APPENDIX A

The Dirac delta function

A.1 Definition and basic properties

The Dirac delta function 8(x) is a function defined to have the
following properties:

8(x)=0 x#0,
8(x)=0 x=0, (A.1)
J»°° 6(x)dx = 1:

8(x) is not a proper mathematical function but is nevertheless a very
useful tool in mathematical physics. Note that the function gives a
meaningful result only after the integration process.

From the definition we have

| _fos@—xdr=fea), (A.2)
6(cx)=%8(x), (A.3)

where c is a positive constant,
8(x)=8(—x). (A4)

A.2 Representation in terms of an infinite integral

There are several ways of representing the delta function as the limit
of a proper mathematical function. The most useful one for our
purposes is in terms of an infinite integral. Consider the function

kO
flx)= j exp(ikx)dk = i—{exp(ikox)— exp(—ikox)}

—ko
2.
= sin kox. (A.5)
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fx) is shown for a particular value of ko in Fig. A.1. The total area
under the curve is

= * sin
2[ 2 sin K dx=2j —y—ydy=27r. (A.6)

o X —c0
Now consider the function f(x) as ko increases. The height of the
peak at x =0 increases, and the first zero occurs at smaller and

smaller values of x. But the value of 2, f(x) dx remains constz'mt. So,
00 the function f(x)/2m becomes more and more like a &

as ko
function, i.e.
§(x)= 2—17; Lm exp(ikx) dk. (A.7)
1(” i A.8
Similarly 5(k)= o Ln exp(ikx) dx, (A.8)
6(hw)=16(w)=—1— J-w exp(iwt) dt, (A9)
h 27h )

Fig. A.1 Plot of the function (2/x) sin kox.
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and

o o)

S(Ex—E)x+hw)= ﬁ -( exp{i(Ex — E) )t/h} exp(—iwt) dt,
(A.10)

where E, and E,  are constants.

A.3 Three-dimensional delta function

If r is a vector with components X, y, z, we define the three-dimen-
sional 8-function by

8(r)=38(x)8(y)8(z). (A.11)
8(r) has the following properties:
é(r)=0 r#0,
8(r)=o0 r=0,
(A.12)
J’ g 8(r)dr=1,

space

| 1@ =rodr=feo),

space

where dr is an element of volume. The three-dimensional form of
(A.7)is

1
é(ry=——= J exp(ix . r) dx, (A.13)
(277') all recip
space

where dk is an element of volume in reciprocal space.

A.4 Lattice integrals and sums

Consider a crystal with unit-cell vectors ai, a,, a; and dimensions
Niai, N2a,, N3as. The number of unit cells in the crystal is

N = N1N2N3. (A14)
The integers N, N, N5 are assumed to be large. Denote the unit-cell
vectors in the reciprocal lattice by 7, 75, 75. Let / and 7 be lattice
points in the crystal lattice and reciprocal lattice respectively. Let ¢

be a wavevector in the first Brillouin zone of a wave that is periodic in
the crystal. We prove the following results:

J expli(t —7'). r} dr = 008, ' (A.15)
'cell
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@y A.16)
j explic. (1)} de = o Su, (A.
cell

Y exp(ix . I)=Q:(;—)Z Sk —1), (A.17)

Yexplilgq—q'). I} =Ny . (A.18)
1

vo is the volume of the unit cell in the crystal lattice, and feen means
~ integrate over the unit cell of the crystal or reciprocal lattice.

To prove (A.15) put 7' =0 and let
T=HTi+bhT 13T, (A.19)
r=r1a1+r2a2+r3a3, (A20)

where t1, t2, t are integers. Then
I exp(ir.r)dr=0, (A.21)
‘cell

unless 7 =0. This is readily seen by considering a one-dimensior'lal

component of the integral along one side of the unit cel. If ¢; (i =

1,2, 3) is an integer other than zero,
g 1

L expmitr;)dr; = i {exp(2mit;)—1}=0. (A.22)

| Ifr=0, I exp(it. r)dr=vo, (A.23)
‘cell

and (A.15) follows immediately. geir,
The volume of the unit cell in the reciprocal lattice is (27)/vo. The

~ result in (A.16) then follows from the previous reasoning — only the

notation is different.
To prove (A.17) put

S =Y explix.1), (A.24)
1

= lla1+12a2+13a3, (A25)

K=K1'7'1+K21'2+K3T3. (A26)

The sum over [ in (A.24) is over all values of the integers [, I, .
Then
S= Z exp{27ri(K111+ K212+K3l3)} = 5152S3, (A27)

Ll

(N=1)/2 2mind) sin(Nimk;)
= IKili )= — 7 -
where S; 1i=—(1%:7—1) " exp(2mix sin(mk;)

For large values of N; the function sin(Nymk;)/sin(m«;) is highly

(A.28)
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peaked as «; varies, and is effectively zero unless
K;=n;, (A29)
where n; is an integer. Thus S is effectively zero unless «, K2, K3 are

simultaneously integers, i.e. unless x is a vector in the reciproca]
lattice. Thus

S=Zl:exp(ik. D=cYé@—r) (A.30)

To determine the constant ¢ we integrate both sides of (A.30) over 3
unit cell in the reciprocal lattice. The integral on the right-hand side is
equal to c. From (A.16) the integral on the left-hand side is equal to
(27)*/vo, which gives the required result.

Similar reasoning gives (A.18). Since q represents a wave periodic
in the crystal,

9=q171+ Q212+ qs7s, (A.31)
n;
where U= 57 (A.32)
with n; an integer (|n;| < N;/2). Put
S=Zexp(iq. l):515253, (A33)
7
(N, -1/2 . sin(n;m)
h S; = 2mwigd))=——2 .34
where tl-=—(z§,»—1)/z exp(2migil;) TGN (A.34)
Thus S;=0 for n; # 0,
(A.35)

=N; for n; =0,

and xexp(ig.1)=0 for ¢ #0,
! (A.36)

=N for ¢ =0,

which is equivalent to (A.18).






