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PREFACE

This book arose from some lectures given in Cambridge in 1973 at a
Summer School organised by the Neutron Scattering Group of the
Institute of Physics and the Faraday Society. It is intended for experi-
menters in the field of thermal neutron scattering who wish to see the
theoretical ideas developed in a not too formal manner. But I hope it
may be of interest to students and research workers in related fields.

I assume no previous knowledge of the theory of thermal neutron
scattering, but a familiarity with the basic concepts of quantum
mechanics and solid state physics is necessary for a proper under-
standing of the text. The required results in these subjects are sum-
marised in appendices. The latter also contain proofs of some of the
mathematical results.

Some problem examples have been given at the ends of chapters.
They are intended to illustrate the text, and the reader is advised to
glance at them even if he is not inclined to try to solve them. Their
purpose is partly, as with some of the appendices, to remove some
mathematical material from the main body of the text, and partly to
stimulate the reader to a more active understanding of the subject.

Thermal neutron scattering is being applied in more and more
areas of science. But this book does not attempt to cover the theory
of all the applications. Instead I have confined myself to the basic
ideas of the theory. My aim is to bring the reader to the point where
he can tackle the theoretical expositions of the specialised branches
given in more advanced textbooks and in theoretical papers.

It is a pleasure to thank Mr Cole, Dr Dore, Dr Howie, Professor
Joannopoulos, Dr de Vallera, and Dr Zeilinger for reading parts of the
manuscript and making useful comments.

Cambridge, July 1977 G. L. SQUIRES
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Introduction

1.1 Basic properties of the neutron

With the advent of nuclear reactors, thermal neutrons have become a
valuable tool for investigating many important features of matter —
particularly condensed matter. The usefulness of thermal neutrons
arises from the basic properties of the neutron. These are listed in
Table 1.1.

The value of the mass of the neutron results in the de Broglie
wavelength of thermal neutrons being of the order of interatomic
distances in solids and liquids. Thus, interference effects occur which
yield information on the structure of the scattering system.

Secondly, the fact that the neutron is uncharged means, not only
that it can penetrate deeply into the target, but also that it comes
close to the nuclei — there is no Coulomb barrier to be overcome.
Neutrons are thus scattered by nuclear forces, and for certain
nuclides the scattering is large. An important example is light hydro-
gen which is virtually transparent to X-rays but which scatters neu-
trons strongly.

Thirdly, the energy of thermal neutrons is of the same order as that
of many excitations in condensed matter. So when the neutron is
inelastically scattered by the creation or annihilation of an excitation,
the change in the energy of the neutron is a large fraction of its initial
energy. Measurement of the neutron energies thus provides accurate
information on the energies of the excitations, and hence on the
interatomic forces.

Fourthly, the neutron has a magnetic moment, which means that
neutrons interact with the unpaired electrons in magnetic atoms.
Elastic scattering from this interaction gives information on the
arrangement of electron spins and the density distribution of
unpaired electrons. Inelastic magnetic scattering gives the energies of




2 Introduction

Table 1.1 Basic properties of the neutron and values of physical
constants

Basic properties of neutron
mass m=1.675x10""" kg
charge 0
spin 3
magnetic dipole moment u,=—1.913 ux
Values of physical constants
elementary charge =1.602x107°C
mass of electron me=9.109 X 107! kg
mass of proton m,=1.673X% 107" kg
Planck constant h=6.626x10""Ts
Boltzmann constant kg=1.381x10"JK
Avogadro constant Na=6.022 X 10** mol™*
Bohr magneton pue=9.274x10"*JT}
nuclear magneton  pun=>5.051x10""J T

magnetic excitations, and in general permits a study of time-depen-
dent spin correlations in the scattering system.

It is convenient to develop the theories of nuclear and magnetic
scattering separately. Thus Chapters 1 to 6 of the book are concerned
mainly with nuclear scattering, though the definitions in Chapter 1
and the theoretical development in Chapter 2 give basic results that
apply to both types of scattering. Chapters 7 and 8 are devoted to
magnetic scattering. Chapter 9 deals with polarisation eftects and
includes both nuclear and magnetic scattering.

1.2 Numerical values for velocity, energy, wavelength

At present the source of thermal neutrons in most scattering experi-
ments is a nuclear reactor. In the thermal region, the velocity spec-
trum of the neutrons emerging from the reactor is close to Max-
wellian, with the temperature 7T that of the moderator.

The Maxwellian distribution for flux is

¢ (v)cv® exp(—zmv®/ksT), 1.1)

where ¢ (v) dv is the number of neutrons through unit area per second

1.2 Numerical values for velocity, energy, wavelength

with velocities between v and v +dv, m is the mass of the neutron,
and kg is the Boltzmann constant. The maximum of the function ¢ (v)
occurs at

(1.2)

which corresponds to a kinetic energy
E=3mv>=3ksT. (1.3)

It is conventional to say that a neutron with energy E corresponds to
a temperature 7, given by

E=kgT. (1.4)
The de Broglie wavelength of a neutron with velocity v is

h
A=—, s
p— (1.5)
where 4 is the Planck constant. The wavevector k is defined to have
magnitude

(1.6)

its direction being that of v. The momentum of the neutron is
p=hk. (1.7

We thus have

n: Wk’

E=kBT=%mv2=2m/\2—m.

