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Abstract

In the standard arrovian framework and under the assumption that individual preferences and
social outcomes are linear orders on the set of alternatives, we suppose that individuals and
alternatives have been exogenously partitioned into subcommittees and subclasses, and we
study the rules that satisfy suitable symmetries and obey the majority principle. In particular,
we provide necessary and sufficient conditions for the existence of reversal symmetric majority
rules that are anonymous and neutral with respect to the considered partitions. We also
determine a general method for constructing and counting those rules and we explicitly apply
it to some simple cases.
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1 Introduction

Committees are often required to provide a strict ranking of a given family of alternatives. There
are many procedures that members of a committee can conceive to aggregate their preferences on
alternatives into a strict ranking of these alternatives. Among them the ones satisfying the principles
of anonymity and neutrality are usually preferred. The principle of anonymity is the requirement
that the identities of individuals are irrelevant to determine the social outcome. The principle of
neutrality is instead the requirement that alternatives are equally treated. Unfortunately, despite
their appeal, these principles can both be satisfied by an aggregation procedure only in very special
circumstances.

*We are grateful to two anonymous referees and an anonymous associate editor for providing useful suggestions
for improving the readability of the paper. In particular, one of the referees suggested an interesting link between
the minimal majority principle and the method of simple majority decision (see Proposition 1 and the final remark
in Section 7.1). Daniela Bubboloni was supported by INdAM.



Consider a committee having h > 2 members whose purpose is to strict rank n > 2 alternatives,
and assume that individual and social preferences are strict rankings on the set of alternatives. A
preference profile is a list of h strict rankings each of them associated with the name of a specific
individual and representing her preferences. Any function from the set of preference profiles to the
set of social preferences is called a rule and represents a particular decision process which determines
a social ranking of alternatives, whatever individual preferences the committee members express.
In such a framework, Bubboloni and Gori (2014, Theorem 5) prove that it is possible to design
anonymous and neutral rules if and only if

ged(h,n!) = 1. (1)

Condition (1), first introduced by Moulin (1983, Theorem 1, p.25) as a necessary and sufficient
condition for the existence of anonymous, neutral and efficient social choice functions, is a very
strong arithmetical condition rarely satisfied in concrete situations. When it fails we can only try
to design rules satisfying weaker versions of the principles of anonymity and neutrality.

A possible way to weaken anonymity is to divide individuals into subcommittees and require
that, within each subcommittee, individuals equally influence the final collective decision, while
individuals belonging to different subcommittees may have a different decision power. Analogously,
we can weaken neutrality by dividing alternatives into subclasses and assuming that within each
subclass alternatives are equally treated, while allowing alternatives belonging to different subclasses
to be treated differently. These versions of anonymity and neutrality are certainly natural and
actually used in many practical collective decision processes. That happens, for instance, when a
committee has a president working as a tie-breaker or when a committee evaluates job candidates
discriminating on their gender. Indeed, in the former example committee members can be thought
to be divided in two subcommittees (the president in the first, all the others in the second) with
anonymous individuals within each of them; in the latter example alternatives can be thought to be
divided in two subclasses (the women in the first, the men in the second) such that no alternative
has an exogenous advantage with respect to the other alternatives in the same subclass.

The formalization of those new concepts is natural. In fact, given a partition of individuals
into subcommittees, we say that a rule is anonymous with respect to those subcommittees if it
has the same value over any pair of preference profiles such that we can get one from the other by
permuting the names of individuals belonging to the same subcommittee. Given instead a partition
of alternatives into subclasses, we say that a rule is neutral with respect to those subclasses if, for
every pair of preference profiles such that we can get one from the other by permuting the names of
alternatives belonging to the same subclass, the social preferences associated with them coincide up
to the considered permutation. Of course, requiring that a rule is anonymous (neutral) is equivalent
both to requiring that it is anonymous (neutral) with respect to the partition whose unique element
is the whole set of individuals (alternatives), and to requiring that it is anonymous (neutral) with
respect to any partition of individuals (alternatives).

