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3.6 Coherent one-phonon scattering may be regarded as elastic
scattering in the rest-frame of a moving crystal whose atoms are
displaced with a sinusoidal variation. Show that, if the position of
atom [ in a Bravais crystal is given by

R =1+Acos(qg.l), where A .k <1,

4nd the velocity of the crystal is w,/q in the direction of g, this picture
leads to the relations

2
k—k'=7=xgq, ;—m(kz—k’2)= +hws.

3.7 The point = =0 is always a point on the coherent one-phonon
scattering surface. (It corresponds to the undisturbed incident beam.)
Show that whether it is an isolated point, or whether the scattering
surface for a given polarisation branch exists in the neighbourhood of
7 =0, depends on whether the velocity of the incident neutrons is less
or greater than the velocity of sound for the branch. (Assume for
simplicity that the velocity of sound c is independent of the direction
of propagation.)

3.8 Show from the form of the coherent one-phonon absorption
cross-section that for fixed k' this cross-section is proportional to 1/k
(i.e. to 1/v) as k tends to zero. Interpret this result physically.

4

Correlation functions in nuclear scattering

In the present chapter we relate the cross-sections for neutron scat-
tering to thermal averages of operators belonging to the scattering
system. The thermal averages can be expressed in terms of what are
known as correlation functions. These functions are not only useful
for calculating various properties of the scattering system, but they
also provide insight into the physical significance of the terms that
occur in the scattering cross-sections. This formulation of the subject
is due primarily to Van Hove (1954). The calculations are quite
general and refer to any system, solid, liquid, or gas, for which the
scattering can be divided into coherent and incoherent parts.

4.1 Definitions of I(x, t), G(r, t), and S(x, w)

We start with the expression (2.68) for the coherent scattering cross-
section before we particularised it to a crystal target.

( d'o > i _ Jcon k_’ 1 ,[ Y (exp{—ir . R;/(0)} expfirc. R;(1)})

" 47 k 2nh
xexp(—iwt) dt. 4.1)

dQ dE’
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We define a function I (k, t), known as the intermediate function, by
1 : y
I(k, t)= ' Z {exp{—ir . R;(0)} expfir . R;(1)}), 4.2)
n
where N is the number of nuclei in the scattering system.

We next define functions G(r, t) and S(k, ) by

G(r,t)= (717;? J‘ I(s, t) exp(—ix . r)de,
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1
Sk, w)= J I(k, t) exp(—iwt)dt. (4.4)
From the inverse relations for Fourier transforms (Appendix B.1)

I(se, t)= J‘ G(r, t) explisc. r)dr, 4.5)

I(se,t)=1 J S(s, w) exp(iwt) dw. (4.6)

G(r,t)= o ) jS(K,w)exp{—i(K.r—wt)} di dw, (4.7)

S, w)= J G(r, t)expli(ec. r— wt)}dr dt. (4.8)

27h

G(r, t) is known as the time-dependent pair-correlation function of the
scattering system. S(k, @) is known as the scattering function of the
system.t It can be seen that, apart from a constant factor, S(e, ) is
the Fourier transform of G(r, t) in space and time. The intermediate
function I(s,t) is the Fourier transform of G(r,t) in space, and
S(r, w) is the Fourier transform of I (x, t) in time. Note that I(s, t) is
dimensionless, G(r, t) has dimensions [volume] , and S(#, w) has
dimensions [energy]
We define the self intermediate function by

I(s, t)= ]l\f Z (exp{—is . R;(0)} explirc . R;(1)}). 4.9)
Similarly we define

G(r, t)= J I (s, t) exp(—ise . r) d, (4.10)

@y
Silee, w)=— . ! ry J' I (s, t) exp(—iwt) dt. (4.11)

G(r, t) is known as the self time-dependent pair-correlation function,
and Si(k, ») is known as the incoherent scattering function.
Egs. (4.1), (4.2), and (4.4) give

2
( 4o ) _Zeon K o, ). (4.12)
coh

AQdE ) con  4m Kk

t It is also known as the scattering law, though why a function should be called a law is
a mystery to the author.

4.2 Expressions for G(r, t) and G(r, t)

Similarly (2.69), (4.9), and (4.11) give

dQ dE'/; 47 k

The functions S(k, w) and Si(k, w) are thus closely related to the
coherent and incoherent scattering cross-sections.

2 '
( d’o ) _ Tine K 6 (e ). (4.13)

4.2 Expressions for G(r, t) and G(r, t)

We develop the expression for G(r, t). The algebra is straightforward
though rather formal. From (4.2) and (4.3)

G(r,t)= exp(—ik . r)ds

1 1
Q) Nj
x Y. (exp{—ix . R;(0)} expfir . R;(1)}). (4.14)
Put (exp{—ix . R;(0)} expfirc. R;(t)})

= [ (8{r' = Ry(0)} exp(—is . r') expfisc. Ri()h dr'.  (4.15)

Then
1 1 ,
G(r.0)= s 3 | {80~ R0

XH exp{—ik.r—ir.r' +isx - R;(t)} dK]> dr'. (4.16)

