Appendix B

TWO THEOREMSIN DENSITY-FUNCTIONAL THEORY

In this appendix we prove two of the key results of density-functional theory, usually called
the Hohenberg—Kohn—Mermin theorems. In doing so we use a simplified notation in which
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This operation is called the “classical trace”, by analogy with the corresponding operation
in quantum statistical mechanics. The definition of the grand partition function & and the
normalisation of the equilibrium phase-space probability density fy can then be expressed
in the compact form

E=Trexp[-B(H—Nw)], Trfo=1
We first prove the following lemma.

Lemma. Let f beanormalised phase-space probability density and let £2[ /'] be the func-
tional defined as

QUf1=Trf(H—Nu+kgTIn f) (B.1)
Then

QLf1= 820/l (B.2)
where fy isthe equilibrium phase-space density.

PROOF. From the definition of fy in (2.4.5) it follows that

2[fol=Trfo(H-Nu—kgTINE —H+Np)=—kgTIn&E
=R (B.3)

where £2 is the grand potential. Thus

QUf1=20fol =keT[Tr(fIn f) = Tr(f In fo)] (B:4)
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The term inside square brackets can be written as

Tr(f In f) =Tr(fIn fo) =Tr fo[ (f/fo) IN(f/fo) — (f/fo) +1] (B.5)

The right-hand side is always non-negative, since xInx > x — 1 for any x > 0. The in-
equality (B.2) is thereby verified.

This result is an example of the Gibbs—Bogoliubov inequalities, which are essentially a
consequence of the convexity of the exponential function.

Theorem 1. For given choicesof Vi, T and u, the intrinsic free-energy functional
FlpP]=Tr fo(Ky + Vi +ksT In fo) (B.6)
is a unique functional of the equilibrium single-particle density o (r).

PROOF. The equilibrium phase-space probability density fp is a functional of ¢ (r). The
same is therefore true of the single-particle density o™ (r) = Tr(fop(r)), where p(r) is the
microscopic density. Let us assume that there exists a different external potential, ¢'(r) #
¢ (r), that gives rise to the same p® (r). With the hamiltonian H' = K + Vi + &}, we
may associate an equilibrium phase-space density f; and grand potential £2’. The inequal-
ity (B.2) implies that

Q' =Tr fo(H' = Nu+kgTIn fo) <Tr fo(H' — Nu+ksTIn fo)
=2+ Tt[ fo(Py — DN)] (B.7)
or
2 <2+ [PV -] (B.8)

If the same argument is carried through with primed and unprimed quantities interchanged,
we find that

9<M+/Mmem—der (B.9)

Addition of the two inequalities term by term leads to a contradiction:
Q+2 <2+ (B.10)

showing that the assumption concerning o™ (r) must be false. We therefore conclude that
there is only one external potential that gives rise to a particular single-particle density.
Since fy is a functional of ¢(r), it follows that it is also a unique functional of oD ().
This in turn implies that the intrinsic free energy (B.6) is a unique functional of p» (r) and
that its functional form is the same for all external potentials.
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Theorem 2. Let n(r) be some average of the microscopic density. Then the functional

.Q¢[n]:.7:[n]+/n(r)¢(r)dr —u/n(r)dr (B.11)

has its minimum value when n(r) coincides with the equilibrium single-particle density
@
P (r).

PROOF. Let n(r) be the single-particle density associated with a phase-space probability
density f’. The corresponding grand-potential functional is

QU=Trf'(H—Nu+ksTIn f")

= Fln] +/n(r)¢(r)dr — M/n(r)dr = Qy[n] (B.12)
The inequality (B.2) shows that $2[ fo] < $2[f’]. It is also clear that £2,[p V] = 2[ fol =

2. Thus 24[pP] < £24[n]: the functional £2,[n] is minimised when n(r) = p™® (r) and
its minimum value is equal to the grand potential.



