CHAPTER 9

Theories of Time-correlation Functions

We turn now to the problem of devising a general theoretical scheme for the calculation of
time-correlation functions at wavelengths and frequencies on the molecular scale. Memory
functions play a key role in the theoretical development and we begin by showing how
the memory-function approach can be formalised through use of the projection-operator
methods of Zwanzig! and Mori.2 The calculation of the memory function in a specific
problem is a separate task that can be tackled along two different lines. The first represents a
systematic extension of the ideas of generalised hydrodynamics introduced in Section 8.6;
the second is more microscopic in nature and based on the mode-coupling approach already
used in Section 8.7.

9.1 THE PROJECTION-OPERATOR FORMALISM

Let A be some dynamical variable, dependent in general on the coordinates and momenta
of all particles in the system. The definition of A is assumed to be made in such a way that
its mean value is zero, but this involves no loss of generality. We have seen in Section 7.1
that if the phase function A is represented by a vector in Liouville space, the inner product
(B, A(t)) of A(¢) with the vector representing a second variable B may be identified with
the equilibrium time-correlation function C4p(¢). We can also use a vector in Liouville
space to represent a set of dynamical variables of the system, but for the present we restrict
ourselves to the single-variable case.

The time variation of the vector A(z) is given by the exact equation of motion (2.1.14).
Our aim is to find an alternative to (2.1.14) that is also exact but more easily usable. We
proceed by considering the time evolution both of the projection of A(z) onto A (the pro-
jected part), and of the component of A(¢) normal to A (the orthogonal part), which we
denote by the symbol A’(¢). The projection of a second variable B(¢) onto A can be written
in terms of a linear projection operator P as

PB(t) = (A, A) (A, B(1))A (9.1.1)

Thus
(PB(1), A) = (A, B(t)) =(B(1)A*) (9.1.2)
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The complementary operator @ = 1 — P projects onto the subspace orthogonal to A. Hence
the orthogonal part of A(¢) is

A1) = QA1) (9.1.3)

Both P and Q satisfy the fundamental properties of projection operators:
PP=P, Q*=Q,  PQ=0QP=0 (9.1.4)

The projection of A(¢) along A is proportional to Y (¢), the normalised time autocorrelation
function of the variable A, i.e.

PA() =Y (1)A (9.1.5)

with
Y1) = (A, AD)(A, AT = (AN A*NAA) T = Caa(1)/ Caa(0) (9.16)
The definitions (9.1.1) to (9.1.3) ensure that
(A,A'(1))=0 (9.1.7)

The first step is to derive an equation for the time evolution of the projected part, Y (¢).
The Laplace transform of the equation of motion (2.1.14) is

C+LARD)=GC+LP+QAR) =iA (9.1.8)

Thus

o
Y(z) = (A, / exp(izt) exp(i L) A dt)(A,A)‘l
0

=(A,iz+L)TA)(A, AT = (A, A@)(A, AL (9.1.9)
where the “resolvent” operator i(z + £)~! is the Laplace transform of the propagator
exp(iLtr). We now project (9.1.8) parallel and perpendicular to A by application, respec-

tively, of the operators P and Q. Use of the properties (9.1.4) shows that
ZPA(2) + PLPA(Z) + PLQA(z) =i A (9.1.10)
2QA(z) + QLPA(z) + QLQQA(z) =0 (9.1.11)

and elimination of QA(z) between (9.1.10) and (9.1.11) gives

ZPA) +PLPA(Z) — PLO(z + QLO) 1 OLPA() =iA (9.1.12)
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If we now take the inner product with A and multiply through by —i(A, A)~1, (9.1.12)
becomes
~iz¥ (2) —i(A, LPA(2))(A, A) !
+i(A, LO(z+ QLY TIQLPA())(A, A =1 (9.1.13)

Since iLPA(z) = (A, A)~1(A, A(z))A, this expression can be rewritten as
(—iz—i)Y () + (K, R()(A, A) Y () =1 (9.1.14)

where
K=0QA=0Q(GL)A (9.1.15)

is the projection of A orthogonal to A and we have introduced the quantity
R@) =i(z+QLQ) 'K (9.1.16)
and defined a frequency £2 as
i2=(AA)A, A T=Y(0) (9.1.17)

In the single-variable case the frequency 2 is identically zero for systems with continuous
interactions, since all autocorrelation functions are even functions of time, but we retain
the term in £2 here to facilitate the later generalisation to the multi-variable description.

The projection K is conventionally termed a “random force”. If A is the momentum
of particle i, A is the total force acting on i and K is then the random force of the clas-
sic Langevin theory described in Section 7.3. In other cases, however, K is not a force in
the mechanical sense. Instantaneously, K and A are the same, but the two quantities evolve
differently in time. The time-dependence of the random force is given by the Laplace trans-
form of R(z):

R(t) =exp(iQLANHK (9.1.18)
with R(0) = K. The special form of its propagator means that R(z) remains at all times in
the subspace orthogonal to A, i.e.

(A,R(1))=0 forallt (9.1.19)

This is easily proved by expanding the right-hand side of (9.1.18) in powers of ¢, since it
is clear by inspection that every term in the series is orthogonal to A. The expansion also
makes it clear that the propagator in (9.1.18) can equally well be written as exp(i QLr)
and both forms appear in the literature. The autocorrelation function of the random force
defines the memory function M (¢) for the evolution of the dynamical variable A:

M(@t)=(R.R(®))(A, A)™* (9.1.20)
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or
M) = (R, R(@)(4, 4)7" (9.1.21)
Equation (9.1.14) can be rewritten in terms of the memory function as
Yo =[-iz—i2+Mcx)] ™" (9.1.22)

or, in the time domain, as
t
Y(t)—i.QY(t)~|—/ Mt —s5)Y(s)ds =0 (9.1.23)
0

The equation describing the time evolution of the orthogonal component A’(t) is ob-
tained along similar lines. From (9.1.11) we find that for A’(z) = QA(z):

(z+ QLO)A'(z) = —QLPA(2)
=—QLY()A=iY(2)K (9.1.24)

If we substitute for ¥ (z) from (9.1.22) and use the definition of R(z) in (9.1.16), (9.1.24)
becomes
R()=[-iz—i2+M(@)]A () (9.1.25)

or, in the time domain:
t
A/(r)—iQA’(t)+f M(t —s)A'(s)ds = R(t) (9.1.26)
0

Equations (9.1.23) and (9.1.26) are the projections parallel and perpendicular to the vari-
able A of a generalised Langevin equation for A:

t
A(t)—i.QA(t)+/ M(t — 5)A(s)ds = R(t) (9.1.27)
0

Apart from the introduction of the term in 2, (9.1.27) has the same general form as the
Langevin equation (7.3.21), but the random force R(¢) and memory function M (z) now
have the explicit definitions provided by (9.1.18) and (9.1.20).

There is a close connection between the behaviour of the functions Y () and M(¢) at
short times, a fact we have already exploited in Section 7.3. When differentiated with
respect to time the memory-function equation (9.1.23) becomes

t
Y(t)—iQY(z)+M(0)Y(t)+/ M(t—s)Y(s)ds =0 (9.1.28)
0

Since Y(0) = 1 and Y (0) =i £2, we see that

M©O)=—-Y(0)—2°=(A, A)(A, A~ — 2? (9.1.29)
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Repeated differentiation leads to relations between the initial time derivatives of Y (¢) and
M (¢) or, equivalently, given (7.1.24), between the frequency moments of the power spectra
Y (w) and M (). These relations are useful in constructing simple, approximate forms for
M (¢) that satisfy the low-order sum rules on Y (). A link also exists between the autocor-
relation function of the random force, i.e. the memory function, and that of the total force,
A. Let @ (1) be the autocorrelation function of A, defined as

o) = (A, AD)(A, A =-T (1) (9.1.30)

It follows from the properties of the Laplace transform that the functions @ (z) and Y (2)
are related by

D) =22Y(2) —iz+iQ (9.1.31)

Since the term i£2 vanishes in the one-variable case, we may temporarily discard it. Then
elimination of Y (z) between (9.1.22) and (9.1.31) leads to the expression

; = NL + i (9.1.32)
M) @) iz
The two autocorrelation functions therefore vary with time in different ways except in the
high-frequency (short-time) limit: the time dependence of @(¢) is determined by the full
Liouville operator £ and that of M (¢) by the projected operator QLQO.