(1.8)
Inserting the values of the constants m, e, h, kg in Table 1.1 in (1.8)
gives the following relations between the wavelength, wavevector,
velocity, energy, and temperature for thermal neutrons:

1 1 1 1
A= 6.283E— 3.956;-— 9.045@—— 30.81ﬁ,

1.9)

E=0.08617T=5.227v*= 81.81%= 2.072k>.

In these equations, A is in A, kin10®m™, v inkms™, E in meV,
and T in kelvin.

The value v =2.20 kms ' is conventionally taken as a standard
velocity for thermal neutrons. For example, the absorption cross-
section is usually proportional to 1/v, and its value is then quoted
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for this value of v. For the standard velocity

1 _
v=2.20kms™}, —=455pusm™’,
v

E=25.3meV, T=293K, (1.10)

A=1.798A, k=3.49x10"m™.

For most reactors designed to produce high thermal neutron flux,
the temperature of the moderator is about 300 to 350 K, and the
resulting velocity spectrum of the neutrons is suitable for many
experiments. However, in some experiments the velocities required
for the incident neutrons lie on the low-energy tail of the thermal
spectrum, while in other experiments neutrons on the high-energy
side are required. It is therefore desirable to be able to change the
temperature of the velocity distribution. This is done by placing in the
reactor a small amount of moderating material at a different

Fig. 1.1 Maxwellian flux distribution ¢ (v)o v* exp(—mv?®/2ksT) for T =25,
300, 2000 K. The curves are normalised to have the same area.

¢(v) in arbitrary units

1.3 Definitions of scattering cross-sections

temperature. In the high-flux reactor at the Laue-Langevin Institute
in Grenoble, a vessel containing 25 litres of liquid deuterium acts as a
cold moderating source, providing a velocity distribution with T ~
25 K, while a block of hot graphite of about half this volume provides
a distribution with T ~ 2000 K. Curves of the velocity distribution for
T =25, 300, and 2000 K are shown in Fig. 1.1. The approximate
ranges for energy, temperature, and wavelength of the neutrons for
the three types of source are given in Table 1.2.

Table 1.2 Approximate values for the range of energy, temperature,
and wavelength for three types of source in a reactor

Source Energy Temperature Wavelength
E/meV T/K A/107%m

cold 0.1- 10 1- 120 30-3

thermal 5-100 60-1000 4-1

hot 100-500 1000-6000 1-0.4

1.3 Definitions of scattering cross-sections

Consider a beam of thermal neutrons, all with the same energy E,
incident on a target (Fig. 1.2). The target is a general collection of

Fig. 1.2 Geometry for scattering experiment.

Direction

/ =
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dQ
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Incide f
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atoms - it may be a crystal, an amorphous solid, a liquid, or a gas. We
shall call it the scattering system. Various types of measurement can
be made on the neutrons after they have interacted with the scatter-
ing system. The results in each case can be expressed in terms of a
quantity known as a cross-section.

Suppose we set up a neutron counter and measure the number of
neutrons scattered in a given direction as a function of their energy
E'. The distance of the counter from the target is assumed to be large
compared to the dimensions of the counter and the target, so the
small angle d() subtended by the counter at the target is well defined.
To specify the geometry of the scattering process we use polar coor-
dinates, taking the direction of the incident neutrons as the polar axis.
Let the direction of the scattered neutrons be 6, ¢. The partial
differential cross-section is defined by the equation

42 (number of neutrons scattered per second into a
A0 dE’ = small solid angle d(Q in the direction 6, ¢ with final (1.11)
energy between E' and E'+dE')/® dQ dE’,

where @ is the flux of the incident neutrons, i.e. the number through
unit area per second, the area being perpendicular to the direction of
the neutron beam. Note that the dimensions of the numerator on the
right-hand side of the equation are [time™" energy]. The dimensions
of flux are [area™ time™']. Thus the dimensions of the cross-section
are [area], as we would expect from the name.

Suppose we do not analyse the energy of the scattered neutrons,
but simply count all the neutrons scattered into the solid angle d() in
the direction 8, ¢. The cross-section corresponding to these
measurements, known as the differential cross-section, is defined by

do _ (number of neutrons scattered per second into d() in

dQ " the direction 6, ¢)/ ® dQ. (1.12)

The rotal scattering cross-section is defined by the equation

010t = (total number of neutrons scattered per second)/ ®.
(1.13)

By ‘total number’ we mean the number scattered in all directions.
From their definitions the three cross-sections are related by the
following equations

[ (e
da” J, \aadr/ "’ (1.14)

1.4 Scattering of neutrons by a single fixed nucleus

da’)
Tror = — ) dQ. 1.15
ot Lll directions (dQ ( )

If the scattering is axially symmetric, i.e. if do//d{) depends only on 6
and not on ¢, the last equation becomes

"do )
Ttot — J’O 85277' sin @ dé. (116)

The cross-sections are the quantities actually measured in a scat-
tering experiment. The basic problem, with which this whole book is
concerned, is to derive theoretical expressions for these quantities.
Experimental cross-sections are quoted per atom or per molecule, i.e.
the cross-sections defined above are divided by the number of atoms
or molecules in the scattering system.