Certainly, beyond anonymity and neutrality, social choice theorists identify further principles
that rules should meet. The majority and the reversal symmetry principles are some of them.
Roughly speaking, the majority principle requires that if a large enough amount of people prefer
an alternative to another one, then the former alternative must be socially preferred to the latter
one. In the literature we can find several ways to interpret that principle, such as relative majority,
absolute majority, qualified majority and so on; here we focus on the minimal majority principle
introduced by Bubboloni and Gori (2014). Given an integer v, called a majority threshold, not
exceeding the number of members in the committee but exceeding half of it and a preference
profile, we say that a social preference is consistent with the v-majority principle applied to the
considered preference profile if the fact that an alternative is preferred to another one by at least
v individuals implies that the alternative is socially ranked over the other one. A rule is said to
be a minimal majority rule if it associates with every preference profile p a social preference which



is consistent with the v-majority principle applied to p for all majority thresholds v that do not
generate Condorcet-cycles for p. The principle of reversal symmetry states instead that if everybody
in the society completely changes her mind about her own ranking of alternatives, then a complete
change in the social outcome occurs. It can be formally described by recalling first that, given a
preference, its reversal is the preference obtained making the best alternative the worst, the second
best alternative the second worst, and so on. A rule is then reversal symmetric if, for any pair of
preference profiles such that one is obtained by the other reversing each individual preference, the
social outcomes associated with them are one the reversal of the other.

In the present paper we analyse the rules that satisfy anonymity with respect to subcommittees
and neutrality with respect to subclasses, and also obey the principles of minimal majority and
reversal symmetry. At the best of our knowledge, conditions assuring the existence of those rules
are not known. Some contributions related to different notions of anonymity and neutrality and
their link with the majority principle are instead present in the literature. Under the assumption
that there are two alternatives and assuming the possibility of indifference in individual and social
preferences, Perry and Powers (2008) calculate the number of rules that satisfy anonymity and
neutrality and the number of rules satisfying a restrictive version of anonymity (that is, every
individual but one is anonymous) and neutrality. In the same framework, Powers (2010) further
shows that an aggregation rule satisfies that restrictive version of anonymity, neutrality and Maskin
monotonicity if and only if it is close to an absolute qualified majority rule. Quesada (2013) identifies
instead seven axioms (among which are weak versions of anonymity and neutrality) characterizing
the rules that are either the relative majority rule or the relative majority rule where a given
individual, the chairman, can break the ties. In the framework of social choice functions, Campbell
and Kelly (2011, 2013) show that the relative majority is implied both by a suitable weak version of
anonymity, neutrality and monotonicity, as well as by what they called limited neutrality, anonymity
and monotonicity. Moreover, in the general case for the number of alternatives, some observations
about different levels of anonymity and neutrality can be found in the paper by Kelly (1991), who
uses the language of permutations groups to discuss some open problems.

Here we follow the algebraic approach developed in Bubboloni and Gori (2014) to carry on our
analysis, and we also adhere to the framework and notation used there. In that paper, which we
refer to for further references on anonymity, neutrality and majority principles, the authors show
how the notion of action of a group on a set can naturally and fruitfully be used to study problems
concerning anonymity and neutrality. Indeed, among other things, they prove that condition (1) is
necessary and sufficient for the existence of anonymous and neutral minimal majority rule.! In this
paper we adapt that algebraic reasoning in order to treat anonymity with respect to subcommittees
and neutrality with respect to subclasses, together with reversal symmetry and minimal majority.
We obtain, as our main result, the following theorem.?

Theorem A. Assume that individuals are partitioned into s > 1 subcommittees with number of
members by,...,bs, and that alternatives are partitioned into t > 1 subclasses with number of
alternatives cy,...,c;. Then:

i) there exists a minimal majority rule that is anonymous with respect to the considered subcom-
mittees and neutral with respect to the considered subclasses if and only if

ged (ged(by, ..., bs),lem(cil, ... ¢l)) = 1; (2)

i1) there exists a minimal majority rule that is anonymous with respect to the considered subcom-
mittees, neutral with respect to the considered subclasses and reversal symmetric if and only

if
ged (ged(br, ..., bs),lem(2,¢1!,. .. ¢pl)) = 1. (3)

1See Theorem 14 in Bubboloni and Gori (2014).
2Theorem A is a rephrasing of Theorem 15.