There are two important ways in which the projection-operator formalism can be ex-
tended. First, (9.1.23) may be regarded as the leading member in a hierarchy of memory-
function equations. If we apply the methods already used to the case when R is treated as
the dynamical variable, we obtain an equation similar to (9.1.23) for the time evolution of
the projection of R(z) along R. The kernel of the integral equation is now the autocorre-
lation function of a second-order random force that is orthogonal at all times to both R
and A. As an obvious generalisation of this procedure we can write a memory-function
equation of the form

t
M,y (1) — 12, My (1) + / Myi1(t — $) A2 My (s)ds =0 (9.1.33)
0
where
M, (t) = (Ry, Ry(1)) (R, Ry) ™ (9.1.34a)
Ry (1) = exp(i QnLQnt) Qp Ru—1 (9.1.34b)
and

A2 = (Ry, Ry)(Ry—1, Ry—1) "t (9.1.35)
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The operator P, projects a dynamical variable along R,,—1 according to the rule (9.1.1).
By construction, therefore, the complementary operator

Q,=1-) P (9.1.36)
j=1

projects onto the subspace orthogonal to all R; for j < n. Thus the nth-order random force
R, (¢) is uncorrelated at all times with random forces of lower order. Equation (9.1.23)
is a special case of (9.1.33) with Y = Mj. Repeated application of the Laplace transform
to equations of the hierarchy leads to an expression for Y (z) in the form of a continued
fraction:

~ 1
Y(z)= 2 (9.1.37)
—iz—i820+ L PE
—ig— i ——
—iz—if22+ -

A second extension of the method, which has proved particularly useful for the descrip-
tion of collective modes in liquids, is one we have already mentioned. This is the gener-
alisation to the case where the dynamical quantity of interest is not a single fluctuating
property of the system but a set of n independent variables A1, Ao,..., A,. We repre-
sent this set by a column vector A and its hermitian conjugate by the row vector A*. The
derivation of the generalised Langevin equation for A follows the lines already laid down,
due account being taken of the fact that the quantities involved are no longer scalars. The
result may be written in matrix form as

t
A(t)—iSZ-A(z)+/ M(t —s) - A(s)ds = R(t) (9.1.38)
0

The definitions of the random-force vector R(z), frequency matrix £2 and memory-function
matrix M(¢) are analogous to those of R(¢), £2 and M (¢) in the single-variable case, the
scalars A and A* being replaced by the vectors A and A*. If we multiply (9.1.38) from the
right by A* . (A, A)~1 and take the thermal average we find that

t
Yt)—if-Y() +/ M@ —s)-Y(s)ds =0 (9.1.39)
0

where Y(r) = (A, A(1)) - (A, A)~L is the correlation-function matrix. Equation (9.1.39) is
the multivariable generalisation of (9.1.23); its solution in terms of Laplace transforms is

Yo =[-izl—i2 +M@)] ™ (9.1.40)
where 1 is the identity matrix. Note that each diagonal element of Y(¢) is an autocorre-

lation function, normalised by its value at r = 0, and the off-diagonal elements are cross-
correlation functions.
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The value of the memory-function formalism is most easily appreciated by considering
specific examples of its use. Before doing so, however, it is helpful to look at the prob-
lem from a wider point of view. Equation (9.1.38) represents an equation of motion for
A(?) in which terms linear in A are displayed explicitly on the left-hand side while the
random-force vector describes the effects of non-linear terms, initial transient processes
and the dependence of A(z) on variables not included in the set {A;}. This separation of
effects is most useful in cases where the random force fluctuates rapidly and the non-zero
elements of the memory-function matrix decay much faster than the correlation functions
of interest. It is then not unreasonable to represent M(¢) in some simple way, in particular
by invoking a markovian approximation whereby the non-zero elements are replaced by
8-functions in ¢. For this representation to be successful the vector A should contain as its
components not only the variables of immediate interest but also those to which they are
strongly coupled. If the set of variables is well chosen, the effect of projecting A(¢) onto
the subspace spanned by A is to project out all the slowly varying properties of the system.
The markovian assumption can then be used with greater confidence in approximating the
memory-function matrix. By extending the dimensionality of A, an increasingly detailed
description can be obtained without departing from the markovian hypothesis. In practice,
as we shall see in later sections, this ideal state of affairs is often difficult to achieve, and
some of the elements of M(z) may not be truly short ranged in time. The calculation of
the frequency matrix $2 is generally a straightforward problem, since it involves only static
quantities; the same is true of the static correlation matrix (A, A).

As an alternative to the multidimensional description it is possible to work with a smaller
set of variables and exploit the continued-fraction expansion, truncating the hierarchy at a
suitable point in some simple, approximate way. This approach is particularly useful when
insufficient is known about the dynamical behaviour of the system to permit an informed
choice of a larger set of variables. Its main disadvantage is the fact that the physical signif-
icance of the memory function becomes increasingly obscure as the expansion is carried
to higher orders.

9.2 SELF CORRELATION FUNCTIONS

As a simple example we consider first the application of projection-operator methods to the
calculation of the self intermediate scattering function Fs(k, z). This function is of interest
because of its link to the velocity autocorrelation function via (8.2.17) and because its
power spectrum, the self dynamic structure factor Ss(k, w), is closely related to the cross-
section for incoherent scattering of neutrons.

The most straightforward approach to the problem is to choose as the single variable A
the fluctuating density pk; of a tagged particle i and write a memory-function equation for
Fs(k, z) in the form

1

Pk, )= — %
* —iz + Ms(k, 2)

(9.2.1)
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Results given in Section 8.2 show that the short-time expansion of Fs(k, ¢) starts as

2

4
t
Fs(k,t) =1— wSE —l—w(z,(Sa)(z) + .Qg)

t

TR (9.2.2)

where the coefficients of successive powers of ¢ are related to the frequency moments of
Ss(k, w) via the general expression (7.1.24) and the quantities £2¢ (the Einstein frequency)
and wg are defined by (7.2.9) and (7.4.29) respectively. Thus, from (9.1.29), the effect of
setting Ms(k,t =0) = a)g = k%(kgT/m) is to ensure that Ss(k, ) has the correct second
moment. We may also rewrite Ms in the form Ms(k,z) = k2D(k, z) where, by analogy
with (8.2.10), D(k, z) plays the role of a generalised self-diffusion coefficient such that
lim,_olimg_o 5(k, z) = D. If the continued-fraction expansion is taken to second order
we find that

Fs(k,z) =

> (9.2.3)
@y

—iz+ Ns(k, 2)
By extension of the calculation that leads to (9.1.29) it is easy to show that the initial value

of the second-order memory function Ns(k, 1) is related to the short-time behaviour of
Ms(k, t) by Ns(k, 0) = —M;(k, 0)/Ms(k, 0) = wf (2w] + $23). Thus, if

—iz+

Ns(k, 2) = (203 + 28)iis(k, 2) (9.2.4)

where ng(k,t = 0) = 1, the resulting expression for Ss(k, w) also has the correct fourth
moment, regardless of the time dependence of ns(k, t).

As an alternative to making a continued-fraction expansion of fs(k, Z) we can consider
the multivariable description of the problem that comes from the choice

Pki
A=\ pxi (9.2.5)
Oki
where the variable oy;, given by
oki = Pri — (Pki» i) (Pki+ Pki) ™ ki (9.2.6)

is orthogonal to both pk; and pk;. From results derived in Sections 7.4 and 8.2 it is straight-
forward to show that the corresponding static correlation matrix is diagonal and given by

1 0 0
AA =10 o} 0 (9.2.7)
0 0 wiwi+ 02
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while the frequency matrix is purely off-diagonal:

0 1 0
i2=AA -AANT=| -0} 0 1 (9.2.8)
0 —205-%2% 0

Both A; and A, form part of the space spanned by the vector A. In the case of A; this
is easy to see, since A1 = A,. To understand why it is also true for A it is sufficient
to note that the projection of A, along A1 is obviously part of the space of A, whereas
the component orthogonal to A; is, according to the definition (9.2.6), the same as Agz. It
follows that the random-force vector has only one non-zero component and the memory-
function matrix has only one non-zero entry:

00 0
M(k,t):(o 0 0 ) (9.2.9)

0 0 Mk

On collecting results and inserting them in (9.1.40), we find that the correlation-function
matrix has the form

—iz -1 0
Yk, 7) = ( w? —iz 1 (9.2.10)
0 203+22 —iz+ Mk 2)

Inversion of (9.2.10) shows that Fs(k, z) is given by

Folk,2) =Yk, 2) = 9.2.11)

2
@y

2w§+9§
—iz—i—ﬂ(k,z)

—iz+

and comparison with (9.2.3) and (9.2.4) makes it possible to identify M (k, #) as the mem-
ory function of Ns(k, 7). Similarly, the Laplace transform of the self-current autocorrelation
function Cs(k, t) is

Cs(k, z) = wi Yok, 2)
2
_ @0 5 (9.2.12)
—iz+ o} + Q)iis(k. 2) + 2L

The same result can be derived from (9.2.3) via the relation (8.2.17) between Cs(k, ¢) and
Fs(k, 1), which in turn implies that Cs(k, z) = z2Fs(k, z) — iz.

