃t (k,ω) at small k is
given approximately by

C̃t (k,ω) = ω2
0

−iω

(
1 − νk2

iω

)−1

≈ ω2
0

−iω

(
1 + νk2

iω

)
(8.4.5)

If we substitute for ω2
0 and recall the definition (8.3.17) of ν, we find that the shear vis-

cosity, which must be real, is related to the long-wavelength, low-frequency behaviour of
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C̃t (k,ω) by

η = βρm2 lim
ω→0

lim
k→0

ω2

k4
Re C̃t (k,ω)

= πβρm2 lim
ω→0

lim
k→0

ω2

k4
Ct(k,ω) (8.4.6)

where Ct(k,ω) is the spectrum of transverse-current fluctuations, i.e. the Fourier trans-
form of Ct(k, t); this result is the analogue of the expression (8.2.11) for the self-diffusion
coefficient. From the properties of the Laplace transform and the definition of Ct(k, t) it
follows that

k2

N

∫ ∞

0

〈
j̇ x

k (t)j̇
x
−k

〉
exp(iωt)dt = −

∫ ∞

0

d2

dt2
Ct(k, t) exp(iωt)dt

= ω2C̃t (k,ω) − iωω2
0 (8.4.7)

We may therefore rewrite (8.4.6) as

η = βm2

V
lim
ω→0

lim
k→0

Re
∫ ∞

0

1

k2

〈
j̇ x

k (t)j̇
x
−k

〉
exp(iωt)dt (8.4.8)

The time derivative of the transverse current can be expressed in terms of the stress tensor
via the conservation law (8.3.3). Taking the Fourier transform of (8.3.3), and remembering
that k lies along the z-axis and that p(r, t) = mj(r, t), we find that

∂

∂t
jx

k (t) + ik

m
Πxz

k (t) = 0 (8.4.9)

Combination of (8.4.8) and (8.4.9) shows that the shear viscosity is proportional to the time
integral of the autocorrelation function of an off-diagonal element of the stress tensor in
the limit k → 0:

η = β

V

∫ ∞

0

〈
Πxz

0 (t)Πxz
0

〉
dt ≡

∫ ∞

0
η(t)dt (8.4.10)

In order to relate the shear viscosity to the intermolecular forces it is necessary to have
a microscopic expression for the stress tensor. It follows from the definition (7.4.7) of the
microscopic particle current that

m
∂

∂t
jα

k = m

N∑
i=1

(
u̇iα −

∑
β

ikβuiαuiβ

)
exp(−ik · ri ) (8.4.11)

where α, β denote any of x, y or z; the relation to the stress tensor is then established
by use of (8.4.9), with α = x and β = z. To introduce the pair potential v(r) we note that
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rji = −rij , and rewrite the first term on the right-hand side of (8.4.11) successively as

m

N∑
i=1

u̇iα exp(−ik · ri )

=
N∑
i=1

N∑
j �=i

rijα

|rij |v
′(rij ) exp(−ik · ri )

= 1
2

N∑
i=1

N∑
j �=i

rijα

|rij |v
′(rij )

[
exp(−ik · ri ) − exp(−ik · rj )

]

= 1
2 ikβ

N∑
i=1

N∑
j �=i

rijαrijβ

ikβrijβ |rij |v
′(rij )

[
exp(−ik · ri ) − exp(−ik · rj )

]
(8.4.12)

where v′(r) ≡ dv(r)/dr ; the second step is taken by writing each term in the double sum
as half the sum of two equal terms. Introducing a quantity Φk(r) defined as

Φk(r) = rv′(r)
(

exp(ik · r) − 1

ik · r

)
(8.4.13)

we finally obtain a microscopic expression for Παβ

k in the form

Π
αβ

k =
N∑
i=1

(
muiαuiβ + 1

2

N∑
j �=i

rijαrijβ

r2
ij

Φk(rij )

)
exp(−ik · ri ) (8.4.14)

The Green–Kubo relation for the shear viscosity analogous to (7.2.7) is then obtained by
inserting (8.4.14) (taken for k = 0) in (8.4.10). Note that it follows from the virial theorem
that 〈

Παα
0

〉= PV (8.4.15)

whereas 〈
Π

αβ

0

〉= 0, α �= β (8.4.16)

Equation (8.4.10) is not directly applicable to the hard-sphere fluid because the poten-
tial v(r) has a singularity at r = d (the hard-sphere diameter). However, the microscopic
expression for the shear viscosity, together with formulae to be derived later for other trans-
port coefficients, can be recast in a form that resembles the Einstein relation (7.2.3) for the
self-diffusion coefficient and is valid even for hard spheres. A Green–Kubo formula for a
transport coefficient K , including both (7.7.10) (taken for ω = 0) and (8.4.10), can always
be written as

K = β

V

∫ ∞

0

〈
Ȧ(t)Ȧ

〉
dt (8.4.17)
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FIG. 8.1. Normalised Green–Kubo integrand for the shear viscosity of a soft-sphere (r−12) fluid at two values
of the coupling parameter Γ defined by (5.3.13). The unit of time is τ = (mσ 2/48ε)1/2. The inset shows the
results of a two-exponential fit to η(t) at the higher value of Γ . Unpublished results of D.M. Heyes.

where A is some microscopic dynamical variable. The argument used to derive (7.2.7)
from (7.2.3) can be extended to show that (8.4.17) is equivalent to writing

K = β

V
lim
t→∞

1

2t

〈∣∣A(t) − A(0)
∣∣2〉 (8.4.18)

which may be regarded as a generalised form of the Einstein relation for D. In the case of
the shear viscosity we see from (8.4.8) that the variable A(t) is

A(t) = lim
k→0

im

k
jx

k (t)

= lim
k→0

im

k

N∑
i=1

uix(t)
[
1 − ikriz(t) + · · ·]= m

N∑
i=1

uix(t)riz(t) (8.4.19)

where a frame of reference has been chosen in which the total momentum of the parti-
cles (a conserved quantity) is zero. Hence the generalised Einstein relation for the shear
viscosity is

η = βm2

V
lim
t→∞

1

2t

〈∣∣∣∣∣
N∑
i=1

[
uix(t)riz(t) − uix(0)riz(0)

]∣∣∣∣∣
2〉

(8.4.20)

The quantity Πxz
0 in the Green–Kubo formula (8.4.10) is the sum of a kinetic and a

potential term. There are consequently three distinct contributions to the shear viscosity:
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a purely kinetic term, corresponding to the transport of transverse momentum via the dis-
placement of particles; a purely potential term, arising from the action of the interparticle
forces (“collisional” transport); and a cross term. At liquid densities the potential term is
much the largest of the three. In Enskog’s theory (see Section 7.2) the shear viscosity of
the hard-sphere fluid is