From (A.13) the integral in the square brackets has the value
@u)’s{r+r—Ri(1}
Thus
G, t)——z [ (otr~RiOps0 +r-Ri@har.  @17)
By similar reasoning we arrive at the result
1
Gulr, )= [ 6t -RiOWst +r-R@h ar.  @18)
i
The operators R;(0) and R;(¢) do not commute, except when ¢ = 0.
This follows from the definitions
R;(0)=R;, R;(t)=exp(iHt/h)R; exp(—iHt/h). (4.19)
The Hamiltonian H, which is a function of the position and momen-

tum operators of all the nuclei in the scattering system, contains the
operator p; (momentum of nucleus j'). Ry does not commute with py,
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and hence it does not commute with R;(¢). It is therefore necessary to
preserve the order of the operators and keep R;(0) on the left of
R;(t). We have done this in the preceding algebra.

If we ignore the fact that R;(0) and R;(¢) do not commute we can
carry out the integration in (4.17). The result, known as the classical
form of G(r, ¢), is

. 1
G(r, 1) =57 X, (8{r — Ri()+ Ry (O} (4.20)
i
We could have obtained this result directly from (4.14). If R;(0) and
R;(¢) are allowed to commute, we can put
exp{—ix . R;(0)} explir . R;(¢)} = exp[—irc . {Ry(0)— R;(r)}] (4.21)

in (4.14), and (4.20) follows immediately.

Assume for simplicity that all the nuclei are equivalent. Then, for
fixed j', the sum over j in (4.20) gives the same value whatever the
value of j'. So the sum over j' is N times the term with j'=0. Thus

G(r, 1)=X (8{r — R;(t)+ Ro(O)}). 422

We conclude from this equation that G(r, t)dr is the probability
that, given a particle at the origin at time ¢ = 0, any particle (including
the origin particle) is in the volume dr at position r at time . Similarly

G (r, 1) = (8{r — Ro(t)+ Ro(0)}). (4.23)

Thus G (r, 1) dr is the probability that, given a particle at the origin
at time =0, the same particle is in the volume dr at position r at
time ¢.

From these interpretations of G (r, t) and G (r, t) it must be the
case that

J‘ G r,t)dr=N, J G(r,t)dr=1. (4.24)

These results may be verified from the expressions in (4.20) and
(4.23). It follows from (4.17) and (4.18) that G(r, t) and G,(r, t) also
satisfy the relations

J G, B idre= j Gitr, i dr=1. (4.25)

R,(0)=R; and R;(0)=R, (4.26)

4.3 Analytic properties of the correlation functions

The two operators commute, and we have
G(l’, 0)= Z (8(" —R] +R0))
1

=8(r)+g(r), 4.27)
where glr)= ZO (6(r— R; + Ry)). (4.28)

g(r) is known as the static pair-distribution function. It gives the
average particle-density with respect to any particle as the origin.
Similarly
Gi(r, 0)=68(r). 4.29)
It should be noted that the expression for the cross-section in 4.1)
is valid only when there is no correlation between the scattering
length and the nuclear site. When there is such a correlation, for
example for a crystal composed of more than one element, the
scattering lengths have to be included in the expressions for I (s, t)
and the other functions. The resulting expression for G°\(r, t) does
not then have the simple probability interpretation of the expression
in (4.22), owing to the presence of the scattering lengths, which act as
weighting factors. We shall confine the discussion to simple systems
where the mean value of the scattering length is the same for all the
nuclear sites.

4.3 Analytic properties of the correlation functions

It is not possible to derive exact expressions for the functions I (k, t),
G(r, t), S(e, ), except for the very simplest scattering systems.
Approximations have to be made. It is therefore important to estab-
lish the basic analytic properties of the functions in order to check
that the approximate functions have these properties.

We define an operator

p(r, t)=Z6{r—R,-(t)}. (4.30)

It gives the number density of particles at position r at time ¢ and is
known as the particle-density operator. From (A.13) we can express
the operator in terms of its Fourier transform

p(r, t)=(—2717—)5J' P (t) exp(ire . ) dse, (4.31)

Pe(t)=2 expi{—is . R;(1)}. (4.32)
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The integral in (4.31) is over all reciprocal space. Since R;(t) is a

Hermitian operator .
p (r,)=p(r1), (4.33)

pu(t)=p-u(t). (4.34)
From (4.2) and (4.32)

e, 1)= 200 O)p-c(0) (4.35)
and from (4.17) and (4.30)

0= [ (o, 00 +r. 1) dr. 4.36)

We may use the properties of the particle-density operator p(r, t)
to prove the following results:

(s, 1) =T, — 1), 4.37)

G(r, )= G*(-r,—1), (4.38)

S(k, w)=S*(, »), (4.39)

I(k, t)=I(—s, —t +ihpB), (4.40)

G(r, t)= G(—r,—t+ihB), . (4.41)

S(k, w)=exp(hwB)S(—K, —). (4.42)

From (C.21) the complex conjugate of I (k, t) is obtained by reversing

the two operators in (4.35) and taking their Hermitian conjugates.
Eqgs. (4.34) and (D.13) then give

I¥(oe,~1) = o Ope(0) =11, ).