In the long-wavelength limit the memory function ns(k, ¢) is directly related to the
memory function of the velocity autocorrelation function Z(¢). From (7.2.8), (8.2.17) and
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(9.2.12) we find that

~ kT /m
Z()=— B2/ 9.2.13
O = im0 0213
Thus
Ns(0,1) = 22n5(0,1) = £(1) (9.2.14)

where &(¢) is the memory function of Z(¢), introduced earlier in Section 7.3. Since Ns(k, t)
is also the memory function of Ms(k, ) and Ms(k, 0) = k2Z(0), we see that k2Z(r) be-
comes the memory function of Fs(k, t) as k — 0. For consistency with the hydrodynamic
result (8.2.10) we also require that

B kgT
0227i5(0,0) = —— 9.2.15
ons( ) mD ( )

A particularly simple (markovian) approximation is to replace Ns(k,?) by a quantity

independent of 7, 1/75(k) say, which is equivalent to assuming an exponential form for
Ms(k, 1)

Ms(k, 1) = w§exp[—t|/ts(k)] (9.2.16)
with the constraint, required to satisfy (9.2.15), that

mD

0)=
75(0) ke T

(9.2.17)

As we have seen in Section 7.3, this approximation leads to an exponential velocity auto-
correlation function of the Langevin type, the quantity 1/75(0) appearing as a frequency-
independent friction coefficient. Better results are obtained by choosing an exponential
form for Ns(k, 1), i.e.

Ns(k, 1) = (20§ + $28) exp[—It1/7s (k)] (9.2.18)
with
keT
0) = 9.2.19

This second approximation is equivalent to neglecting the frequency dependence of
Mk, z); it leads to an analytic form for Ss(k, w) having the correct zeroth, second and
fourth moments:

Sk o) — 1 ts(k)w (203 + 23)
S T w212 (k) (@? — 30§ — £22)% + (0? — wf)?

(9.2.20)

The corresponding expression for Z(z) is that given in (7.3.26) (with T = 5(0)).
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Fi1G. 9.1. Velocity autocorrelation function, curve (a), and the associated memory function, curve (b), derived
from molecular-dynamics calculations for liquid sodium at state conditions close to the normal melting point.
Curve (c) shows the exponential approximation (9.2.18) for the memory function, with z5(0) chosen to give the
correct self-diffusion coefficient. After Balucani et al.?

In the absence of any well-based microscopic theory it is perhaps best to treat the relax-
ation time z5(k) as an adjustable parameter, but it is also tempting to look for some rela-
tively simple prescription for this quantity. An argument based on a scaling of the memory
function Ms(k, 1) has been used to derive the expression3

_ 1/2
k) = y (208 + 28)Y

(9.2.21)
where the parameter y is taken to be independent of k, an assumption that is reasonably
well borne out in practice. If, in the limit kK — 0, we require (9.2.21) to yield the correct
diffusion coefficient, it follows that y = m D£2¢/kgT; this leads to a value of y of approx-
imately 0.9 at the triple point of liquid argon. On the other hand, for large wavenumbers,
Ss(k, 0) goes over correctly to the ideal-gas result if y = 2/71/2 ~1.13.

Although the exponential approximation (9.2.18) has been used with some success in
the interpretation of experimental neutron-scattering data,* the true situation is known to
be much less simple, at least at small wavenumbers. In particular, molecular-dynamics
calculations for a range of simple liquids have shown that the memory function of Z (),
i.e. N5(0, t), cannot be adequately described by a model involving only a single relaxation
time. Figure 9.1 shows the memory function obtained from a simulation of liquid sodium
in which a clear separation of time-scales is apparent; the presence of the long-time tail in
the memory function has the effect of reducing the self-diffusion coefficient by about 30%.
In their analysis of the self correlation functions of the Lennard-Jones fluid Levesque and
Verlet® found it necessary to use a rather complicated expression for Ns(k, ¢), which for
k =0 reduces to

Ns(0, 1) = 2§ exp(—Ar?/2) + Br* exp(—ar) (9.2.22)

where A, B and « are adjustable parameters. A separation into a rapidly decaying part
and a longer-lived term that starts as ¢* is also an explicit ingredient of modern versions of
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FIG. 9.2. Width at half-height of the self dynamic structure factor relative to its value in the hydrodynamic
limit. The points are molecular-dynamics data for the Lennard-Jones fluid at a high density and low tempera-
ture (p* = 0.844, T* =0.722) and the broken curve is drawn as an aid to the eye. The full curves show the
results predicted (a) by the single-relaxation-time approximation (9.2.18), (b) by the k-dependent generalisation
of (9.2.22),6(c) by the gaussian approximation (8.2.14) and (d) in the ideal-gas (k — oo) limit. After Levesque
and Verlet.

kinetic theory, in which account is taken of correlated as well as uncorrelated collisions.
The long-lived term represents collective effects and lends itself to calculation by mode-
coupling methods similar to that employed in Section 8.7 and which we shall meet again
later in this chapter.

The importance of including a long-time tail in the memory function Ns(k, r) for k > 0
is illustrated for the case of the Lennard-Jones fluid close to the triple point in Figure 9.2.
The quantity plotted there, as a function of k, is the width at half-height of Ss(k, w) relative
to its value in the hydrodynamic limit (where Aw = 2Dk?). Comparison with results for
Ss(kw) itself is not very illuminating, since the spectrum is largely featureless, but the
dependence of Aw/k? on k shows a structure that is not even qualitatively reproduced
by the single-exponential approximation; the same is true of the gaussian approximation
(8.2.14).

9.3 TRANSVERSE COLLECTIVE MODES

As we saw in Section 8.6, the appearance of propagating shear waves in dense fluids can
be explained in qualitative or even semi-quantitative terms by a simple, viscoelastic model
based on a generalisation of the hydrodynamic approach. In this section we show how
such a theory can be developed in systematic fashion by use of the projection-operator
formalism.

Taking the viscoelastic relation (8.6.4) as a guide, we choose as components of the vec-
tor A the x-component of the mass current and the xz-component of the stress tensor,
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assuming as usual that the z-axis is parallel to k. Thus

mjlf
o () 0a
s
and
(A,A):VkBT<'0m 0 ) (9.3.2)
0 Gk

where G (k) is the generalised elastic constant defined by (8.6.9). To calculate the fre-
guency matrix we use the relations

(A1, A1) = (A2, A2) =0 (9.33)
(A2, A1) = (A1, Ap) = —ikVkgT Goo (k) (9.3.4)
and find that
0 —ik
i = ) (9.3.5)
—ikGeoh)
pm

Because A1 is proportional to Ay, the projection of A1 orthogonal to A is identically zero.
The memory-function matrix therefore has only one non-zero element, which we denote
by M;(k,1):

M(k,t):(o 0 > (9.3.6)
0 Mk,t)

When these results are substituted in (9.1.40) we obtain an expression for the Laplace
transform of the correlation-function matrix in the form

-1

—iz ik

Yk,2)=| . 9.3.7
WO 0
om 1 U<,

Thus the Laplace transform of the transverse-current autocorrelation function is

2
~ rY . g
Cik,2)= onll(k, )=

5 (9.3.8)
w1

—iz+——
—iz+ M, (k,z)

where wi, defined by (7.4.38), is related to G (k) by (8.6.9). Consistency with the hydro-
dynamic result (8.4.4) in the long-wavelength, low-frequency limit is achieved by setting

G (0)

M,(0,0) = (9.3.9)
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The function M, (k, z) is the memory function of the generalised kinematic shear viscos-
ity introduced in Section 8.6. This identification follows immediately from comparison of
(9.3.8) with the Laplace transform of (8.6.7), which shows that

2
@y

Crtk,g)=———9
kD= k)

(9.3.10)

The viscoelastic approximation corresponds to ignoring the frequency dependence of
M;(k, z) and replacing it by a constant, 1/7,(k) say, implying that v(k, t) decays expo-
nentially with a characteristic time ; (k) and hence, from (8.6.9), that

Goo (k)

pm

vik,t) = exp[—lt]/7 (k)] (9.3.11)

Use of (9.3.11) ensures that the spectrum of transverse-current fluctuations:

1~ 1 202 1, (k
Ci(k, w) = —ReCi(k, w) = = “’20“’“”2( ) (9.3.12)
b4 T w?+ 1/ (k) (0], — w?)2?

has the correct second moment irrespective of the choice of z,(k). If, as in Section 8.6,
we define a wavenumber-dependent shear viscosity n(k) as the zero-frequency limit of
pomb(k, w), we find in the approximation represented by (9.3.11) that

nk) =7 (k)G oo (k) (9.3.13)
so that ¢, (k) appears as a k-dependent Maxwell relaxation time (see (8.6.5)). In particular:
n=10) =7%(0)Gx(0) (9.3.14)

in agreement with (9.3.9).