ηE

η0
= 2πρd3

3

(
1

y
+ 0.8 + 0.761y

)
(8.4.21)

where y = βP/ρ − 1 = (2πρd3/3)g(d) and η0 = (5/16d2)(mkBT/π)1/2 is the limiting,
low-density result derived from the Boltzmann equation.5 The three terms between brack-
ets in (8.4.21) represent, successively, the kinetic, cross and potential contributions; the
last of these is dominant close to the fluid–solid transition, where g(d) (the pair distrib-
ution function at contact) ≈ 6 and y ≈ 10. Note that the kinetic contribution scales with
g(d) in exactly the same way as the diffusion constant (see Section 2.5); this is not sur-
prising, since diffusion is a purely kinetic phenomenon. Figure 7.3 compares the results
of molecular-dynamics calculations of the shear viscosity of the hard-sphere fluid with
those obtained from the Enskog expression (8.4.21). Agreement is very good for densi-
ties up to ρd3 ≈ 0.7. Near solidification, however, where η increases rapidly with density,
Enskog’s theory underestimates the shear viscosity by a factor of approximately two. As
the same figure also shows, the behaviour of the self-diffusion constant at high densities
is the reverse of this. The net result is that the product Dη calculated from the molecular-
dynamics data is roughly constant for ρd3 greater than about 0.2; at the highest densities
its value is within a few percent of that predicted by Stokes’s law (7.3.19) with slip bound-
ary conditions. The increase in shear viscosity at high densities is linked numerically to the
appearance of a slowly decaying, quasi-exponential tail in the stress-tensor autocorrelation
function, colloquially called the “molasses” tail.6 The effect is not peculiar to hard spheres.
For example, a persisting, positive tail is clearly present in the results shown in Figure 8.1
for a soft-sphere (r−12) fluid at a high value of the coupling constant Γ , where η(t) is well
represented by the sum of two exponentials. At the lower value, corresponding to lower
densities or higher temperatures, the tail in η(t) – if any – is not perceptible.

8.5 LONGITUDINAL COLLECTIVE MODES

The longitudinal collective modes are those associated with fluctuations in density, tem-
perature and the projection of the particle current along the direction of the wavevector k. It
is clear from the structure of the hydrodynamic matrix in (8.3.26) that the variables ρ̃k(z),
T̃k(z) and j̃ z

k(z) are coupled to each other. The analysis is therefore more complicated than
in the case of the transverse-current fluctuations discussed in Section 8.4. There are three
longitudinal modes, corresponding to the roots z0, z+ and z− displayed in (8.3.35). The
significance of the different roots is most easily grasped by solving the system of coupled,
longitudinal equations represented by (8.3.26) to obtain the hydrodynamic limiting form
of the dynamic structure factor S(k,ω). The solution for ρ̃k(z) involves terms proportional
to the initial values ρk, Tk and jz

k . We may omit the term proportional to jz
k because k can
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always be chosen to make uk (the Fourier transform of the initial local velocity u(r,0))
perpendicular to k, thereby ensuring that jz

k = 0. We can also ignore the term proportional
to Tk; this contributes nothing to the final expression for S(k,ω), since fluctuations in tem-
perature and density are instantaneously uncorrelated, i.e. 〈Tkρ−k〉 = 0 (see Appendix A).
With these simplifications the solution for ρ̃k(z) is

ρ̃k(z)

ρk
= (−iz + ak2)(−iz + bk2) + (γ − 1)c2

s k
2/γ

Dl(k, z)
(8.5.1)

where all quantities are as defined in Section 8.3. Separation of the right-hand side of
(8.5.1) into partial fractions shows that on the real axis ρ̃k is given by

ρ̃k(ω)

ρk
=
(
γ − 1

γ

)
1

−iω + DTk2

+ 1

2γ

(
1

−iω + Γ k2 − icsk
+ 1

−iω + Γ k2 + icsk

)
(8.5.2)

which, via an inverse transform, yields an expression for ρk(t) given by

ρk(t) = ρk

[(
γ − 1

γ

)
exp
(−DTk

2t
)+ 1

γ
exp
(−Γ k2t

)
cos cskt

]
(8.5.3)

The form of (8.5.3) shows that the purely imaginary root in (8.3.35a) represents a
fluctuation that decays without propagating, the lifetime of the fluctuation being deter-
mined by the thermal diffusivity DT. By contrast, the complex roots correspond to a
fluctuation that propagates through the fluid at the speed of sound, eventually decaying
through the combined effects of viscosity and thermal conduction. The definition of Γ in
(8.3.37) implies that the thermal damping of the sound mode is small when γ ≈ 1, which
is the case for many liquid metals. On multiplying through (8.5.3) by ρ−k, dividing by N

and taking the thermal average, we obtain an expression for the density autocorrelation
function F(k, t); this is easily transformed to give

S(k,ω) = S(k)

2π

[(
γ − 1

γ

)
2DTk

2

ω2 + (DTk2)2

+ 1

γ

(
Γ k2

(ω + csk)2 + (Γ k2)2
+ Γ k2

(ω − csk)2 + (Γ k2)2

)]
(8.5.4)

The spectrum of density fluctuations therefore consists of three components: the Rayleigh
line, centred at ω = 0, and two Brillouin lines at ω = ±csk; a typical spectrum is plotted
in Figure 8.2. The two shifted components correspond to propagating sound waves and
are analogous to the longitudinal acoustic phonons of a solid, whereas the central line
corresponds to the diffusive, thermal mode. The total integrated intensity of the Rayleigh
line is

IR = γ − 1

γ
S(k) (8.5.5)
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FIG. 8.2. Dynamic structure factor in the hydrodynamic limit. DT is the thermal diffusivity, Γ is the
sound-attenuation coefficient and cs is the adiabatic speed of sound.

and that of each of the two Brillouin lines is

IB = 1

2γ
S(k) (8.5.6)

Thus

IR + 2IB = S(k) (8.5.7)

which is a particular case of the sum rule (7.4.23). The ratio

IR

2IB
= γ − 1 (8.5.8)

is called the Landau–Placzek ratio. As the values of CP /CV listed in Table 1.2 suggest,
the Landau–Placzek ratio is typically an order of magnitude larger for the rare-gas liquids
than for simple liquid metals. In passing from (8.5.1) to (8.5.2) we have, for the sake of
simplicity, omitted a non-lorentzian term that in practice makes only a negligibly small,
asymmetric correction to the Brillouin lines.