Eq. (4.38) follows from (4.3) and (4.37), and (4.39) from (4.4) and
4.37).
From (4.35), (D.13), and (D.14)

(6, 1) =7 ou (O = o 0pu(ihB)
o Opu (1 +iHB) = T, £ +i8B),
Eq. (4.41) follows from (4.3) and (4.40). From (4.4) and (4.40)
S, w)= 271_% J I(—s, —t+ihpB) exp(—iwt) dt
= exp(th)z—:r—f—l j I(—#, t") exp(iowt’) dt’

=exp(hwB)S(—k, —w).
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It may be noted that it is the quantum properties of the scattering
system that cause G(r, t) to be complex. To obtain G*(r, t) we simply
reverse the order of the two Hermitian operators in (4.36). For a
classical system these two operators commute, and G(r, ¢) is real.

We next define three new functions I(x, 1), G(r, 1), S (¢, w) as
follows

(e, 1) = I(sc, t+3ihB), (4.43)
1

G(r, t)= (271_)3

J. I(re, t) exp(—ise . r) ds, (4.44)

Stk ) =2L7Th J T(x, 1) exp(—iot) d. (4.45)

Note that the functions G(r, t) and S(x, ») are defined in terms of

I(x, t) in exactly the same way as G(r, t) and S(«, w) are defined in

terms of I(s, t). The object in defining the new functions is that, as

will be shown, G(r, t) is a real function and serves as a link between

G°(r, t), which is also real and which may be calculated from some

physical model of the scattering system, and the complex G(r, ¢).
The following results are readily proved:

G(r,t)=G(r, t +3ihPB), (4.46)
S(x, w) = exp(—3hwB)S (i, ®), (4.47)
TGe, )= (=1, —t)=T*(c, —1), (4.48)
G(r,t)=G(-r,—1)=G*(r, 1), (4.49)
S, w)=8(—K, —w)=5*(, »). (4.50)
Eqgs. (4.46) and (4.47) follow from the definitions of I, 1), G(r, 1),
and S(k, ®). In deriving (4.47) the variable for the time integration
is changed as in the derivation of (4.42). From (4.37), (4.40), and
(4.43)
T, £)=I(se, t +3i8B) = I (—, —t +3ihB) = I (—1c, —1)
= I*(ie, —t +3ihB) = I*(, —1).
Eqgs. (4.49) and (4.50) then follow from (4.44) and (4.45).
For many scattering systems

G(r,t)=G(—r,1). (4.51)

This relation is true for all disordered systems — gases and liquids. It is
also true for polycrystals, and single crystals with a centre of sym-
metry. If we assume (4.51), the previous equations, together with
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(4.4) and (4.5) give
I, t)=1I(—x,1), 4.52)
S, w)=S(—k, w), (4.53)
TG, t)=1(—s,t)=T (o<, 1), (4.54)
G(r,t)=G(-r,)=G(r, —1), (4.55)
S, w)=8(—s, )= 8, —w). (4.56)
Eq. (4.53) is the complement of (4.51). If the correlation function for
the particles in the scattering system is the same when r is reversed,
then the scattering properties of the system must be the same when &

is reversed.

For all scattering systems, the functions G(r, t) and §(K, ) are
real. If the relation (4.51) holds, then I (s, t) is also real, and the three

functions I(k, t), G(r, t), and S(k, w) are even in each of their two
variables. Further, from (4.38) and (4.51)

G(r,t)=G*(r, —1). (4.57)

Thus the real part of G(r, t) is even in ¢, while the imaginary part is
odd in ¢

4.4 Principle of detailed balance

Eq. (4.42) is known as the principle of detailed balance. 1t is an
important result, and we give an alternative derivation, which shows
more clearly its physical significance.

If the §-function expressing conservation of energy in (2.40) is
retained and not expressed as a time integral, the coherent scattering
cross-section has the form

( d’c )
dQdE'/ con
. T coh k,

4wk

gp)\ ,\Z 3 (A'| exp(ise . Rj)|A) 26(EA —E, +hw). (4.58)

Comparing this equation with (4.12) and using the explicit form of p,
in (2.51) we obtain

1
S (s, w)=—jzf g exp(—E\B) Z (M| exp(ise . R,-)|)\)‘26(EA —E, +hw).

N.
(4.59)

To make the discussion definite let w be a positive quantity, i.e. let
the neutron lose energy in the scattering process. For every transition
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of the system that contributes to S(k, w), the initial state A has energy
ho less than the final state A’ (Fig. 4.1a).

Consider now the function S(—x, —w) where w is the same positive
quantity. This represents a process in which the neutron gains energy.
The transitions of the system are between the same pairs of levels as
for the previous process, but now A’ is the initial state and A is the
final state (Fig. 4.1b). Thus

S(—x, —w)

2
:Nl—Z E exp(—ExB) ;()\ lexp(—ise . R,-)I,\’)\ 8(Ey — E\ —hw)

2
=exp{—(Ex—Ex )B}N}E g:. exP(_E,\B)‘Z (X'| exp(ise . R;)|A)

X 8(Ex —Ex +hw)

= exp(—hwB)S (k, w). (4.60)
In the middle line of the last equation we have used (C.3), which in
the present context expresses the physical result that, for a pair of
states in the scattering system, the a priori probabilities that the
neutron will bring about a transition in either direction are the same.
The probability of the system being initially in the higher energy state
is lower by the factor exp(—#wf) than its probability of being in the
lower energy state. Hence the function S(—#, —w) is less than S(re, w)
by this factor.