It is easy to establish the criterion for the existence of propagating transverse modes
within the context of the single-relaxation-time approximation represented by (9.3.12).
The condition for C,(k, ) to have a peak at non-zero frequency at a given value of & is

w?, T2 (k) > 3 (9.3.15)

and the peak, if it exists, is at a frequency w such that w? = a)i — %r[z(k). It follows from
the inequality (9.3.15) that shear waves will appear for values of k greater than k., where
k. is a critical wavevector given by

2 pn

ki=——-— 9.3.16
¢ 212 (k)G oo (k) ( )

We can obtain an estimate for k. by taking the £ — 0 limit of (9.3.16); this gives
k2 ~ LG © (9.3.17)

c an
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F1G. 9.3. Spectrum of transverse-current fluctuations for the Lennard-Jones fluid near its triple point. The
points are molecular-dynamics results and the curves show results calculated from the viscoelastic approxima-
tion (9.3.11) (broken lines) and the two-exponential memory function (9.3.20) (full lines). The unit of time is
T = (mo?/48)Y/2. After Levesque et al.”

On inserting the values of  and G (0) obtained by molecular-dynamics calculations for
the Lennard-Jones fluid close to its triple point we find that k.o ~ 0.79. This is apparently
a rather good guide to what occurs in practice: the dispersion curve for liquid argon plotted
in Figure 8.4 shows that shear waves first appear at k. ~ 2.0 A or, taking a value (3.4 A) for
o appropriate to argon, k.o ~ 0.7. At sufficiently large values of k the shear waves again
disappear as the role of the interparticle forces becomes less important.

Given its simplicity, the viscoelastic approximation provides a very satisfactory de-
scription of the transverse-current fluctuations over a wide range of wavelength. Careful
study reveals, however, that there are some systematic discrepancies with the molecular-
dynamics data that persist even when the parameter 7, (k) is chosen to fit the observed
spectrum rather than calculated from some semi-empirical prescription. In particular, the
shear-wave peaks at long wavelengths are significantly too broad and flat, as the results
for the Lennard-Jones fluid shown in Figure 9.3 reveal. The structure of the correlation-
function matrix (9.3.7) gives a clue to the origin of the deficiencies in the viscoelastic
model. The element ?gg(k, z) of the matrix is the Laplace transform of the normalised
autocorrelation function of the xz-component of the stress tensor. Thus

Yao(k,z) = %(k)/o (M) T ) exp(izt) dt

1

- - (9.3.18)

. > w1
—iz+ M;(k,2) + iz
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where the form of the normalisation factor follows from (8.4.10) and (8.6.9). If we again
replace M, (k, z) by 1/1,(k) and take the limit k — 0, (9.3.18) can be inverted to give

N(1) = Goo(0)Y22(0, 1) = G o (0) eXp[— G (0)11/1] (9.3.19)

which is consistent with (8.4.10). We saw in Section 8.6 that the memory function v(k, 1)
and the stress autocorrelation function n(¢) become identical (apart from a multiplicative
factor) as & tends to zero; within the viscoelastic approximation the identity is apparent
immediately from intercomparison of (9.3.11), (9.3.14) and (9.3.19). At high densities, as
Figure 8.1 illustrates, the correlation function 5 (¢) has a pronounced, slowly decaying tail
and it is reasonable to suppose that the transverse-current fluctuations at small wavevectors
can be adequately described only if a comparably long-lived contribution is included in the
memory function v(k, 7). In their classic analysis of the collective dynamical properties
of the Lennard-Jones fluid, Levesque, Verlet and Kiirkijarvi’ suggested the use of a two-
exponential memory function of the form

v(k,1)/v(k,0) = (1 — o) exp[—t]/Ta(k) ] + o exp[—z]/T2(k) ] (9.3.20)

which, as the inset to Figure 8.1 suggests, is also a useful approximation for other systems.
In practise, for the Lennard-Jones fluid, t» turns out to be almost independent of k£ and
some seven times larger than z1(0), while the parameter «; decreases rapidly with increas-
ing k. Thus, for large k, the single-relaxation-time approximation is recovered. At small k,
however, inclusion of the long-lived tail in the memory function leads to a marked enhance-
ment of the shear-wave peaks and significantly improved agreement with the molecular-
dynamics results, as illustrated in Figure 9.3; the price paid is the introduction of an ad-
ditional two parameters. Broadly similar conclusions have emerged from calculations for
liquid metals.®

9.4 DENSITY FLUCTUATIONS

The description of the longitudinal-current fluctuations on the basis of the generalised
Langevin equation is necessarily a more complicated task than in the case of the transverse
modes. This is obvious from the much more complicated structure of the hydrodynamic
formula (8.5.10) compared with (8.4.4). The problem of particular interest is to account for
the dispersion and eventual disappearance of the collective mode associated with sound-
wave propagation.

In discussion of the longitudinal modes a natural choice of components of the dynamical
vector A is the set of conserved variables consisting of pk, jk and the microscopic energy
density ek defined via (8.5.27). The variables pk and ek are both orthogonal to jk. In place
of ek, however, it is more convenient to choose that part which is also orthogonal to px and
plays the role of a microscopic temperature fluctuation; this we write as 7i. Thus

Ti = ex — (k. ) Pk, oK)~k (9.4.1)
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The static correlation matrix is then diagonal. Since our attention is focused on the longi-
tudinal fluctuations, we include only the projection of the current along k, which we label
J- The vector A specified in this way, i.e.

Pk
A= j (9.4.2)
Ti
is only one of many possible choices; larger sets of variables that include both the stress

tensor and heat current have also been considered. The static correlation matrix arising
from (9.4.2) is

NS(k) 0 0
T
an= o ¥ ke 0 (9.4.3)
m
0 0 (T« T—)
and the corresponding frequency matrix is
0 —ik 0
ik (kT U
—i2=1Sk\ m ‘ (TiT—x) (9.4.4)
0 B (TjZy) 0
NkpT/m

It is unnecessary for our purposes to write more explicit expressions for the statistical
averages appearing in (9.4.3) and (9.4.4).

Since Aj is proportional to A», it follows that the component Ry of the random-force
vector is zero and the memory-function matrix reduces to

0 0 0
Mk, t)=|0 Mk, t) Mu(k,t) (9.4.5)
0 Ms(k,t) Mas(k,t)

The correlation-function matrix is therefore given by

—iz ik 0 -1
~ ik (kT . ~ . ~
Yk, z2)= So\Um —iz+ Myp(k,z)  —iS223+ Mp3(k,2) (9.4.6)
0 i3 + Map(k,2)  —iz+ Ma3(k, )

and the Laplace transform of the longitudinal-current autocorrelation function is

Ci(k, 2) = w3 Y2 (k, 2)

- (9.4.7)
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where the memory function N;(k, t) is defined through its Laplace transform as

Ok, z2)

ﬁ k» = M kv - = .. _ ~ = _ 9.4.8
1(k, z) = M2 (k, z) Tt Mk (9.4.8)
with
e TN (& (Tij%y)
Ok, z)= <M23(k, ) T T ) <M32(k, )+ 7N(kBT/m)> (9.4.9)

The physical significance of the four unknown memory functions in (9.4.5) is easily in-
ferred from their definitions in terms of the random forces lef and Q7. The functions
M>3 and M3, describe a coupling between the momentum current (the stress tensor) and
heat flux whereas M3, and M3z represent, respectively, the relaxation processes associ-
ated with viscosity and thermal conduction. By comparison of (9.4.7) to (9.4.9) with the
hydrodynamic result in (8.5.10) we can make the following identifications in the limit
k—0:

4 2
- I+ o)k
lim faac. 0y = BTTOK _ o (9.4.10)
k—0 pm
o~ Ak?
lim Mas(k, 0) = —— = ak? (9.4.11)
k—0 pm
and
2Tk )2 ksT\%y —1
lim (kT o (ke Ty — 1 (9.4.12)
k=0 (TkT_x) m Sk)
Finally, by requiring that
2
Nitk, 1 =0) = w? — —0_ (9.4.13)

with a)%l given by (7.4.35), we guarantee that the first three non-zero moments of S(k, w)
are correct.