We have chosen to discuss the behaviour of the longitudinal modes in terms of local
fluctuations in density and temperature, but it would have been equally appropriate to
choose the pressure and entropy as variables, since these are also statistically indepen-
dent (see Appendix A). The calculation is instructive, since it shows that the first term in
(8.5.2) can be identified with the decay of entropy fluctuations. It follows that the Brillouin
doublet is associated with propagating pressure fluctuations at constant entropy (hence the
appearance of the adiabatic speed of sound) while the Rayleigh line corresponds to non-
propagating fluctuations in entropy at constant pressure.4

The wavelength of visible light is much greater than the nearest-neighbour spacing
in liquids. Light-scattering experiments are therefore ideally suited to measurements of
the Rayleigh–Brillouin spectrum at long wavelengths and provide an accurate means of
measurement of properties such as the thermal diffusivity, speed of sound and sound-
attenuation coefficient. However, the spectral lineshape is determined by a small number of
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FIG. 8.3. Dispersion of the Brillouin peak in liquid caesium near the normal melting temperature. The points
are the results of inelastic neutron-scattering experiments and the line shows the hydrodynamic dispersion corre-
sponding to the experimental speed of sound, cs = 965 m s−1. After Bodensteiner et al.10

macroscopic properties that are insensitive to details either of the interactions between par-
ticles or of the molecular structure of the fluid. From the standpoint of microscopic theory
the more interesting question is whether the propagating density fluctuations characteris-
tic of the hydrodynamic regime can also be supported in simple liquids at wavelengths
comparable with the spacing between particles. We have already seen in Section 7.5 that
well-defined, collective excitations of the hydrodynamic type, manifesting themselves in
a three-peak structure in S(k,ω), have been detected in neutron-scattering experiments on
liquid caesium, but similar results have been obtained by neutron or x-ray scattering for the
other alkali metals as well as for lead, mercury and aluminium.7 Brillouin-type sidepeaks
have also been seen in molecular-dynamics calculations on a variety of systems, including
both the hard-sphere8 and Lennard-Jones9 fluids. The spectra are therefore qualitatively
similar to those predicted by hydrodynamics, though there are some major differences in
detail. Figure 8.3, for example, shows the dispersion of the sound-wave peak observed in
neutron-scattering experiments on liquid caesium. At the smallest wavenumbers the dis-
persion is approximately linear, in agreement with hydrodynamics, but corresponds to a
speed of propagation significantly higher than the adiabatic speed of sound. The widths of
the Rayleigh and Brillouin lines are also poorly described by the hydrodynamic result. As
we shall see in Section 8.6 and again in Chapter 9, a description of the density fluctuations
in the range of k explored in neutron or x-ray scattering experiments requires a generali-
sation of the hydrodynamic approach, the effect of which is to replace the transport coeffi-
cients and thermodynamic derivatives in (8.5.4) by quantities dependent on frequency and
wavenumber.

For later purposes we also require an expression for the hydrodynamic limit of the
longitudinal-current autocorrelation function Cl(k, t). We proceed, as before, by solving
the system of equations (8.3.26) for the variable of interest, which in this case is the lon-
gitudinal particle current j̃ z

k(z). The terms in ρk and Tk may be omitted, since they are
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uncorrelated with j̃ z
−k. For z on the real axis the result is

j̃ z
k(ω) = jz

k
−iω(−iω + ak2)

Dl(k,ω)
(8.5.9)

Thus

C̃l(k,ω) = ω2
0

−iω + bk2 + c2
s k

2

(
1

−iω
+ γ − 1

−iω + ak2

) (8.5.10)

The same result can be obtained from (7.4.28) and the hydrodynamic result (8.5.4).
According to (8.5.10), the spectrum of longitudinal-current fluctuations at small k be-

haves as

Cl(k,ω) = 1

π
Re C̃l(k,ω) ≈ ω2

0

πω2

(
bk2 + (γ − 1)ac2

s k
4

ω2 + (ak2)2

)
(8.5.11)

Hence the longitudinal viscosity is given by a limiting operation analogous to (8.4.6) for
the shear viscosity, i.e.

4
3η + ζ = ρmb = πβρm2 lim

ω→0
lim
k→0

ω2

k4
Cl(k,ω) (8.5.12)

If we now follow steps similar to those that lead to the Green–Kubo formula (8.4.10), we
find that the longitudinal viscosity can be expressed in terms of the autocorrelation function
of a diagonal element of the microscopic stress tensor (8.4.14):

4
3η + ζ = lim

ω→0

β

V

∫ ∞

0

〈
Πzz

0 (t)Πzz
0

〉
exp(iωt)dt (8.5.13)

In taking the limit ω = 0 in (8.5.13) we find a discontinuity: the thermal average of Πzz
0

is non-zero (see (8.4.15)), so the integrand in (8.5.13) goes to a non-zero value as t → ∞.
The problem is overcome by subtracting the invariant part, the transport coefficient being
linked only to fluctuations in the local variables. Thus

4
3η + ζ = β

V

∫ ∞

0

〈[
Πzz

0 (t) − PV
][
Πzz

0 − PV
]〉

dt (8.5.14)

To obtain the Green–Kubo relation for the thermal conductivity we require an expression
for the rate of decay of a fluctuation in q(r, t), the macroscopic density of heat energy;
q(r, t) is related to the entropy density by (8.3.10). We first use (8.3.11) to eliminate the
local temperature from the energy equation (8.3.13). The result is(

∂

∂t
− a∇2

)
δq(r, t) − λTβV

ρ2cV
∇2δρ(r, t) = 0 (8.5.15)
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which, after transformation to Fourier–Laplace variables and use of (8.3.12) and the ther-
modynamic chain rule(

∂S

∂ρ

)
T

= −
(
∂S

∂T

)
ρ

(
∂T

∂ρ

)
S

= −NcV

T

(
∂T

∂ρ

)
S

(8.5.16)

gives (−iz + ak2)q̃k(z) + λk2
(
∂T

∂ρ

)
S

ρ̃k(z) = qk (8.5.17)

Next, an equation relating ρ̃k(z) to P̃k(z) is obtained by taking the divergence of the
Navier–Stokes equation (8.3.16) and transforming again to the variables k and z; the result
in this case is

izm
(−iz + bk2)ρ̃k(z) − k2P̃k(z) = −m

(−iz + bk2)ρk (8.5.18)

where k has once more been chosen perpendicular to the initial particle current. Equation
(8.5.18) can now be converted into a relation for q̃k(z) by making the substitutions

P̃k(z) =
(
∂P

∂ρ

)
S

ρ̃k(z) + V

T

(
∂P

∂S

)
ρ

q̃k(z) (8.5.19)

and

ρk =
(

∂ρ

∂P

)
S

Pk + V

T

(
∂ρ

∂S

)
ρ

qk (8.5.20)

The final step is to eliminate ρ̃k(z) between (8.5.17) and (8.5.18). The resulting expression
for q̃k(z) has some similarities with that obtained previously for ρ̃k(z) in (8.5.1). In par-
ticular, there are two complex-conjugate poles and a single imaginary pole. At small k the
local pressure and entropy are uncorrelated (see Appendix A). The problem can therefore
be simplified by discarding terms proportional to Pk. The lowest-order solution for q̃k(z)

then reduces to

q̃k(z) = qk

−iz + DTk2
(8.5.21)

where DT is the thermal diffusivity defined by (8.3.36). Equation (8.5.21) describes a
purely diffusive mode, thereby confirming the fact that the Rayleigh peak in S(k,ω) is
associated with the decay of non-propagating entropy fluctuations.