For scattering systems for which reversal of x has no effect, the
principle of detailed balance is

S(k, —w)=exp(—hwpB)S(k, »). (4.61)

Fig. 4.1 Principle of detailed balance: diagram showing transitions for (a)
S(x, w), where o is positive, and (b) S(—#, —w), where w is the same positive
quantity.

v

(a) S(k,w) EnergyT lﬁw Tﬁw
A

Neutron Scattering
system

() S(-x,—o) Energy} Tm; lrw

Neutron Scattering
system
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Schofield’s prescription for G (r, t)

We have mentioned that in general it is not possible to calculate
G(r, t) exactly from the atomic properties of the scattering system.
Instead, we proceed by setting up a physical model and deriving
Gr, t), the classical form of G(r,t), from it. However, this cal-
culated G°(r, t) is not a good approximation for G(r, 1), because for
many systems G°(r, ¢) is real and even in r and . If we take G(r, t) to
be real and even in r and ¢, then from (4.8)

Sk, w)=S(—x, —w). (4.62)
The result violates the principle of detailed balance.

Schofield (1960) suggested that a better approximation is to
assume

G(r, 1)= G, ). (4.63)

We know that the correct G(r, t) is real and even in r and . So if we
put G(r, t) equal to the calculated G°(r, t) and then use the result

G(r, t)=G(r, t —3ihP), (4.64)
the resulting S (k, w) will satisfy the detailed balance condition.

4.5 Scattering from a single free nucleus

To illustrate the various functions defined in the present chapter we
consider the simplest possible case, namely scattering by a single free
nucleus of mass M. By this we do not mean an isolated nucleus, but
one that is a member of an ensemble at temperature 7.

We start with the expression for the cross-section obtained from
(2.40)

d’o

dQ dE’
b is the scattering length of the nucleus, and R is its position vector.
The first point to note is that the matrix element (A'| exp(isc. R)|A) is
zero unless momentum is conserved in the scattering process. To see
this we suppose the neutrons and the nuclei in the scattering system
to be confined to a box of volume Y. Since the nuclei are free, their
state functions are plane waves, i.e.

= b2%§ Da Az |(A'| explirc . R)A)?S(Er — Ex+hw). (4.65)

A= explié. R) (4.66)

where £ is the wavevector of the nucleus. £ like k (the wavevector of
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the neutron) is periodic in the box. Then

(A'| exp(ire . R)A) =% L explilc +£—¢&). R}dR.  (4.67)

The integral is zero unless
k=k—k'=¢-¢& (4.68)

(The reasoning is the same as in (A.15).) Multiplication of this equa-
tion by h gives conservation of momentum. If the condition is

satisfied
(A'| exp(irc . R)A)=1. (4.69)

Thus Y, KA'| explise . RN =1, (4.70)

and E=x+& 4.71)
E,—E ——fﬁ—(§2—§'2)=—h—2(f<2+2k £) (4.72)

Then A A M M . . 2

The function S(k, w) is obtained from (4.12) and (4.65).
S, w)=% P/\K)\,\ exp(ir. R)|A>l25(E/\ —E\+hw)
AN

o,
=§pfs{ ho =322k +2K.g)}. (4.73)

The initial energy of the nucleus is #*¢?/2M. The probability p, of the
nucleus having wavevector £ is therefore proportional to
exp(—h*£2B/2M). Thus

[ exp(—#2£28/2M)8{hw — (W 2M)(k* + 2k . £)} d&
= Texp(—H°EB/2M) a

S, w 4.74)

() "oty

2 2
h 'k

o (4.76)

where E.=

The integrals in (4.74) are evaluated by taking cartesian coordinates
in & space, with one of the axes in the direction of k.

The expressions for I(k, t) and G(r, ) follow from (4.3), (4.6),
(B.6), and (B.7). They are

I(x, t)=exp{—« "o’ (t)/2}, @.77)
G(r, t)={2m0 ()} " exp{~r’/20°(1)}, @.78)
a?(t)=t(t—ihB)/MB. 4.79)
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The functions I(k, 1), G(r, t), and S(k, ) are obtained from (4.43),
(4.46), and (4.47). The results are

I (s, 1) = exp{—x>5*(t)/2}, (4.80)
G(r, t)={2m62(6)} % exp{—r*/25°(t)}, (4.81)

Slae, 01} = (4—%)”2 exp{ = 4’; (h2w2+E,2)}, (4.82)

where F2(t) = (F*+3h*B%)/ MB. (4.83)

Eq. (4.75) shows that, for a fixed value of &, S(k, w) is a Gaussian
function of w, centred on #iw = E.. From the results in Appendix 1.2

[ 06,0 dr)=1, (4.84)

j S(k, wYhe d(fhw)=E., (4.85)

J Sk, w)(how) d(how)= 25’

+E2 (4.86)

The following points may be noted:

(i) For a single nucleus the functions G(r, t), I(s, t), and S(sk, »)
are identical with their self counterparts. Although we have been
considering scattering from a single nucleus, the results apply also to
a perfect gas of identical atoms. For such a system Gi(r, t), (s, t),
and Si(k, w) are the same as for a single nucleus, and G(r, t) differs
from Gi(r, t) only by a constant independent of r and ¢ It follows that
for a perfect gas the functions I(k, t) and I(k, t) are essentially the
same. They differ only by a term proportional to 8(x). The same is
true for the functions S(x, w) and Si(k, w).