The derivation of (9.4.6) brings out clearly the advantage of working with a multivariable
description of a problem such as that provided by (9.4.2). For example, we can immediately
write down an expression for the fluctuations in temperature analogous to (9.4.7) for the
current fluctuations. If we define a temperature autocorrelation function as

Cr(k, 1) =(Tk()T) (9.4.14)

we find from (9.4.6) that
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Cr(k, z) = (T« T—x)Ya3(k, 2) —_—
k4 —k
= .2 - (9.4.15)
—iz— 5 + M33(k, 7)

—iz+ + My (k, 2)

@
—izS(k)

The key point to note is that Cr(k, z) can be expressed in terms of the same memory func-
tions used to describe Cl (k, z). Similarly, by solving for Y11 (k, z), we obtain an expression
for the density autocorrelation function:

Fk,z) = St Y11(k, 2)

_ Sk (9.4.16)

L1 ( wg )
S\ —iz + Ni(k, 2)

This is a less interesting result than that obtained for Cr (k, z), because F (k,t) and C;(k, t)
are in any case related by (7.4.26). It nevertheless brings out a second important feature
of the multivariable approach. An expression for F (k, z) having the same form as (9.4.16)
can more easily be obtained by setting A = px and making a continued-fraction expansion
of F(k, z) truncated at second order. What the more elaborate calculation yields is detailed
information on the structure of the memory function N;(k, t), enabling contact to be made
with the hydrodynamic result and allowing approximations to be introduced in a controlled
way.

If we write the complex function N, (k, z) on the real axis (z =w +ie, ¢ - 0+) as the
sum of its real and imaginary parts, i.e.

N (k, w) = Nj (k, ®) + i N/ (k, w) (9.4.17)
we find from (9.4.7) that the spectrum of longitudinal-current fluctuations is given by

2wE N (k, w)
[w? — a)é/S(k) — oN/'(k, )] + [N/ (k, w]?

Ci(k, w) = % (9.4.18)

If the memory function were small, there would be a resonance at a frequency determined
by the static structure of the fluid, i.e. at w? ~ a)g/S(k). The physical role of the memory
function — the generalised “friction” — is therefore to shift and damp the resonance.

The task of calculating the function N;(k,t) remains a formidable one, even with the
restrictions we have discussed. Some recourse to modelling is therefore needed if tractable
expressions for C;(k, w) and S(k, w) are to be obtained. The limiting form of ﬁl(k,w)
when k, @ — 0 (hydrodynamic limit) follows from (9.4.8) to (9.4.12):

w2
~ -1

lim lim Ny (k, ) = bk? + —0_ Y == 9.4.19

ol iy Nk @) = bR+ e o ek (9.4.19)

The first-term on the right-hand side of this expression describes viscous relaxation

and corresponds to M2, (k, w) in (9.4.8), while the second term arises from temperature
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fluctuations. We now require a generalisation of (9.4.19) that is valid for microscopic
wavelengths and frequencies. An obvious first approximation is to assume that the cou-
pling between the momentum and heat currents, represented by the memory functions
Mo3(k,t) and Ma3a(k, t), makes no contribution to the density fluctuations. This is true
in the hydrodynamic limit and it is true instantaneously at finite wavelengths because the
random forces lef and QT are instantaneously uncorrelated; the two memory functions
therefore vanish at r = 0. If we also assume that the effect of thermal fluctuations is neg-
ligible, an approximation that can be justified at large wavenumbers, we are left only with
the problem of representing the generalised longitudinal viscosity M2z (k, w). Since the
viscoelastic model (9.3.11) works moderately well in the case of the transverse currents, it
is natural to make a similar approximation here by writing

2

Nik, 1) = <w§l _ %) exp[—It1/7 (k)] (9.4.20)

which is compatible with the constraint (9.4.13). The resulting expression for the dynamic
structure factor is

1 u(k)wglo];, — of/Sk)]
ko)== 9.4.21
S e) =2 @272 (k) (02 — 02)? + [w? — 3 /S (k)12 ( )

A variety of proposals have been made for the calculation of the relaxation time ¢; (k). For
example, arguments similar to those used in the derivation of (9.2.21) lead in this case to
the expression®

w2

1/2
fl(k)=i wd — — (9.4.22)
! a2\ S (k)

The usefulness of this approach is illustrated in Figure 9.4, which shows the dispersion of
the sound-wave peak obtained from molecular-dynamics calculations for liquid rubidium
and compares the results with those predicted by the viscoelastic approximation (9.4.21)
in conjunction with (9.4.22). The agreement is good but the detailed shape of S(k, w) is
less well reproduced, particularly at small k. As the example shown in the lower part of the
figure reveals, the discrepancies occur mostly at low frequencies. This is not surprising,
since the low-frequency region of the spectrum is dominated by temperature fluctuations,
which the viscoelastic model ignores.

The type of scheme outlined above is clearly an oversimplification. Analysis of results
obtained by inelastic x-ray scattering at small wavenumbers has confirmed the inadequacy
of the viscoelastic approximation for liquid metals'? and in other cases the method is not
even qualitatively satisfactory. In particular, the viscoelastic model is unable to account
for the Brillouin peak observed in molecular-dynamics calculations for the Lennard-Jones
fluid, as pictured in Figure 9.5. It can be shown from (9.4.22) that the viscoelastic model
predicts the existence of such a propagating mode whenever

2
2 3w

iy < S0 (9.4.23)
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F1G. 9.4. Sound-wave dispersion curve (above) and dynamic structure factor (below) for a model of liquid
rubidium near the normal melting temperature. The points are molecular-dynamics results1® and the broken
curves are drawn as guides to the eye. The full curves are calculated from the viscoelastic approximation (9.4.21)
in conjunction with (9.4.22). After Copley and Lovesey.11

If k is small this inequality can be rewritten as
x7[5G00(0) + Koo(0)] <3 (9.4.24)

when wfl is expressed in terms of the long-wavelength limits of the instantaneous shear
modulus (8.6.9) and the instantaneous bulk modulus K, (k) defined by the relation
pma,

o (9.4.25)

2Goo (k) + Koo (k) =

In the case of the alkali metals the inequality (9.4.24) is easily satisfied, but for the Lennard-
Jones fluid under triple-point conditions the left-hand side of (9.4.24) has a value of ap-
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proximately 4.9. Given the structure of (9.4.24), it seems plausible to conclude that the
persistence of the sound-wave peak in liquid metals to relatively much larger wavenum-
bers than in rare-gas liquids is associated with the lower compressibility of the metals (see
Table 1.2). This difference in behaviour can in turn be correlated with the softer nature of
the interatomic potentials in metals compared with those in the rare gases.

In order to describe the small-k behaviour of the Lennard-Jones system it is necessary to
go beyond the viscoelastic approximation (9.4.20) by including the effect of temperature
fluctuations. A generalisation of the hydrodynamic result (9.4.19) that satisfies the short-
time constraint (9.4.13) is obtained by setting

a)g yk)—1
S(k) —iw + a(k)k?

wdy (k)
S(k)

Nk, w) = <w§l - )ﬁu k, ®) + (9.4.26)
with ny;(k, t = 0) = 1; this ignores any frequency dependence of the generalised ther-
mal diffusivity a(k) (the quantity a(0) is defined by (8.3.14)). If, in addition, y (k) (a k-
dependent ratio of specific heats) is set equal to one, the term representing temperature
fluctuations disappears and (9.4.26) reduces to the viscoelastic approximation; the latter,
as we have seen, works reasonably well for liquid metals, for which y (0) ~ 1. The first
term on the right-hand side of (9.4.26) can be identified as M5 (k, w). Then, if we assume
a simple, exponential form for ny; (k, 1), i.e.

ny(k, 1) =exp[—Itl/m k)] (9.4.27)
we find that in the hydrodynamic limit Moy (k, 0) approaches the value

_ Mxnk,0) 10
am szz = lm [3Go0(0) + Koo (0) — v/ x7] (9.4.28)

Comparison of (9.4.28) with (9.4.10) shows that 7;(0) is given by

n+¢

0) =
1O = @+ K —y/xr

(9.4.29)

Equations (9.4.26) to (9.4.29) make up the set of generalised hydrodynamic equations used
by Levesque, Verlet and Kiirkijarvi’ in their study of the Lennard-Jones fluid; together they
yield a good fit to the dynamic structure factor over a wide range of k. Among the satis-
fying features of the analysis is the fact that at long wavelengths 7;(k), as determined by
a least-squares fitting procedure, tends correctly to its limiting value (9.4.29) as k — 0.
Moreover, y (k) =~ 1 beyond ko ~ 2. The large-k behaviour of y (k) implies that the vis-
coelastic model is a good approximation at short wavelengths because the coupling with the
thermal mode becomes negligible. On the other hand, at small &, y (k) tends to a value that
is larger by a factor of approximately two than the thermodynamic value derived from the
simulation. This fault can be eliminated by inclusion of a slowly relaxing part in the gener-
alised longitudinal viscosity Mgz(k, w). If atwo-exponential form is used for ny;(k, t), and
if the two decay times are given the same values as the corresponding relaxation times in
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lar-dynamics results and the curves show results calculated from (9.4.26) with a two-exponential approximation
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the transverse-current memory function (9.3.20), an excellent fit is obtained, as Figure 9.5
shows, for which y (k) tends to its thermodynamic value as k — 0. The good agreement
obtained with a single exponential is to some extent fortuitous, the omission of the long-
time part of the viscous contribution to the memory function being offset by an increase in
the size of the thermal contribution.