Our main concern is with the behaviour at small k. Since limk→0 qk = TΔS, it follows
from (A.8) of Appendix A that 〈qkq−k〉 can be replaced by〈

q2
0

〉= T 2NkBcP (8.5.22)

We now proceed as in the cases of the shear and longitudinal viscosities. On multiplying
(8.5.21) through by q−k and taking the thermal average, we obtain an expression for the
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thermal conductivity of the form

λ = ρcPDT = β

V T
lim
ω→0

lim
k→0

ω2

k2
Re
〈
q̃k(ω)q−k

〉
(8.5.23)

If we introduce a fluctuating heat current Jq

k(t) defined, by virtue of (8.3.8), as the Fourier
transform of

Jq(r, t) = Je(r, t) − e + P

ρ
j(r, t) (8.5.24)

we see that the energy-conservation equation (8.3.2) may be re-expressed as

∂

∂t
qk(t) + ik · Jq

k(t) = 0 (8.5.25)

Hence, if the z-axis is taken parallel to k, we can rewrite (8.5.23) in typical Green–Kubo
form as

λ = β

V T

∫ ∞

0

〈
J

qz

0 (t)J
qz

0

〉
dt (8.5.26)

For (8.5.26) to be useful we require a microscopic expression for the heat current. Taking
the Fourier transform of (8.3.2), we find that the component of the microscopic energy
current in the direction of k is

−ikJ ez
k = ∂

∂t
ek = ∂

∂t

N∑
i=1

(
1
2m|ui |2 + 1

2

N∑
j �=i

v(rij )

)
exp(−ik · ri ) (8.5.27)

where we have adopted the convention that the total potential energy of interaction of
two particles is shared equally between them. Differentiation of the quantity inside large
brackets gives rise to a term that can be treated by the methods used in calculating the
microscopic stress tensor; the final result for k = 0 is

J ez
0 =

N∑
i=1

uiz

(
1
2m|ui |2 + 1

2

N∑
j �=i

v(rij )

)
− 1

2

N∑
i=1

N∑
j �=i

ui · rij
∂v(rij )

∂zij
(8.5.28)

The current J qz

0 is obtained from J ez
0 by subtracting the term (e+P)

∑
i uiz; with a suitable

choice of frame of reference this term will be zero. Thus we can equally well write the
Green–Kubo formula for λ as

λ = β

V T

∫ ∞

0

〈
J ez

0 (t)J ez
0

〉
dt (8.5.29)

The correlation-function formulae (or the equivalent Einstein expressions) for D, η, ζ
and λ have been used in simulations to determine the transport coefficients of a number
of model fluids. A particularly large body of results exists for the hard-sphere fluid, some
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of which have already been discussed in Section 8.4. As we saw there, the shear viscosity
is in good agreement with the predictions of Enskog theory at densities up to about 80%
of that corresponding to the fluid–solid transition, but close to the transition it is larger
than the Enskog value by a factor of nearly two. The enhancement of the shear viscosity
at high densities is linked numerically to the existence of a long-lived positive tail in the
corresponding autocorrelation function. The bulk viscosity is purely potential in origin
and vanishes as ρ → 0, but the Enskog result for the thermal conductivity has a structure
similar to that displayed for η in (8.4.21), i.e.

λE

λ0
= 2πρd3

3

(
1

y
+ 1.2 + 0.757y

)
(8.5.30)

where λ0 = (75kB/64d2)(kBT/πm)1/2 is the value in the low-density limit.5 The poten-
tial term (the last term within brackets) again provides the dominant contribution at high
densities, but good agreement with molecular-dynamics results is now maintained up to
the freezing transition. The success of Enskog theory in the case of λ can be plausibly
attributed to the absence of a significant tail in the energy-current autocorrelation function.

8.6 GENERALISED HYDRODYNAMICS

In the earlier sections of this chapter we have shown in some detail how the equations of hy-
drodynamics can be used to calculate the time-correlation functions of conserved variables
in the long-wavelength, low-frequency limit. Two questions then arise. First, what are the
scales of length and time over which it is possible to maintain the continuum description
that underlies the hydrodynamic approach? Secondly, how can the hydrodynamic equa-
tions be modified to make their predictions applicable on the atomic scale, where lengths
are typically of order a few ångström units and times are of order 10−13 s? We have seen
in Chapter 7 that the behaviour of the correlation functions at short times is related to
frequency sum rules involving static distribution functions descriptive of the molecular
structure of the fluid. It is precisely these sum rules that are violated by hydrodynamic ex-
pressions such as (8.4.5) and (8.5.4), since the resulting frequency moments beyond zeroth
order all diverge. In addition, an exponential decay, such as that in (8.4.3), cannot satisfy
certain of the general properties of time-correlation functions discussed in Section 7.1. The
failure of the hydrodynamic approach at short times (or high frequencies) is linked to the
presence of dissipative terms in the basic hydrodynamic equations; the latter, unlike the
microscopic equations of motion, are not invariant under time reversal. In this section we
describe some phenomenological generalisations of the hydrodynamic equations, based on
the introduction of frequency and wavenumber-dependent transport coefficients, that have
been developed in attempts to bridge the gap between the hydrodynamic (small k,ω) and
kinetic (large k,ω) regimes. The use of non-local transport coefficients is closely related
to the memory-function approach of Section 7.3, which we develop in more systematic
fashion in Chapter 9.

The ideas of generalised hydrodynamics are most easily illustrated by considering the
example of the transverse-current correlations. Equation (8.4.3) shows that in the hydro-
dynamic limit the correlation function Ct(k, t) decays exponentially with a relaxation time
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equal to 1/νk2, where ν is the kinematic shear viscosity. The corresponding power spec-
trum is of lorentzian form:

Ct(k,ω) = 1

π
Re C̃t (k,ω) = ω2

0

π

νk2

ω2 + (νk2)2
(8.6.1)

The ω−2 behaviour at large ω is not compatible with the exact, high-frequency sum rules
such as (7.4.38), nor does (8.6.1) yield the correct free-particle limit of Ct(k,ω) at large k;
that limit is gaussian in form, similar to the longitudinal free-particle limit displayed in
(7.5.17). Moreover, molecular-dynamics calculations, which are the only source of “ex-
perimental” information on transverse-current fluctuations in atomic liquids, show that in
an intermediate wavenumber range Ct(k, t) decays in an oscillatory manner and its power
spectrum has a peak at non-zero frequency, suggestive of the existence of a propagating
shear mode. (Examples of the power spectra are shown later in Chapter 9, Figure 9.3.)
What this means physically is that at high frequencies the fluid has insufficient time to
flow in response to an applied strain rate, and instead reacts elastically in the manner of a
solid. To account for the appearance of shear waves we need to extend the hydrodynamic
description to include the effects of elasticity. Suppose that a shearing force is applied to
a fluid. The strain at a point (x, y, z) is expressible in terms of the displacement r at that
point and the rate of strain is expressible in terms of the velocity ṙ. If the flow is purely vis-
cous, the shearing stress (an off-diagonal component of the stress tensor Π) is proportional
to the rate-of-strain tensor and can be written as

Πxz = −η
∂

∂t

(
∂rx

∂z
+ ∂rz

∂x

)
(8.6.2)

which is the hydrodynamic form (see (8.3.15)). By contrast, if the force is applied suddenly,
the instantaneous displacement is determined by the stress through a typical stress–strain
relation, i.e.