~(ii) I(x,t) and G(r,t) are complex functions, while I(s,t) and
G(r, t) are real and even in both their arguments. S(, w) and S(x, w)
are both real, and the latter is even in x and w.

(iii) In Example 4.1 it is shown that for a perfect gas the classical

form of Gy(r, t) is

G (r, )= {2m0 2 ()} >? exp{—r’/204 (1)}, (4.87)
where a(r)=t*/MB, (4.88)

which we see is the limiting form of G(r, t) and G(r, 1) for a single
nucleus as >0 or 8 >0 (T - ).
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(iv) S(s, ) may be calculated from G(r, t) by means of (4.8). If we
put G(r, t)= G2 (r, t), the resulting expression for S(re, w) is
ﬁ 1/2 B h2w2
S, 0)= (H::) e"p(_ 4E, )
It can be seen that this violates the principle of detailed balance. If
we adopt the Schofield prescription and put G(r, )= G2 (r, 1), the
resulting expression for S(s, w) is

(4.89)

S, ) = (4-7%)”2 exp{ = 42 (h2w2—2hwE,)}. (4.90)

This expression does satisfy the principle of detailed balance and is a
good approximation (for E; < hw) to the correct expression in (4.75).

4.6 Moments of the scattering function

The energy moments of the scattering function S(x, w) may be
obtained experimentally and often provide a useful check on the
measurements. We define the nth moment by

o0

S (k)= J’ Sk, 0)(ho)" d(ho). (4.91)

From (4.2), (4.5), (4.6), and (4.27) we have the following results for
the zeroth moment

o0

So(r)= j . S(x, w)d(hw)=1(x, 0) (4.92)

= % Z (explix . (R, —R;)} (4.93)

=1+ J g(r)exp(ix . r)dr. (4.94)

For the incoherent scattering function

j’w S.(ke, w) d(hw) = I (s, 0)=1. (4.95)

An expression for the higher moments of S(k, ) is obtained from
4.6)
B Ak
(k)= j S0, @Y d(hw)=;{51(x, z)} . (4.96)
—cO t=0
and in general

8, ()= (?){5%——[(:( t)}'zo. (4.97)
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We consider the first moment. From (4.35), (4.96), and (D.6)

J: S, w)heo d(flw)=%<pk(0){ gp_k(,)} >

1 =0
=~ N(m (0)o-.(0), HY), (4.98)

where H is the Hamiltonian of the scattering system. In Sectj
we showed that for a perfect gas of identical atoms . —
'[ s #ii?

(4, w)how d(hw) = YA (4.99)
iv:fii:lrle 1s the mass of an atom. The usefulness of this result is that it
; . .not only for a perfect gas, but for any system, provided th
Interactions between the atoms depend only on their po’sitions R i
not on t.h.eir momenta. This result follows from the form of (4j ;él ;
The addltlonlal term in the Hamiltonian due to the interatomic f(;rc :
;)mmutes with p_,(0) - since the latter depends only on the positio:iS

,-E— and hence contributes nothing to the right-hand side of 4 98)S
Concsqi.dg.z? has a simple phys.ical interpretation for a perfect.gas..
st : eutrf)n scattered with change of wavevector &« due t
collision with a single nucleus. Then by conservation of momerm?ni1

- | he =p'—p, (4.100)
- <'3p and p z?re. the momenta of the nucleus before and after the
collision. The gain in the kinetic energy of the nucleus is

L 2 2 1 2.2
@ P )_W(” k" +2hp . k). (4.101)

For i
. fixed &, the average of p . i is zero. Therefore the average gain of
nergy of a nucleus, sometimes termed the recoil energy, is
hiic?

E=ar (4.102)

Thus $;(s) is the mean
ene
e rgy transferred from the neutron to the
s (’f“he ;es;:lt. (4f.9ll9) applies also to the incoherent scattering function
iV, @). 1his tollows because, for a perfect

' . s gas, the coherent and
mcol.lerent scattering functions are essentially the same, and by tze
prev1'ous.reasonmg [ 8@, w )t d(hw) is the same for all systems with
velocity-independent interactions.
(I;I‘Shze expressions for higher moments have been derived by Placzek

). He showed that for an isotropic system the second moment of
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the incoherent scattering function is
o0

j S.(, )(hw)’ d(hw)=3ER+ E2, (4.103)

where K is the mean kinetic energy of a nucleus. For a classical

system
= 3
=— 4.1
K 2B’ (4.104)
and (4.103) becomes

(s o}

j 8., 0)(heo) d(w) = -2—BE—’+EE, (4.105)

which is the same as the result (4.86) for a perfect gas. The general
expression for the second moment of the coherent scattering function
is more complicated. The leading terms are the same as for the
incoherent scattering function, but there are additional quantum
terms arising from correlations between the momenta of different
nuclei. Expressions for the second and higher moments of the two
scattering functions may be found in Placzek (1952) and in Rahman
et al. (1962). The results for the moments of the scattering functions

are known as sum rules.