9.5 MODE-COUPLING THEORY |I. THE VELOCITY AUTOCORRELATION
FUNCTION

The applications of the projection-operator formalism studied thus far are largely phe-
nomenological in character in the sense that a simple functional form has generally been
assumed to describe the decay of the various memory functions. Such descriptions can
be looked upon as interpolation schemes between the short-time behaviour of correlation
functions, which is introduced via frequency sum rules, and the hydrodynamic regime,
which governs the choice of dynamical variables to be included in the vector A. A more
ambitious programme would be to derive expressions for the memory functions from first
principles, starting from the formally exact definitions of Section 9.1. A possible route to-
wards such a microscopic theory is provided by the mode-coupling approach, which we
have already used in Section 8.7 to investigate the slow decay of the velocity autocorrela-
tion function at long times. In this section we show how mode-coupling concepts can be
applied to the calculation of time-correlation functions and their associated memory func-
tions within the framework of the projection-operator formalism. The basic idea behind
mode-coupling theory is that the fluctuation (or “excitation”) of a given dynamical variable
decays predominantly into pairs of hydrodynamic modes associated with conserved single-
particle or collective dynamical variables. The possible “decay channels” of a fluctuation
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are determined by “selection rules” based, for example, on time-reversal symmetry or on
physical considerations. If a further, decoupling approximation is made, time-correlation
functions are expressible as sums of products of the correlation functions of conserved
variables.

To illustrate the method, we first use the projection-operator formalism to rederive
the asymptotic form (8.7.15) of the velocity autocorrelation function. Let u;, be the x-
component of the velocity of a tagged particle i. In the notation of Section 9.1 the velocity
autocorrelation function has the from

Z(t) = (uix, X L1)Uix) (9.5.1)

From the discussion in Section 8.7 we can expect the tagged-particle velocity to be strongly
coupled to the longitudinal and transverse components of the collective particle current,
while the form of (8.7.8) suggests that we take the tagged-particle density px,; and the
current j g~ to be the modes into which fluctuations in u;, decay. Translational invari-
ance implies that the only products of Fourier components whose inner product with the
tagged-particle velocity are non-zero are those for which k” = k”. The first approximation
of the mode-coupling treatment therefore consists in replacing the full evolution operator
exp(i Lt) by its projection onto the subspace of the product variables py;j —k, i.e.

exp(iLt) ~ Pexp(iLt)P (9.5.2)

The projection operator P is defined, as in (9.1.1), by its action on a dynamical variable B:
. . -1
PB=> " (pkij%: B)(pxi i prii%) " Prii% (9.5.3)
k o
where the sum on « runs over all cartesian components. Thus

exp(LOPuiy = Y Y (okiiPie uix) (i iy i iP) ™
k' B

x exp(i L1 pwi j (9.5.4)
and
Z(t) ~ (uix, Pexp(iL1)Puix)

= ZZ(pk’ijfk/»Mix)(pk’ijfk/apk’ijfk/)_l

kk a B
x (ki J% EXPG LD i jP0)
X (ki J % pkijfk)_l(uimpkijfk) (9.5.5)

In this expression the time-correlation functions of the product variables are bracketed by
two time-independent “vertices”, each of which has the same value. For example, since
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(ki J%P—ki ) = N (kT /m) and (uixp—ki ji¢) = (kgT/m)dax, it follows that

(110 105%™ (i, 0 %) = B (95.6)

The time-correlation functions appearing on the right-hand side of (9.5.5) are of an un-

usual type, since they involve four, rather than two, dynamical variables. A second approx-

imation usually made is to assume that the two modes appearing in the product variables

propagate independently of each other. This means that the four-variable functions fac-
torise into products of two-variable functions. In the present case:

(oki J % exPG LD P17 1) = (pi s €XPG LD pici ) (% eXPG L) P ) Sk

= (ki (D p—ki )i () ) (9.5.7)

and use of (9.5.6) and (9.5.7) reduces (9.5.5) to the simpler form given by
1 o x
Z() = +7 2 ok O pki )i 0%) (9.5.8)
k

The first factor in the sum over wavevectors is the self intermediate scattering function
Fs(k, t) and the second is a current correlation function; the latter can be decomposed into
its longitudinal and transverse parts in the manner of (7.4.24). On switching from a sum
to an integral and replacing the current correlation function by its average over a sphere,
(9.5.8) becomes

1 1
Z(t) = g(Zn)_ngs(k,t)ﬁ[Cl(k,t) +2C;(k, 1)] dk (9.5.9)

If the time-correlation functions on the right-hand side of (9.5.9) are replaced by the hydro-
dynamic expressions, (9.5.9) leads back to (8.7.14), which is valid for long times. At short
times, however, (9.5.9) breaks down: as t — 0, Z(¢) diverges, since Fs(k,t =0) =1 and
Ci(k,t =0) = C;(k,t = 0) = k%(kgT/m). To overcome this difficulty a cut-off at large
wavenumbers must be introduced in the integration over k. Such a cut-off occurs natu-
rally in the so-called velocity-field approach,'® in which a result very similar to (9.5.9)
is obtained on the basis of a microscopic expression for the local velocity of the tagged
particle. This expression involves a “form factor” f(r), which in the simplest model used
is represented by a unit step-function that vanishes for distances greater than the particle
“radius” a and has the effect of making the velocity field constant over the range r < a.
Replacement of the Fourier components of the velocity field by their projections along the
particle current leads to an expression of the form

Z(t) = %(2n)‘3/f(k)Fs(k, t)k—lz[Cl(k, 1) +2C;(k, 1)] dK (9.5.10)
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where f(k=0)=1/p and limy_, « f (k) = 0. This result reduces to that obtained by the
mode-coupling approach in the long-wavelength limit, but the behaviour at short times is
much improved compared with (9.5.9). In particular, the zero-time value is now correct:

Z(0) = (2n)"3 / f(k)kB—T dk = kB—Tf(r —0)= k:f (9.5.11)

Equation (9.5.10) does not represent a complete theory, since its evaluation requires a
knowledge of the intermediate scattering function and the two current-correlation func-
tions. For numerical purposes, however, use can be made of the viscoelastic approxima-
tions for C;(k,t) and C,(k,t) and the gaussian approximation (8.2.15) for Fs(k,1). As
Figure 9.6 shows, results obtained in this way for the velocity autocorrelation function and
corresponding power spectrum of liquid rubidium are in good agreement with results ob-
tained by molecular dynamics. The pronounced, low-frequency peak in the power spectrum
arises from the coupling to the transverse current and the shoulder at higher frequencies
comes from the coupling to the longitudinal current.

Another method whereby the short-time behaviour of the mode-coupling approximation
can be improved is to include the exact, low-order frequency moments of Z(w) in a sys-
tematic way by working in the continued-fraction representation.’* Truncation of (9.1.37)
at second order gives

7Z(z) = 9.5.12
(2) 22 ( )

—iz+ No(2)

Where £20 is the Einstein frequency (7.2.13) and Nz(z) = A2M2(z) The Laplace transform

of Ng(z) is related to the autocorrelation function of the second-order random force Ry =

QZ(LC) Ujx = Ql(lﬁ) Uix by

—iz+

Na(t) = (Rz, exp(i Q2L Q21)R2) (Ry, R1) ™

Zk (Q1L%uix, exp(i Q2L Qo) Q1 L%u; ) (9.5.13)
sT

The operator Q1 = 1 — Py projects onto the subspace orthogonal to u;, while Qy =
Q1 — P, projects onto the subspace orthogonal to both u;, and the acceleration i;, =
i Lujx. The fact that (i £)2u;, is automatically orthogonal to (i £)u;, makes it possible to
replace Q» by Q; in the definition of Ry.