Πxz = −G∞
(
∂rx

∂z
+ ∂rz

∂x

)
(8.6.3)

where G∞ is an instantaneous (high-frequency) modulus of rigidity. We can interpolate
between these two extremes by making a viscoelastic approximation such that(

1

η
+ 1

G∞
∂

∂t

)
Πxz = − ∂

∂t

(
∂rx

∂z
+ ∂rz

∂x

)
(8.6.4)

By taking the Laplace transform of (8.6.4) it is easy to show that the viscoelastic approx-
imation is equivalent to replacing η in (8.6.2) by a complex, frequency-dependent shear
viscosity given by

η̃(ω) = G∞
−iω + 1/τM

(8.6.5)

The constant τM = η/G∞ is called the Maxwell relaxation time. If ωτM � 1, η̃(ω) ≈ η,
which corresponds to purely viscous flow, but if ωτM � 1, substitution of (8.6.5) in (8.6.4)
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FIG. 8.4. Dispersion of the shear-wave peak derived from molecular-dynamics simulations of liquid argon9,11

and potassium12 for state conditions close to the triple point. The dashed line through the data for potassium
is a guide to the eye; the full line for argon is drawn with a slope given by the viscoelastic expression (8.6.6)
for the speed of propagation (630 m s−1). Results are shown only for the range of k in which the dispersion is
approximately linear.

yields a dispersion relation of the form ω2 ≈ (G∞/ρm)k2, corresponding to elastic waves
propagating at a speed

ct = (G∞/ρm)1/2 (8.6.6)

Figure 8.4 shows the dispersion of the shear-wave peak observed in molecular-dynamics
simulations of liquid argon and potassium at state conditions close to their respective triple
points. Over the wavenumber range covered by the figure the dispersion is well described
by a relation of the form ω = ct (k − kt ), where kt is the wavenumber below which the
propagating mode vanishes. In the case of argon, for which a value of G∞ is available
from simulation, the slope of the dispersion curve is in surprisingly good agreement with
that calculated from the viscoelastic approximation (8.6.6).

If account is also to be taken of non-local effects in space, the generalised shear vis-
cosity must be a function of wavenumber as well as of frequency. The rigidity modulus
is also dependent on k and related in a simple way to the second frequency moment ω2

1t .
These ideas can be formalised via a phenomenological generalisation of the hydrodynamic
equation (8.4.2):

∂

∂t
Ct (k, t) + k2

∫ t

0
ν(k, t − s)Ct (k, s)ds = 0 (8.6.7)

The quantity ν(k, t) is a memory function; it describes a response that is non-local in both
space and time and its Laplace transform ν̃(k,ω) plays the role of a generalised kinematic
viscosity. If we take the Laplace transform of (8.6.7) and compare the result with (8.4.4),
we find that ν̃(k,ω) must satisfy the constraint that

lim
ω→0

lim
k→0

ν̃(k,ω) = ν (8.6.8)
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where ν is the macroscopic kinematic viscosity, given by the Green–Kubo formula
(8.4.10). If, on the other hand, we differentiate (8.6.7) with respect to t , set t = 0 and
use (7.4.37), we find that

ν(k, t = 0) = ω2
1t

k2
≡ G∞(k)

ρm
(8.6.9)

which acts as the definition of the k-dependent shear modulus G∞(k). Equations (8.6.8)
and (8.6.9) are useful in the construction of approximate forms of ν(k, t) that reduce to the
hydrodynamic and viscoelastic expressions in the limits, respectively, ω → 0 and ω → ∞.

If molecular-dynamics results for Ct(k, t) are available, values of the generalised shear
viscosity η̃(k,ω) = ρmν̃(k,ω) can be obtained by numerical inversion of (8.6.7) while
its value at infinite wavelength, η̃(k = 0,ω) ≡ η̃(ω), is given by the Laplace transform
of the stress autocorrelation function η(t) in (8.4.10). The generalised shear viscosity is
believed to be a non-analytic function of both k and ω. For example, molecular-dynamics
calculations for hard spheres13 have shown that η(t) decays as t−3/2 beyond about ten
mean collision times, implying that η̃(ω) behaves as ω1/2 at low frequencies. If the zero-
frequency shear viscosity η(k) ≡ η̃(k,ω = 0) could be expanded in a Taylor series in k

about its macroscopic limit, η ≡ η(k = 0), the series would start as

η(k) = η + η2k
2 + · · · (8.6.10)

since invariance under space inversion means that only even powers of k can appear. The
quantity η2 is called a Burnett coefficient. Burnett coefficients were introduced in an at-
tempt to extend the range of validity of hydrodynamic equations through the addition of
terms of higher order in the gradients of the hydrodynamic fields. However, the indications
from mode-coupling theories14 of the type to be discussed in the section that follows are
that the coefficients diverge, implying that the relation between the applied gradients and
the induced hydrodynamic fluxes is non-analytic in character. This conclusion is supported
by the results of computer simulations of a soft-sphere (r−12) fluid,15 which are compatible
with a small-k behaviour of the form

η(k) = η − η3/2k
3/2 + · · · (8.6.11)

where η3/2 is a positive quantity. These and related calculations16 suggest that η(k) and
other generalised transport coefficients decrease smoothly with increasing wavenumber,
becoming an order of magnitude smaller than their macroscopic (k = 0) values when the
wavelength is comparable with the interparticle spacing.

The longitudinal projections of the hydrodynamic equations can be treated in the same
way through the introduction of wavenumber and frequency-dependent quantities that are
generalisations of the coefficients a and b defined by (8.3.14) and (8.3.25). Similarly, the
thermodynamic derivatives, which are related to static correlation functions, become func-
tions of wavelength.17 In particular, the macroscopic compressibility is replaced by its
k-dependent generalisation, i.e. the structure factor S(k) (see (3.6.11)), while the thermal
pressure coefficient, which determines the coupling between momentum and energy, now
contains a part that is explicitly dependent on frequency and vanishes in the limit k → 0.
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A scheme in which the various thermodynamic and transport coefficients are assumed to
be functions only of wavenumber and not of frequency has been found to reproduce satis-
factorily a large part of the molecular-dynamics results obtained for the dynamic structure
factor of the hard-sphere fluid.8 This approach breaks down, however, both for wavelengths
shorter than the mean free path (corresponding to free-particle behaviour), and at densities
close to crystallisation, where viscoelastic effects becomes important.