4.7 Relation between elastic scattering and I («, %), G (r, %)

We now show that elastic scattering is directly related to the functions
I(k, t), G(r, t) evaluated at ¢ = 0. The relations lead to some useful
results. Elastic scattering does not occur for liquids or gases (see
Chapter 5) so the present discussion refers to scattering by a solid.
We consider the functions I (¢, t) and S (s, w) for some fixed « and
drop the symbol «. The function I(¢) tends to the same limit as 7 tends

to £00. Put
I(t)=1(0)+1'(2), (4.106)

where I(o0) is the limiting value of I(¢), and I'(¢) is the time-depen-
dent part which tends to zero as ¢ - £00. This is indicated schematic-
ally in Fig. 4.2a, where I(¢) is taken as real for the purpose of

illustration. Then from (4.4)

S@)=gmz [ U1 ) explion

1 (o]
= -:;6(0))1(00)+27T—h j_co I'(t) exp(—iwt)de.  (4.107)
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Since fiw is the change in energy of the neutron, the first term on the
right-hand side of (4.107) represents elastic scattering and the second
term inelastic scattering (Fig. 4.2b). Note that the second term is not
zero at w =0, but it is completely swamped by the first term.

From (4.12) and (4.107)

d’o Oeon N
= Teoh X 5 () (i, ). 4.108
(deE’)c(,hel 1o ) (6108

Integrating this with respect to E’ gives

do T coh
e =—— 00). )
<dQ>coh = NI (., 0) (4.109)

By definition

I(sc, 0)= % Z (exp{—ix . R:(0)} exp{irc . R;(0)}). (4.110)

Fig. 4.2 (a) Schematic representation of I(f). (The function is actually
complex.) (b) S(w), the Fourier transform of I(¢).

Fourier transform
of I (c0)

Fourier
transform
of I'(¢¥)
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But as f—>oo the correlation between R;(0) and R;(t) becomes
independent of ¢, and we have

1
Ik, 0)= N 2 (exp(—ix . R;)Xexp(ix . R;)). 4.111)
i’
Note that
(explirc . R;(¢)}) = (expli . R;(0)}) = (exp(isc. R})). (4.112)
This may be verified formally by writing (exp{is . R;(¢)}) in terms of

the definition of a Heisenberg operator. But it is obvious on physical
grounds, since the origin of ¢ is arbitrary. From (4.109) and (4.111)

d co . .
(ﬁ)wh - j Trh % (exp(—irc. R;))exp(ix . R))).  (4.113)

It may be verified that for a Bravais crystal this is the same as (3.48):
see Example 4.3.
The same reasoning may be used to obtain an expression for
G(r, o). From (4.17)
1
G, 0=% j Sl — R ONSIr +r— R,y dr'.  (4.114)
i’
Therefore

G(r,0)= % Z J’ B —R)INS(' +r—R)))dr'

= [0 Mo +ry ar, @.115)

where p(r) is the particle density operator at t=0. The function
G(r, ) is known as the Patterson function and is used as an aid to
structure determination in X-ray scattering by crystals.t

The coherent elastic cross-section may be expressed in terms of the
Fourier transform of {(p(r)). From (4.5)

NI (,c, 0) = NJ' G(r, ) exp(is . r)dr,
= J (o' +r) explicc. r)dr' dr  (4.116)
= J’ e (")) explicc. (" —r)}dr' dr"  (4.117)

" H tolrexnllic, ¥udr| (4.118)

T See for example Woolfson (1970), Section 8.3.
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In taking the step from (4.116) to (4.117) we have put r'=r'+r.
Since the integrals with respect to r and r" are over all space and are
taken with r’ constant, integrating with respect to r” gives the same
result as integrating with respect to r. From (4.109) and (4.118)

(d_()') _ T coh J . 2
Q)™ am (o(r)) exp(isc . r)dr| . (4.119)

For the incoherent elastic cross-section, the result corresponding to
(4.109) is

(d_O') __Oinc NI ( 0
dQ incel 4 = )

- Tinc

e NJ' Gs(r, ) exp(isc . r) dr, (4.120)

L (s, 0) = % Z (exp(—isk . R;)Xexp(ix . R;)), (4.121)

Gi(r, oo):}ivz_ J S~ RS +r—R)dr'.  (4.122)

Comparison of (3.128) and (4.120) shows that
exp(—2 W)= I (x, o)

= J' Gq(r, o) exp(ixc . r)dr, (4.123)

i.e. the Debye-Waller factor is the Fourier transform of G,(r,0).