If the product variables py;j —k are again chosen as the basis set, use of the approximation
(9.5.2) allows (9.5.13) to be rewritten as

No(1) ~ 2 ZZZ Pk Jo k”Qlf’ ulx)(pk’zJﬁkupk’zJﬁk/) !
$26ksT kK @ B

x (ki j% €xPi Q2L Q21 pii j2 )

X (Pkijgk, Pkijgk)il(Qlﬁzuix, ,Okijgk) (9.5.14)
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F1G. 9.6. Normalised velocity autocorrelation function (above) and the corresponding power spectrum (below)
for a model of liquid rubidium. The points are molecular-dynamics results and the curves are calculated from the

velocity-field approximation (9.5.10). After Gaskell and Miller.13

If we again assume that the variables pk; and ji evolve in time independently of each other,
and make the further approximation of replacing the projected operator Q,£Q> by the
full Liouville operator £ in the propagator governing the time evolution of the factorised

correlation functions, (9.5.14) becomes
Na (1) =~ ZL SN (owi P QuLPui) (pi i i)
£5ksT P
x (ki s P ) (% jfk/ () ki

X (Pkijgkv Pki]'gk)il(Qlﬁzuixy Pki J.gk) (9.5.15)
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The time-correlation functions appearing here are the same as in (9.5.7), but the time-
independent vertices have a more complicated form; a detailed calculation shows that

_ Q2kgT
(Q1L%iq, pki],ﬁk) =--0

Vap (k) (9.5.16)

where
Vg (k) = %/exp(—ik-r)g(r)vav,gv(r)dr (9.5.17)
.Qom

is a normalised “vertex function”. Then, proceeding as before by switching from a sum
over wavevectors to an integral, we find that

Na(t) = No(t) + 2N (1) (9.5.18)

2
£25m

3pksT

where V, ; are the longitudinal and transverse components of the vertex tensor, defined in
a manner analogous to (7.4.24).

There is striking similarity between the structure of (9.5.19) and that of the mode-
coupling expression (9.5.9) obtained earlier for Z(z) except that (9.5.19) contains the
vertex factors Vj ;. Inclusion of these factors ensures that the integral over wavevectors
converges for all 7; they therefore play a similar role to that of the form factor £ (k) in the
velocity-field approach, but have the advantage of being defined unambiguously through
(9.5.17). The theory is also self-consistent, since the correlation functions required as input
may be obtained by a mode-coupling calculation of the same type. Numerically, however,
the results are less satisfactory than those pictured in Figure 9.6.

No. (1) = @n)~3 / VZ, (k) Fs(k. z)k_lzc,,,(k, 1) dk (9.5.19)

9.6 MODE-COUPLING THEORY II. THE KINETIC GLASSTRANSITION

The mode-coupling ideas introduced in Section 9.5 were first used by Kawasaki'® to study
the “critical slowing down” of density fluctuations near the liquid—gas critical point. Here
we describe the application of the same general approach?® to the not dissimilar phenom-
ena associated with the kinetic glass transition of a fragile glass former, already discussed
in a qualitative way in Section 8.8. The theory shows that the structural arrest and associ-
ated dynamical anomalies that appear in the supercooled liquid at a well-defined temper-
ature (on cooling) or density (on compression) are a direct consequence of a non-linear,
feedback mechanism, the source of which is the fact that the memory function of the den-
sity autocorrelation function F(k, ) may be expressed, at least approximately, in terms
of F(k,r) itself. Although real glass-forming liquids are usually multi-component in na-
ture, we limit the discussion to one-component systems; the generalisation to mixtures is
straightforward.
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We saw in Section 9.4 that the decay of density fluctuations in a simple liquid above its
triple point is well described within the memory-function formalism by choosing as com-
ponents of the dynamical vector A the three variables px (particle density), jk =k - jk/k
(longitudinal particle current) and Tk (a microscopic temperature variable). It turns out,
however, that temperature fluctuations are not important for the description of structural
arrest and for present purposes the variable 7 can therefore be omitted. To simplify the
resulting equations we first introduce a normalised density autocorrelation function

¢k, 1) =F(k,1)/S(k) (9.6.1)

with ¢ (k, t = 0) = 1. Then, by following steps similar to those used to derive the memory-
function equation (9.4.16), we arrive at an expression for the Laplace transform of ¢ (k, r)
in the form

1
%
—iz+M(k,z)

where 22 = v2k?/S(k) and vy = (kgT/m)/? is the thermal velocity. The structure of this
result is identical with that in (9.4.16) and the function M (k, z), like N;(k, z) in (9.4.16),
is again the memory function of the longitudinal current, but the two choices made for the
vector A means that the explicit form of the memory function is different in the two cases.
In the two-variable description the random-force vector has only one component, given by

Pk, 2) = (96.2)

—iz+

Kk = Q@i Ljk) (9.6.3)

and the corresponding memory function is

1
T

with Ry (¢) = exp(i QL Qt) K, where the operator Q@ = 1 — P projects an arbitrary dynam-
ical variable onto the subspace orthogonal to the variables px and jk. The time dependence
of ¢ (k, t) is obtained from (9.6.2) via an inverse Laplace transform:

t
Gk, 1)+ 2Pk, 1) +/ Mk, t — 1)k, t'ydi' =0 (9.6.5)
0

which can be recognised as the equation of motion of a harmonic oscillator of frequency
2k, damped by a time-retarded, frictional force.

The theoretical task is to derive an expression for the memory function that accounts
for the structural slowing-down near the transition temperature 7c; to achieve this, we
follow the original arguments of Gétze and collaborators.l” The random force Ky is by
construction orthogonal to the slow variable px and the simplest slow variables having a
non-zero correlation with Ky are the pair products

Ap,q = PpPy (9.6.6)
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Hence the first approximation, one of typical mode-coupling type, is to replace the random
force K in (9.6.3) by its projection onto the subspace spanned by all pair products, i.e.

Kk~ ) D (Apq. Ki)(Apg. Ap.q) " Apg (9.6.7)
p’q p/’q/

Substitution of (9.6.7) and the corresponding expression for Ry (¢) in (9.6.4) gives

1 _
Mk, D=+ YD (Apq. K)(Apg, Apg)
vT p,q p’,q’

X Z Z (Ap///’q///’ Kk)(Ap”,q”vAp’”,q”’)_l
p//’q// p///’q///
X (Ap,q, exp(i Q;CQ[)Ap//Vq//) (9.6.8)

The next step is to factorise the static and dynamic four-point correlation functions in
(9.6.8) into products of two-point functions, and simultaneously to replace the propagator
of the projected dynamics by the full propagator. Thus
(Ap.g, X QLANAp q) = (pppa, €XP(I QLAN Py pqy)
~ (pp. exp(iL1)ppr) (pq. €XP(i L1) pq)
= 8p.p8q.q N2 S(P)S(@)d(p. (g, 1) (9.6.9)

while for r =0:

(Ap,gs Ap.a) = 8p,p8q,q N2S(P)S(q)
(9.6.10)
8o 0/8a.a
(Ap.q. Ay q) L = p.p’9q.9
PP N25(p)S(q)
The three-point static correlation functions that appear in the terms involving K in (9.6.8)
can be eliminated with a help of a generalisation of the Yvon equality (7.2.11), i.e.

(AB*) =((iLA)B*)= —({H, A}, B¥) = kT ({A, B*}) (9.6.11)

the proof of which now requires a double integration by parts. We also make use of the
Ornstein—Zernike relation in the form S(k) = 1/(1 — pc(k)) and the convolution approxi-
mation (4.2.10). Then, for example:

(bprq» i L) = —ivE NSy [K - P'S(@") + K- o' S(p)]/k (9.6.12)

The final result of these manipulations is

2
vT,o2

MkD =y

> SkpraS(PS(@)[e(p)k - p+ gk - Q]2¢>(p, Ne(q,t)  (9.6.13)
p.q
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The factor % on the right-hand side arises from the fact that all double sums over pairs of
wavevectors must be ordered in such a way that each product variable Ap ¢ appears only
once.

The appearance of the product ¢ (p, 1)¢ (g, t) in (9.6.13) means that the memory func-
tion decays on the same time-scale as the correlation function. This represents only the
long-time contribution to the total memory function and cannot describe the behaviour at
short times, which is dominated by nearly instantaneous, binary collisions. To describe the
effect of collisions it is assumed that the short-time contribution M© (k, t) can be repre-
sented by a §-function, i.e.