8.7 LONG-TIME TAILS IN TIME-CORRELATION FUNCTIONS

Fluctuations in the conserved hydrodynamic variables decay infinitely slowly in the long-
wavelength limit. The rates of relaxation are determined by the hydrodynamic eigenvalues
(8.3.31) and (8.3.35) (multiplied by −i), all of which vanish with k. No such property
holds for the non-conserved currents that enter the Green–Kubo integrands for the trans-
port coefficients; if it did, the transport coefficients would not be well defined. Until the
late 1960s it was generally believed that away from critical points the autocorrelation func-
tions of non-conserved variables decay exponentially at long times. This, for example, is
the behaviour predicted by the Boltzmann and Enskog equations. It therefore came as a
surprise when analysis of the molecular-dynamics results of Alder and Wainwright18 on
self diffusion in hard-disk (D = 2) and hard-sphere (D = 3) fluids showed that the velocity
autocorrelation function apparently decays asymptotically as t−D/2, where D denotes the
dimensionality of the system. Later simulations of hard-core fluids and other systems have
also detected the presence of a long-time tail in the stress-tensor autocorrelation function.

The presence of a slowly decaying tail in Z(t) suggests that highly collective effects
make a significant contribution to the process of self diffusion. The apparent involvement
of large numbers of particles makes it natural to analyse the long-time behaviour in hydro-
dynamic terms, and Alder and Wainwright were led in this way to a simple but convincing
explanation of their results. Underlying their argument is the idea that the initial motion of
a tagged particle creates around that particle a vortex or backflow, which in turn causes a
retarded current to develop in the direction of the initial velocity. At low densities, where
the initial direction of motion is likely to persist, the effect of the current is to reduce the
drag on the particle, thereby “pushing” it onwards in the initial direction. This results in
a long-lasting, positive correlation between the initial velocity and its value at later times.
At high densities, on the other hand, the initial direction of motion is on average soon re-
versed. In this case the retarded current gives rise to an extra drag at later times and hence
to an extended negative region in Z(t); at very large times an enhancement of the forward
motion can again be expected but the effect is likely to be undetectable. That this physical
picture is basically correct was confirmed in striking fashion by observation of the velocity
field that forms around a moving particle in a fluid of hard disks. A vortex pattern quickly
develops; this, after a few mean collision times, matches closely the pattern obtained by
numerical solution of the Navier–Stokes equation. The persistence of the tail in Z(t) is
therefore associated with a coupling between the motion of the tagged particle and the hy-
drodynamic modes of the fluid. As we shall now show, this argument can be formalised in
such a way as to predict the observed t−D/2 decay at long times.19
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Suppose that at time t = 0 a particle i has a component of velocity uix(0) in the
x-direction. After a short time, τ say, collisions will have caused the initial momentum
of particle i to be shared among the ρVτ particles in a D-dimensional volume Vτ centred
on i. Local equilibrium now exists within the volume Vτ , and particle i will be moving with
a velocity uix(τ ) ≈ uix(0)/ρVτ . (We have assumed, for simplicity, that the neighbours of
i are initially at rest.) Further decay in the velocity uix(t) for t > τ will occur as the result
of enlargement of the volume Vτ , i.e. from the spread of the velocity field around particle
i. At large times the dominant contribution to the growth of Vτ will come from diffusion of
the transverse component of the velocity field and the radius of Vτ will therefore increase
as (νt)1/2. Thus Vτ ∼ (νt)3/2 in the three-dimensional case, from which it follows that
Z(t) ∼ (νt)−3/2. This argument assumes that particle i remains at the centre of Vτ ; if the
diffusive motion of i is taken into account it can be shown that

Z(t) ∼ [(D + ν)t
]−3/2 (8.7.1)

The analogous result in two dimensions implies that a self-diffusion coefficient does not
exist, because the integral of Z(t) diverges logarithmically.

The form of (8.7.1) has been confirmed by a number of more sophisticated calculations.
In the case of hard-core fluids these include a microscopic treatment based on kinetic the-
ory in which account is taken of the effect of correlated collision sequences (the ring col-
lisions of Section 7.2) along with that of uncorrelated, binary collisions.20 Though limited
to low densities, the calculation shows that the velocity, stress-tensor and energy-current
autocorrelation functions all decay as t−D/2; it also yields explicit expressions for the coef-
ficients of the long-time tails. A more phenomenological approach has also been developed
in which the existence of the long-time tails is explained by simple arguments concerning
the decay of fluctuations into pairs of hydrodynamic modes. Since the physical content of
this work is closely related to the mode-coupling formalism to be discussed in Chapter 9,
we give here a brief derivation of the result obtained in three dimensions for the velocity
autocorrelation function.21

The definition (7.1.3) of a time-correlation function involves an equilibrium ensemble
average over the initial phase-space coordinates of the system. This average can be replaced
by a constrained ensemble average, characterised by an initial position r0 and initial veloc-
ity u0 of a tagged particle i, which is then integrated over all r0 and u0. The definition of
Z(t) is thereby reformulated as

Z(t) = 〈uix(t)uix

〉
=
∫

dr0

∫
du0 u0x

〈
uix(t)δ(ui − u0)δ(ri − r0)

〉
(8.7.2)

The constrained average in (8.7.2) can be written as a non-equilibrium ensemble average
(subscript n.e.), defined through the relation〈

uix(t)δ(ui − u0)δ(ri − r0)
〉= 〈uix(t)

〉
n.e.

〈
δ(ui − u0)δ(ri − r0)

〉
(8.7.3)

In the canonical ensemble the equilibrium average on the right-hand side of (8.7.3) is equal
to 1/N times the single-particle distribution function defined by (2.1.15) (taken for n = 1)



LONG-TIME TAILS IN TIME-CORRELATION FUNCTIONS 247

but with p replaced by u as independent variable. Equations (8.7.2) and (8.7.3) can there-
fore be combined to give

Z(t) = 1

V

∫
dr0

∫
du0 φM(u0)u0x

〈
uix(t)

〉
n.e. (8.7.4)

where φM(u0) is the Maxwell distribution (2.1.28). By defining a tagged-particle distribu-
tion function in the non-equilibrium ensemble as

f (s)(r,u; t) = 〈δ[ri (t) − r
]
δ
[
ui (t) − u

]〉
n.e. (8.7.5)

we can rewrite the non-equilibrium average in (8.7.4) as

〈
uix(t)

〉
n.e. =

∫
dr
∫

du uxf
(s)(r,u; t) (8.7.6)