Note that (3) obviously implies (2), and that (2) and (3) are equivalent if one among the ¢y, ..., ¢;
is greater than 1. Since (1) implies (3), Theorem A generalizes many results proved in Bubboloni
and Gori (2014). In particular, condition (1) is sufficient not only to get anonymous and neutral
minimal majority rules, but also to get rules having the further property of being reversal symmetric
(Corollary 18). Yet, Theorem A goes much beyond that. Indeed, it shows that if (1) does not hold
true but the specific purpose of the collective choice naturally allows partitions of the individuals
and the alternatives into subcommittees and subclasses satisfying (3), then it is possible to design
a minimal majority rule that is anonymous and neutral with respect to those partitions as well as
reversal symmetric. That happens, as a special but remarkable case, when all the members of a
committee but one are anonymous (for instance, the committee has a president), independently of
the partition of alternatives in subclasses (Corollary 16).

We finally want to emphasize that our algebraic approach actually allows us to define a very
general and wide-ranging notion of symmetry for rules (Section 2.4), which includes anonymity with
respect to subcommittees, neutrality with respect to subclasses and reversal symmetry as particular
instances. That notion of symmetry provides a fruitful unified framework with a double advantage:
arguments and proofs becomes simpler and more direct; the results reach a very satisfying level
of generality (Theorems 7 and 11). Moreover, as in Bubboloni and Gori (2014), the algebraic
machinery provides a method to potentially build all the rules described in Theorem A. In Section
7 we briefly discuss some examples that explain how the theoretical results can be explicitly applied
in some simple cases.

2 Definitions and notation

2.1 Linear orders and permutations

Let X be a nonempty finite set. We denote by R(X) the set of relations on X. Given R € R(X)
and z,y € X, we sometimes write © > y instead of (z,y) € R, as well as x >p y instead of
(z,y) € Rand (y,z) ¢ R. If R € R(X) is antisymmetric, then  >g y is equivalent to z >p y and
x # y. A relation on X is called a linear order on X if it is complete, transitive and antisymmetric.
The set of linear orders on X is denoted by £(X). If Ry, Ry € L(X), then Ry = R» if and only if,
for every x,y € X, x >p, y implies x >g, y.

We denote by Sym(X) the group of the bijective functions from X to itself, with product given
by the right-to-left composition, that is, if f1, fo € Sym(X), then f;fo € Sym(X) is the function
such that, for every x € X, f1fa(x) = fi(f2(x)). The neutral element of Sym(X) is given by the
identity function id. Sym(X) is called the symmetric group® on X and its elements permutations
on X. Given o € Sym(X), we denote its order by |o|. For every k € N, the group Sym({1,...,k})
is simply denoted by Sk.

2.2 Preference relations

From now on, let n € N with n > 2 be fixed, and let N = {1,...,n} be the set of alternatives. A
preference relation on N is an element of L(N). Throughout the section, let ¢ € L(IN) be fixed.
For every z,y € N, we say that x is preferred to y according to ¢ if z >, y. For every ¢ € S,
we define ¥q as the element of L(N) such that, for every z,y € N, (z,y) € tq if and only if
(p~=Y(x),%~(y)) € q. Consider the order reversing permutation in S,, that is, the permutation
po € Sy, defined, for every r € {1,...,n}, as po(r) = n —r + 1. Note that |pg| = 2. We define
gpo € L(N) as the element in £(N) such that, for every z,y € N, (z,y) € gpo if and only if

3The notation and results of group theory about permutation groups and actions, not explicitly discussed in the
paper, are standard (see, for instance, Wielandt (1964) and Rose (1978)).



(y,x) € q. We also define g id = ¢, where id € S,,. By definition, for every x,y € N and ¢ € S,
we have that

x>,y ifand only if ¥(x) >pq ¥(y), (4)
and
x>,y ifand only if y >g,, . (5)

Consider now the set of vectors with n distinct components in IV given by
V(N)={(z,)'_y € N i 2p, = Tp, = 71 =72},
and think each vector (z,)"_; € V(N) as a column vector, that is,

Ty
(@r)pmy = | 0| =[z1,.--, mn}T.