The present cross-sections do not take account of the initial and
final spin states of the neutron. The definitions are extended to do this
in Chapter 9 when we consider polarisation experiments.

1.4 Scattering of neutrons by a single fixed nucleus

The definitions of cross-sections apply to any kind of scattering. We
now consider a simple case — nuclear scattering by a single nucleus
fixed in position. The nuclear forces which cause the scattering have a
range of about 107** to 10™** m. The wavelength of thermal neutrons
is of the order of 10™'° m, and is thus much larger than the range of
the forces. In these circumstances the scattering, analysed in terms of
partial waves, comes entirely from the S waves (/ =0). The angular
distribution for S-wave scattering is spherically symmetric. We do not
need the theory of partial waves to see that the angular distribution
has this form. It is a basic result from diffraction theory that if waves
of any kind are scattered- by an object small compared to the
wavelength of the waves, then the scattered wave is spherically
symmetric.

We take the origin to be at the position of the nucleus, and the z
axis to be along the direction of k, the wavevector of the incident
neutrons (Fig. 1.2). Then the incident neutrons can be represented by

the wavefunction

Yinc = expl(ikz). 1.17)
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As the scattering is spherically symmetric, the wavefunction of the
scattered neutrons at the point r can be written in the form

b ;
Yse= _;exp(lk"), (118)

where b is a constant, independent of the angles 6, ¢. The minus sign
in the equation is arbitrary and corresponds to a positive value of b
for a repulsive potential (see Section 2.3).

Note that the magnitude of the wavevector is the same for the
scattered and incident neutrons. The energy of thermal neutrons is
too small to change the internal energy of the nucleus. And since we
are taking the position of the nucleus to be fixed, the neutron cannot
give the nucleus kinetic energy. Thus the scattering is elastic. The
energy of the neutron, and hence the magnitude of k, is unchanged.

The quantity b in . is known as the scattering length. We may
distinguish two types of nucleus. In the first type the scattering length
is complex and varies rapidly with the energy of the neutron. The
scattering for such nuclei is a resonance phenomenon and is asso-
ciated with the formation of a compound nucleus (original nucleus
plus neutron) with energy close to an excited state. Examples of
nuclei which show this behaviour are '*Rh, '*Cd, *’Gd, and "’Lu.
Since the imaginary part of the scattering length corresponds to
absorption, such nuclei strongly absorb neutrons. The majority of
nuclei are of the second type, in which the compound nucleus is not
formed near an excited state. The imaginary part of the scattering
length is small, and the scattering length is independent of the energy
of the neutron. We shall confine the discussion to such nuclei and
take the scattering length to be a real quantity.

The value of the scattering length depends on the particular
nucleus (i.e. nuclide), and the spin state of the nucleus-neutron
system. The neutron has spin 3. Suppose the nucleus has spin I (not
zero). Then the spin of the nucleus-neutron system is either I +3, or
I—3. Each spin state has its own value of b. So every nucleus with
non-zero spin has two values of the scattering length. If the spin of
the nucleus is zero, the nucleus-neutron system can only have spin 3,
and there is only one value of the scattering length.

If we had a proper theory of nuclear forces we would be able to
calculate or predict the values of b from other properties of the
nucleus. But we do not have such a theory, so we have to treat the
scattering lengths as parameters to be determined experimentally. If

1.4 Scattering of neutrons by a single fixed nucleus 9

the nuclides are arranged according to their Z, N values the values of
b vary erratically from one nuclide to its neighbour. The actual values
have important practical consequences, which we shall see later. A
selection of values is given in Table 1.3.

Table 1.3 Values of scattering lengths

Nuclide Combined b/fm Nuclide Combined b/fm
spin spin

10.85 **Na 2 6.3
—-47.50 1 -0.9
9.53 *°Co 4 -2.78
0.98 3 9.91

'H

H

NI= NW O =

The values for H, Na, and Co are from Koester (1977), Abragam et
al. (1975), and Koester et al. (1974) respectively. The spin values
refer to the nucleus—neutron system.

We can readily calculate the cross-section do/d() for scattering
from a single fixed nucleus, using the expressions for ine and Y in
(1.17) and (1.18). If v is the velocity of the neutrons (the same before
and after scattering), the number of neutrons passing through the

area dS per second is
2

b
v dS|Ye > =0 d57=vb2dQ (1.19)

(see Fig, 1.2). The flux of incident neutrons is
@ = v|gind” = . (1.20)
From the definition of the cross-section
do _ vb>dQ
Eﬁ=m—=b2, (1.21)
and in this simple case
Oror=4mb>. (1.22)