The calculation thus far is exact. To make progress we assume that f (s)(r,u; t) relaxes
towards the corresponding local-equilibrium form on a timescale that is fast in comparison
with the rate of decay of Z(t). The long-time behaviour of the non-equilibrium average
(8.7.6) is then obtained by replacing f (s)(r,u; t) by the tagged-particle analogue of (8.1.5)
to give 〈

uix(t)
〉
n.e. =

∫
ρ(s)(r, t)ux(r, t)dr (8.7.7)

If this result is in turn substituted in (8.7.4), and the hydrodynamic variables u(r, t) and
ρ(s)(r, t) are replaced by the sums of their Fourier components, we find that

Z(t) = 1

3V

∫
dr0

∫
du0 φM(u0)

× 1

V 2

∑
k

∑
k′

ρ
(s)

k′ (t)uk(t) · u0

∫
exp
[−i(k + k′) · r

]
dr (8.7.8)

The integral over r is equal to V δk,−k′ and (8.7.8) therefore reduces to

Z(t) = 1

3V

∫
dr0

∫
du0 φM(u0)

1

V

∑
k

ρ
(s)
−k(t)uk(t) · u0 (8.7.9)

Equation (8.7.9) is said to be of “mode-coupling” form, because Z(t) is expressed as a sum
of products of pairs of hydrodynamic variables. We assume, in addition, that at times much
longer than the mean collision time the decay of Z(t) is dominated by the long-wavelength
components of the hydrodynamic fields and that the time evolution of the latter is described
by the equations of linearised hydrodynamics. The quantity ρ

(s)
−k(t) is then given by (8.2.5),

while the hydrodynamic velocity field is conveniently divided into its longitudinal and
transverse parts:

uk(t) = ukl(t) + ukt (t) (8.7.10)
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The term ukt (t) satisfies the transverse-current diffusion equation (8.4.1) (with jkt = ρukt ),
the solution to which is

ukt (t) = ukt exp
(−νk2t

)
(8.7.11)

The longitudinal velocity field may be treated in a similar way, but its contribution to
Z(t) turns out to decay exponentially, the physical reason for this being the fact that the
momentum of the tagged particle is carried away by the propagating sound waves. Hence
the long-time behaviour of Z(t) is entirely determined by the transverse velocity field.
Finally, the choice of initial conditions implies that

ρ
(s)
−k = exp(ik · r0) (8.7.12a)

jk = ρuk = u0 exp(−ik · r0) (8.7.12b)

An expression for Z(t) is now obtained by substituting (8.7.11), (8.7.12a) and the trans-
verse projection of (8.7.12b) into (8.7.9) (remembering that there are two transverse com-
ponents), and integrating over r0 and u0. The result is

Z(t) = 2kBT

3ρmV

∑
k

exp
[−(D + ν)k2t

]
(8.7.13)

or, in the thermodynamic limit:

Z(t) = 2kBT

3ρm
(2π)−3

∫
exp
[−(D + ν)k2t

]
dk (8.7.14)

Integration over all wavevectors is a questionable procedure, since the hydrodynamic equa-
tions on which (8.7.14) is based are not valid when k is large. However, we are interested
only in the asymptotic form of Z(t), and the main contribution to the integral comes from
wavenumbers such that k ≈ [(D + ν)t]−1/2; this is in the hydrodynamic range whenever t
is much larger than typical microscopic times (∼ 10−13) s. Alternatively, a natural upper
limit on k can be introduced by a more careful choice of the initial spatial distribution of
tagged particles. Use of such a cut-off has no effect on the predicted long-time behaviour
that results from carrying out the integration in (8.7.14), namely

Z(t) ∼ 2kBT

3ρm

[
4π(D + ν)t

]−3/2
, t → ∞ (8.7.15)

This has the same general form as (8.7.1) but it also provides an explicit expression for the
coefficient of the long-time tail.

The result in (8.7.15) has been confirmed by molecular-dynamics calculations for sys-
tems of hard discs and of particles interacting through a Lennard-Jones potential truncated
at r = 21/6σ , the separation at which v(r) has its minimum value; the simulations are dif-
ficult to carry out with the necessary precision because the long-time tail is very weak.22

Results obtained for the truncated Lennard-Jones potential are shown in Figure 8.5, where
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Z(t) is plotted versus t on a log–log scale. If (5.3.5) is used to define an effective hard-
sphere diameter for the particles, the onset of the asymptotic behaviour is found to come
after approximately 18 mean collision times. The predicted long-time behaviour of Z(t)

implies that at low frequencies its Fourier transform behaves as

Z(ω) = D

π

[
1 − (ω0/ω)1/2 + · · ·] (8.7.16)

where ω0 is related to the transport coefficients D and ν. Experimentally, evidence for the
presence of a long-time tail can be derived from neutron-scattering measurements of the
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self dynamic structure factor, provided results are obtained at sufficiently small values of
k to allow the extrapolation required in (8.2.18) to be successfully carried through. Figure
8.6 shows some results obtained for liquid sodium at a temperature well above the melting
point (the effect at low temperatures is too weak to be detectable). Not only is the square-
root dependence on ω well reproduced, but the value obtained for ω0 from a least-squares
fit to the data lies within 2% of that predicted by mode-coupling theory.

8.8 DYNAMICS OF SUPERCOOLED LIQUIDS

When a liquid is slowly cooled (or compressed) it normally undergoes a transition to an
ordered, crystalline phase at a temperature located on the equilibrium liquid–solid coexis-
tence curve. However, if the rate of cooling (or compression) is sufficiently rapid, crystalli-
sation can be by-passed; in that case the liquid is gradually transformed into an amorphous
solid or glass. The glass-transition temperature TG is less than the freezing temperature, but
its value depends on factors such as the cooling rate and the diagnostic used to locate the
transition; it is not an intrinsic property of the system. Relaxation times in the supercooled
liquid measured, for example, in dielectric or shear-stress relaxation experiments, increase
dramatically with decreasing temperature and close to the glass transition become com-
parable with macroscopic time-scales. A rough but useful estimate of TG is provided by
the viscoelastic theory of Section 8.6, which shows that a crossover from viscous to elastic
behaviour can be expected when the structural relaxation time of the system becomes of
the order of the Maxwell relaxation time, defined as the ratio of shear viscosity to shear
modulus, τM = η/G∞. The shear modulus is of order 1010 erg cm−1 for most materials
and is only weakly dependent on temperature, but the shear viscosity rises by many orders
of magnitude as the temperature approaches TG. An implicit definition of TG is obtained
by identifying τM with some experimental time-scale, τexp. A choice of 103 s for τexp leads
to the conventional definition of TG as the temperature at which the viscosity reaches a
value of 1013 poise (1 P ≡ 0.1 N s m−2). Below this temperature, the system exists in a
metastable state having a disordered, liquid-like structure but with mechanical properties
similar to those of a crystalline solid. The freezing-out of the translational and rotational
degrees of freedom at the glass transition leads in many cases to anomalies in the tem-
perature dependence of thermodynamic properties such as the specific heat. The change
in behaviour at TG is therefore described as a “thermodynamic” or “calorimetric” phase
transition, though its nature is very different from that of an equilibrium phase transition.