4.8 Static approximation

We return to the discussion of the scattering by a general physical
system and consider an important limiting case known as the static
approximation.
From (2.40)
( d’o ) O k'
coh

2

X8(Ex—E\+E—E"). (4.124)
E is the energy of the incident neutron and E’ the energy of the
scattered neutron. Suppose we fix k and the direction of the scattered
neutrons, and consider the cross-section as a function of |k’'|, see Fig.
4.3. If k' lies in a small range of values, the value of E’ is fixed. For a
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given initial state A of the scattering system, the &-function term in
the cross-section picks out certain final states A’, namely, those whose
energy is correct for conservation of energy. The sum over A'is taken
only over those states. For each successive interval of k', a different
set of A’ states contribute to the scattering. In the development of the
theory in Chapter 2 we changed the operator in the matrix element to
a time-dependent one, and summed over all A". The result was the
same as if we had not changed the operator and summed over the
correct limited number of A'.

The static approximation is to ignore the term E, —E,- in the
argument of the §-function in (4.124). This has two consequences.
Firstly, the cross-section becomes a §-function in (E —E'), i.e. the
scattering is zero unless k = k'. Secondly, in the sum over A', instead
of the matrix element for each A’ being evaluated at the correct value
of x (determined by the value of k'), all the matrix elements are
evaluated at the same value of &, namely o, the value of &« when
k'=k.

If the term E, —E, is ignored in (4.124) the summation over A’
may be carried out by the closure relation.

Z (A| exp(—iro . Ry)A'XA'| explirco . R;)|A)
=(A| explirco . (R; —R;)}HA). (4.125)

Fig. 4.3 Cross-section d’0/dQ dE’ as a function of k' for fixed scattering
angle. The cross-section is effectively non-zero over a range Ak' (shown <).
The static approximation is valid for (1) (Ak'« k), but not for (2).

\

Cross-
section
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Thus

dza- - O coh .
<dQ dE')coh = %n 202 2l explino. (R~ R)HA)S(E - E)

(4.126)
Integration with respect to E’ gives

sa

d col -
(é)mh:a * Y (explirco . (R;~ Ry )}) (4.127)

47 i’

__Ocon

1, ™M (r¢0, 0). (4.128)

Alternatively, we may use the formalism of G(r, ) and S(x, w).
From (4.8) and (4.12)

( dza— > _U'cohk_/ N .
A0VdE) o Am & mJ‘ G(r, t)expli(c. r—wt)tdrdr.  (4.129)

Again we keep the scattering angle, i.e. the direction of k', fixed and

integrate with respect to E'. In the correct calculation & varies with
’ » . . . . .

E’. But in the static approximation the cross-section is a §-function in

(E'—E). So the only contribution to the integral comes from s = Ko.
Since

E-E'=hw, dE =-hdo. (4.130)

do\ = o \*® ,
(@Lh:f (dQ dE’)Coh aE
_ Ocoh N
T 4w 27w

Thus

J G(r, t)expli(o . r—wt)} dr dt dew

_ T coh

y NJ G(r, t) exp(irco . r)8(¢) dr dt

Cs T coh

yp NJ G(r, 0) exp(isco . r) dr

__ Ocoh

yp NI (o, 0) as before. (4.131)

Note that although the static approximation gives elastic scattering,
the resulting cross-section is not the same as the cross-section for true
elastic scattering. The former — (4.127) — includes scattering for all
final states A". The latter — (4.113) — contains only terms with A’ = A.

4.8 Static approximation

Condition for validity of static approximation

Since, in the static approximation,  is replaced by &y in the matrix
elements of (4.124), the approximation will be a good one if, for
values of k' not close to k, the states A’ specified by conservation of
energy give matrix elements Y., (A'| exp(ix . R;)|A) which are small.
The matrix elements become small as |E,-— E, | increases beyond a
certain value, because for most scattering systems there is an upper
limit to the amount of energy that can be transferred to the neutron.
Call this upper limit Eo. For a crystal Eo~#hwy,, where wm is the
maximum frequency of a phonon. For a liquid Eo~ #/to, where fo is
the relaxation time for a disturbance in the liquid. The values of k'
therefore lie between a maximum and minimum value given by

2

h2 2 2 h 2 2
m (kmax_k )~E0’ . (k _kmin)""Eo. (4132)

If the maximum and minimum values are not very different from the
value of k, (4.132) becomes
hz
—k' Ak'~ E,, (4.133)
m
where Ak’ is the range of k' (Fig. 4.3). Putting E = #*k?/2m gives
Ak' Eq

e (4.134)

The condition for the validity of the static approximation is Ak'« k.
From (4.134) this is equivalent to

E < E, (4.135)
i.e. the energy that can be transferred to and from the scattering
system is small compared to the energy of the incident neutron.

We may express this condition another way. If v is the velocity and
A the wavelength of the incident neutron,

h
E=%mv2zhkvzx-v. (4.136)
The condition Ey<« E therefore becomes
1
— f (4.137)

Now for scattering to occur other than in the forward direction A must
be of the order of or larger than a, the interatomic spacing in the
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scattering system. Thus

A a
;Z;"‘h, (4.138)

where ¢, is the time taken by the neutron to cross from one atom to
the next. So another way of expressing the condition for the validity
of the static approximation is

1< to, (4.139)
i.e. the time taken for the neutron to cross from one atom to the next

is small compared to the characteristic oscillation or relaxation time
of the scattering system.