MOk, 1) = v(k)s () (9.6.14)

The complete memory function is therefore written as
Mk, 1) = v(k)8(r) + 22m(k, 1) (9.6.15)

Comparison with (9.6.13) shows that
1
mik,0) =0 pz;fgk,p-&-qv(ka P. 9o (p. DP(q.1) (9.6.16)

where the vertex function V is

Sk)S(p)S . .
vk, p.oy = 2P ik p 4 gk af (9.6.17)

The non-linear, integro-differential equation (9.6.5) may then be rewritten as
.o . 00 .
Gk, 1)+ Q2P (k, 1) +v(k)pk, 1) + 9;3/ m(k,t —t)(k,t')di' =0  (9.6.18)
0

The coupled equations (9.6.16) and (9.6.18) form a closed, self-consistent set; the only
input required for their solution is the static structure factor of the supercooled liquid,
which determines the value of the vertex function via (9.6.17). The feedback mechanism is
provided by the quadratic dependence of the memory function on ¢ (k, t), with the density
and temperature dependence of the effect coming from the vertex function. Numerical
solution of the coupled equations reveals the existence of a sharp crossover from ergodic
to non-ergodic behaviour of ¢ (k,r) at a well-defined temperature (at constant density)
or density (at constant temperature). The predicted correlation function can also be used
as input to a similar set of equations for the self correlation function Fs(k, t), where the
memory function now involves the product ¢ (k, 1) F5(k, t).

In the case of hard spheres the theory outlined above predicts a kinetic glass transition
at a packing fraction nc ~ 0.516 when the Percus—Yevick approximation for the structure
factor is used. At the critical packing fraction the order parameter'® £, = lim,_, o ¢ (k, 1)
changes discontinuously from zero to a wavenumber-dependent value O < f; < 1. That this
transition is a direct consequence of the non-linearity of the equation of motion (9.6.18)
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can be demonstrated with the help of some further approximations.t”-1° The largest contri-
bution to the vertex function comes from the region k ~ kmax Of the main peak in the struc-
ture factor. It is therefore not unreasonable to ignore the sum over wavevectors by putting
S(k) ~ 1+ ad(k — kmax), where a is the area under the main peak. With this assumption,
(9.6.18) becomes an equation for the single correlation function ¢ (kmax, t) = ¢ (¢), which
we write as

b(1) + 220 (1) + v (1) + 152° / [t — )] p()dt' =0 (9.6.19)
0

where 2 = £, v can be interpreted as a collision frequency and X, which replaces
the complicated vertex function, acts as a “control parameter”, a role played by inverse
temperature or density in the more complete theory. By taking the Laplace transform of
(9.6.19) we recover (9.6.2) in the form

$(x) = ! oL (9.6.20)
BT
with
m(z) = A/Ooo[mt)]z exp(izt) dt (9.6.21)
Equation (9.6.20) can be rearranged to give
0@ _ i[—iz + v+ 2% ()] (9.6.22)

1+izd(z) $22

Let lim,—, o ¢(t) = f, where the order parameter f is now independent of k. Then

lim ¢(z) = — (9.6.23)
z—0 —1Z
and hence, from substitution in (9.6.22):
lim i) = — 1 (9.6.24)
20 —iz(1—f)

In the non-ergodic or structurally arrested phase, where f > 0, the power spectrum ¢ (w)
will contain a fully elastic component, f§(w); experimentally this would correspond to
scattering from the frozen structure.

Equation (9.2.21) shows that

)‘~_f2

lim () = (9.6.25)
z—0 —1Z
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F1G. 9.7. Predictions of mode-coupling theory for the dependence on A of the order parameter f. The full curve
is the result obtained from the equation of motion (9.6.19) and the dashes show the approximate solution (9.6.27).

Identification of (9.6.25) with (9.6.24) leads to a simple equation for the order parameter:

S (9.6.26)

1-7
the solutions to which are
f=0, f=i1+a-4/mn"?] (9.6.27)

Since f must be real, the only acceptable solution for A < 4 is f =0, corresponding to the
ergodic phase. This remains a solution at larger values of A, but at the critical value, Ac = 4,
there is a bifurcation to the non-ergodic solution, f = %[1 + (1 — 4/0)Y2]; for & = 4,
f= % The root f = %[1 — (1—4/0)Y?7is not acceptable, since it implies that the system
would revert to ergodic behaviour in the limit A — oo. Let A =4(1 4 o¢), where 0 = —1
and +1 in the ergodic and arrested phases, respectively. The quantity e = (A — Ac)/o Ac is
a positive number that measures the distance from the transition. Substitution in (9.6.27)
shows that for o = +1, f has a square-root cusp as ¢ — 0:

H 1 1/2
lim f = 1(1+61?) (9.6.28)

The dependence of f on A calculated from (9.6.27) and (9.6.28) is sketched in Figure 9.7.

Equation (9.6.28) describes the infinite-time behaviour of the correlation function in the
arrested phase for A = Ac. To extend this result to finite times, we look for a solution to
(9.6.19) of the form

o) =3 +e¥%g.(v) (9.6.29)

where T = &t is a scaled time and g.(z) is a scaling function. The quantity s (> 0) is a
scaling exponent, which is determined later by requiring ¢ (¢) to be independent of ¢ in the
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short-time limit. This restriction on ¢ follows from the fact that the short-time behaviour
is controlled by the collision frequency v, not by the mode-coupling contribution to the
memory function. The Laplace transform of (9.6.29) is

- 1
p(2)=¢""* (T“; + el/zga(;)) (9.6.30)

where ¢ = ¢75z. If we substitute (9.6.29) in (9.6.21) (with A = 4(1 + o¢)) and (9.6.30)
in (9.6.22), combine the two results and let ¢ — 0, we obtain an equation for the scaling
function at the critical point (¢ = 0):

—8i¢[20(0)]* - 4/0 [g0(r)]? exp(icT) dr = % (9.6.31)

To derive this result it must be assumed that £1/230(¢) vanishes with ¢; the solution ob-
tained below is consistent with that assumption.

The B-relaxation regime corresponds to scaled times T <« 1 (or ¢ > 1). We look for a
power-law solution for go(t) such that

go(r)=apr ™", -0 (9.6.32)
with a Laplace transform given by
g0(0) =aol (1 —a)(—ie)* ™Y, ¢ — o0 (9.6.33)
where I"(x) is the gamma function. Substitution in (9.6.31) gives
(—ie)*Y4ad[2r%(1—a) - T (1 - 2a)] =0 (9.6.34)

i.e. 2I'2(1 — a) = I'(1 — 2a), the positive solution to which is a ~ 0.395. When written in
terms of the original time variable ¢, combination of (9.6.29) and (9.6.32) shows that

¢(t) = 3 +age™ T2 (9.6.35)

Since ¢ (t) must be independent of ¢ in the limit ¢ — O, it follows that s = 1/2a ~ 1.265.
Thus the correlation function decays as

¢(t) =5 +aot ™ (9.6.36)

The result expressed by (9.6.36) is independent of o. It therefore describes both the
decay of ¢(¢) towards its non-zero, asymptotic value in the arrested phase and the first
relaxation process in the ergodic phase, where the power-law behaviour will persist so
long as T « 1. Times t >> 1 corresponds to «-relaxation in the ergodic phase. A scaling
analysis similar to the previous one starts from the ansatz

go(r) = —bot’, T—> (9.6.37)
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and leads to the exponent relation
221 +b) —T(1+2b)=0 (9.6.38)
The only acceptable solution to this equation is = 1. Thus
o) =13 —boe'?t, 1«1 < 1/bpe'? (9.6.39)

The upper limit on 7 in (9.6.39) appears because |¢1/2go(t)| must be less than unity for
the asymptotic analysis to be valid. For yet longer times, a purely exponential decay is
predicted, in contrast to the stretched-exponential decay seen both experimentally and in
simulations (see Section 8.8). To reproduce the observed behaviour the simplified model
represented by (9.6.19), in which m(¢) behaves as [¢ (1)1, must be generalised!® to include
more control parameters and other powers of ¢ (z).

The scaling predictions of mode-coupling theory have been tested against experimental
data and the results of simulations,?® and generally good agreement is found at temper-
atures just above Tc. However, the distinction between ergodic and strictly non-ergodic
phases that appears in the original version of the theory is unrealistic. At sufficiently long
times, thermally activated processes of the type evident, for example, in Figure 8.8 will
eventually cause ergodicity to be restored. Such effects can be accommodated within the
theory by inclusion of the coupling of fluctuations in the microscopic density with those
in particle current.?! The “ideal” transition is then suppressed and the correlation func-
tion is found to decay to zero even below T, though only after a period of near-complete
structural arrest that rapidly lengthens as the temperature is lowered.?2
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