Glass-forming liquids appear to fall into one of two broad classes: “strong” and
“fragile”.24 The difference between the two is particularly evident in the way in which
the viscosity changes with temperature, as exemplified by the Arrhenius plots shown in
Figure 8.7. Strong glass formers are covalently bonded, network-forming substances such
as silica; the network already exists in the high-temperature melt and gradually strength-
ens as the liquid is supercooled. The calorimetric anomalies near TG are weak, or may be
absent altogether, and the Arrhenius plots are essentially linear, implying that transport in
the liquid is largely governed by thermally activated processes or “barrier hopping”. The
anomalies are stronger for the ionic and organic liquids that make up the class of fragile
glass formers. The Arrhenius plots of such materials show a marked change in curvature
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FIG. 8.7. Arrhenius plots of the shear viscosities (in poise) of three glass-forming liquids, showing the difference
in behaviour between strong and fragile glass formers. Open circles: silica; squares: o-terphenyl; filled circles: an
ionic melt of composition [KNO3]0.6[Ca(NO)3)2]0.4. After Angell.24

at a temperature TC lying some 10 to 20% above TG; this is suggestive of a qualitative
change in character of the microscopic dynamics over a narrow temperature interval. When
T ≈ TC, the Maxwell relaxation time is in the nanosecond range. This is a time-scale well
suited to studies of the dynamics by neutron and light-scattering experiments and other
experimental probes as well as by molecular-dynamics simulation, and there is now ample
evidence to show that as the temperature is lowered towards TC there is a dramatic slow-
ing down in the decay of time-dependent correlation functions. The crossover in behaviour
near TC seen, for example, in Figure 8.7, corresponds to what is called a kinetic glass tran-
sition. Experiment and simulation also show that structural and thermodynamic properties
vary smoothly with temperature in the region of the transition. It is therefore reasonable
to suppose that the supercooled liquid remains in a state of thermodynamic equilibrium
and that equilibrium statistical mechanics applies once crystallisation has been by-passed.
This is the key assumption underlying the mode-coupling theory of the transition, which
we describe later in Section 9.6.

The nature of the changes that take place at the kinetic glass transition are well illustrated
by the results shown in Figures 8.8 and 8.9. Those in Figure 8.8 are taken from a simulation
of a binary,26 soft-sphere (r−12) fluid and show the behaviour for one of the two species
of the probability density

W(r, t) = 4πr2Gs(r, t) (8.8.1)

where Gs(r, t) is the self part (7.4.19a) of the van Hove function; the quantity W(r, t)dr is
the probability of finding a particle at time t at a distance r from its position at t = 0. The
thermodynamic state of the system is specified by a single coupling constant, Γ , defined in
a manner similar to (5.3.13) but generalised to allow for the two-component nature of the
system. A decrease in temperature is therefore strictly equivalent to an increase in density.
The inset to the figure shows the results obtained for three different times at a value of
Γ corresponding to a temperature above TC. The curve has a single peak, which moves
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FIG. 8.9. Molecular-dynamics results for the self intermediate scattering function for particles of one species
in a two-component Lennard-Jones fluid at temperatures in the supercooled region; kmax is the wavenumber
corresponding to the main peak in the static structure factor. The labels α, β mark the two different relaxation
regimes discussed in the text. For argon-like values of the potential parameters and particle masses, the unit of
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to larger r according to a t1/2 law, in agreement with the result derived from Fick’s law
(see (8.2.8)). However, the qualitative behaviour changes dramatically above a threshold
value of Γ , which can be identified with the crossover value ΓC. The peak in W(r, t) now
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appears to be frozen at a fixed value of r and its amplitude decreases only slowly with time
as a secondary maximum builds up at a distance from the main peak roughly equal to the
mean spacing between particles. The physical interpretation of this bimodal distribution
is clear: most atoms vibrate around fixed, disordered positions, but some diffuse slowly
by correlated hopping to neighbouring sites. The two values of Γ for which the results are
shown correspond to temperatures differing by less than 6%. Thus the diffusion mechanism
changes very rapidly from one that is hydrodynamic-like to one consisting of a succession
of activated jumps.

The same, pronounced slowing down of the single-particle motion as a threshold temper-
ature is reached is also visible in the behaviour of the self intermediate scattering function
Fs(k, t). Some results obtained by molecular-dynamics calculations for a binary Lennard-
Jones system are shown in Figure 8.9, where time is plotted on a logarithmic scale. At
high temperatures, Fs(k, t) relaxes to zero in nearly exponential fashion. However, as the
temperature is lowered into the supercooled region, the decay becomes very much slower
and its exponential character is lost. As T approaches TC, the relaxation proceeds in two,
increasingly well-separated steps. After a fast initial decay on the time-scale of an inverse
Einstein frequency, a first step (β-relaxation) leads to a plateau, where the function remains
almost constant over two or more decades in time. The plateau is followed by a second
step (α-relaxation) in which the correlation function finally decays to zero. The width of
the plateau increases rapidly as the temperature is reduced. Eventually, when the temper-
ature is sufficiently low, α-relaxation can be expected to set in only at times longer than
those accessible in a simulation. The correlation function will then appear to level off at a
non-zero value, signalling the onset of non-ergodic behaviour, at least on the (nanosecond)
time-scale of the simulation. The plateau value varies with k, but the general pattern seen
in Figure 8.9 remains much the same over a wide range of molecular-scale wavenumber.

The decay of collective density fluctuations, as described by the full intermediate scat-
tering function F(k, t) defined by (7.4.20) and measurable either experimentally or by sim-
ulation, shows a qualitatively similar behaviour to that of the single-particle function. The
plateau value of F(k, t) is analogous to the Debye–Waller factor of a solid; it provides a
measure of the “structural arrest” in the fluid, which persists for times that increase rapidly
with decreasing temperature. Over a temperature range just above TC, the decay of either
function in the α-relaxation regime, normalised by its value at t = 0, can be accurately
represented by a function of the form

f (t) = fkΦ(t∗) (8.8.2)

where fk is the plateau value, t∗ ≡ t/τk(T ) and Φ(t∗) is a universal scaling function. The
wavenumber and temperature dependence of the decay enter only through the relaxation
time τk(T ) and the correlation functions are said to satisfy a “time–temperature superpo-
sition” principle. The scaling function is distinctly non-exponential, but is generally well-
approximated by a Kohlrausch stretched-exponential function, i.e.

Φ(t∗) ≈ exp
[−(t∗)β

]
(8.8.3)

where the exponent β (< 1 for “stretching”) is material and wavenumber dependent but
independent of temperature.28 Stretched-exponential behaviour is typical of relaxation
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processes in which the observed rate is determined by a wide distribution of relaxation
times.
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