Comments on scattering theory
We bring together the basic results for the coherent cross-sections.
General result:

( d’c ) _Ocon k'

m COh— e ?NS(K,Q)), ’ (4140)

S(K,w)=571—hj G(r, t)exp{i(sc. r —wt)} dr dr. (4.141)

Static approximation:

do\*®* oo .
( ) = NJ G(r, 0) exp(irco . r)dr
coh

E 4qr

T coh s
=EN{ 1 +J 2(r) explixco . r) dr}. (4.142)
The last line follows from (4.27).

Eq. (4.140) shows that the cross-section is essentially the product
of two factors. The first factor oeop depends on the interaction
between the neutron and the individual particles in the scattering
system. The second factor S (s, w) does not depend on the properties
of the neutron at all, neither on its intrinsic properties — mass, energy,
etc. — nor on its interaction with the particles in the scattering system.
It is a property only of the scattering system and depends on the
relative positions and motions of the particles in the system. These
depend on the forces between the particles, and on the temperature
of the system.

This separation of the cross-section into two factors applies, not
only to the scattering of thermal neutrons, but to the scattering of any

4.8 Static approximation 83

particle — X-rays, electrons, etc. — provided the Born approximation
is valid for the scattering process, and there is no correlation between
scattering length (or the equivalent physical parameter for X-rays,
etc.) and atomic site.

The scattering function S («, @) is the Fourier transform in space and
time of G(r, t), the time-dependent pair-correlation function. When
the static approximation applies, the cross-section is proportional to
the Fourier transform of G(r, 0), the static pair-correlation function.
The relevance of the time variation of the pair-correlation function
comes from the interference aspect of scattering. Whatever the nature
of the incident particles they may be regarded as waves. The waves
scattered by the particles in the scattering system interfere, and their
relative phases depend on the relative positions of the particles.
Consider the scattering by two particles j' and j. The incident wave
reaches j’ at time zero and j at time . The phase difference between the
two scattered waves depends on the position of atom j at time ¢ relative
to that of j' at time zero. Hence the scattering depends on G(r, t).
When the static approximation applies, the waves travel so fast that in
the interval between the two scattering events the particle j has not had
time to move. Hence the scattering depends on G(r, 0).

For most condensed systems the characteristic time for oscillation
or relaxation is

to~10"2to 107 2s.

The atomic spacing a is ~107'° m. For X-rays or light, travelling with
velocity ¢, the time #; for the incident radiation to pass from one
particle in the scattering system to the next is

a -
ty~=~10""%s.
¢
Thus #; < to and the static approximation is valid. The scattering of
light and X-rays can therefore give information only about G(r, 0),
the static pair-correlation function. For thermal neutrons

v~103ms_1, and #~10""s.

Thus the static approximation does not apply. The scattering of
thermal neutrons gives information about G(r, ) for all values of z. It

is this property that makes it such a useful tool for studying the
properties of condensed matter.
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Examples

4.1 Prove that for a perfect gas of atoms of mass M at temperature T
the classical form of G.(r, t) is

G (r, ) ={2m0a (e} exp{~r’/204 (1)},
where oa(t)=1>/MB.

4.2 Prove the following results for an isotropic harmonic oscillator of
mass M and frequency w.

(a) I, t) = exp{—«’c’(t)/2},
Gi(r, t)={2ma” (1)} "> exp{—r’/25° (1)},

where o?(t)= L{coth(%hwﬁ)(l —cos wt)—1isin wt}.
Mo

() (s, 1) = exp{—K>6°(2)/2},

where &%(t)= Mi{coth(%hwﬁ )—cosech(GhwB) cos wt}.
w

(¢) The classical form of I(k, t) is

I (1, t) = exp{—«’ca(t)/2},

2
where gi()= — oS wt).
{0=3075 )
(d) The classical expression for (r’(¢)), the mean-square distance
between the positions of the particle at times zero and ¢, is

(ra@) = 6 (1 —cos wt).

Comment. It follows from the above results that, for a cubic Bravais
crystal, I (s, t) and G,(r, t) have the same form as for a single oscil-
lator, with o-*(¢) given by

J' Z(w)

ai(r)= ——{cothGhwB)(1 —cos wt)—i sin ot} dw. (4.143)

Similarly, the classical expression for the mean-square distance
between the positions of an atom at times zero and ¢ is

j Zaf“’) (4.144)

()= Miﬂ

Examples

4.3 Show that for a Bravais crystal
Y {exp(—ik . Ry)Xexp(ix . R;))
uw

(2”) exp(-2W) L 80 = 7).

4.4 (a) The atoms of a cubic Bravais crystal have mean-square
displacement (u®). Show that the thermal average of the particle
density operator is

() = (mo”)>"? T exp{~(r— 1y¥/o%,

where 2=2u?).
(b) Hence or otherwise show that the self pair-correlation function
att=0018
G(r, 0)= mo?) % exp(—r*/257).
(c) If r is the distance between the positions of an atom at two
instants a long time apart, show that

(r*y=2(u?.

4.5 Show that for incoherent one-phonon scattering from a cubic
Bravais crystal at high temperature (fwB < 1)
K> B Z(w)

w2 )

Silre, w)= IMhB exp