T,
The function f; : V(N) — L(N) associating with (z,)"_; € V(N) the preference relation
{(zp,,Try) € NXN:ry,re €{1,...,n},r1 <o},
and the function f3: S, — L(IV) associating with o € S,, the preference relation
{(o(r1),0(r2)) € N x N:ry,re € {1,...,n},r1 <ra}

are bijective, so that, in particular, |S,| = |[V(N)| = |L(N)| = nl. We say that 2 € N has rank
r € {1,...,n} in ¢ if = is the r-th component of ffl(q) or, equivalently, if z is the image of r
through f; '(q). Note now that, for every ¢ € S,, and p € {id, po}, if f; '(q) = [x1,...,2,]T, then

fl_l(dﬂﬁ = W)(xl)v s W(%)]Tv and fl_l(qp) = [xp(l)v s 71'p(n)]T;

if f3'(q) = o, then
f2'(wq) =vo, and f3'(qp) = op.

Thus, by the functions f; and fo we are allowed to identify the preference relation ¢ both with the
vector f;'(q) and with the permutation f; *(g), and to naturally interpret the products ¥q and gp
in V(N) and in S,,. For instance, if n = 4 and

q = {(47 2)7 (2’ 1)7 (1’ 3)7 (47 1)7 (47 3)7 (27 3)7 (474)7 (27 2)7 (17 ]‘)7 (37 3)} € £({1’ 27 374})7

then ¢ is identified with both f;*(¢) = [4,2,1,3]T € V({1,2,3,4}) and £, '(¢) = (143) € S4, so
that 4 has rank 1, 2 has rank 2, 1 has rank 3, and 3 has rank 4 in q. Moreover, if 1» = (342) € Sy,
then we can write

Yg = (342)[4,2,1,3]7 =[2,3,1,4]7 and qpo = [4,2,1,3]7(14)(23) = [3,1,2,4]7,

as well as
g = (342)(143) = (123) and gpo = (143)(14)(23) = (132).

Thus, identifying preference relations with vectors makes computations easy and intuitive. On
the other hand, identifying preference relations with permutations allows to transfer the group
properties of S,, to the products between preference relations and permutations. In particular, by
associativity and cancellation laws, for every 1,19 € S, and p1, p2 € {id, po}, we have that 1)1q =
¥aq if and only if Y1 = 923 gp1 = qpo if and only if p1 = p2; (Y2v01)q = Y2(¥19); a(p1p2) = (gp1)p2;
(¥19)p1 = Y1(gpr)-



Given now ¢ € S,, and p € {id, po}, we finally emphasize that the above discussion makes the
products ©¥q and gp have interesting interpretations. Indeed, if ¢ represents the preferences of a
certain individual, then q represents the preferences that the individual would have if, for every
x € N, alternative x were called ¢ (x); gp represents the preferences that the individual would have
if, for every r € {1,...,n}, the alternative whose rank is r is moved to rank p(r). As a consequence,
even though both ¥ and p belong to S, they have different meanings. Indeed, ) maps alternatives
to alternatives, while p maps ranks to ranks. Moreover, looking at g as a permutation, we have
that ¢ maps ranks to alternatives. In particular, the set {1,...,n} sometimes refers to the set of
alternatives, sometimes to the set of ranks. Although the context always allows to understand the

right interpretation, along the paper we denote that set by N in the first case, and by {1,...,n} in
the second one.

2.3 Preference profiles

From now on, let h € N with h > 2 be fixed, and let H = {1,...,h} be the set of individuals. A
preference profile is an element of L(N)". The set £(N)" is denoted by P. If p € P and i € H,
the i-th component of p is denoted by p; and represents the preferences of individual i. Any p € P
can be identified with the matrix whose i-th column is the column vector representing the i-th
component of p.

Let us consider the groups Q = {id,po} < S, and G = Sj, x S, x Q. For every (p,¢,p) € G
and p € P, define p(#¥*) € P as the preference profile such that, for every i € H,

(p“‘“‘””))i = Ypg-1(s)p- (6)

Since we have given no meaning to (p;)¥%) for a single preference relation p; € L(N), we will
write the i-th component p(#¥»?) simply as pgw’w’p), instead of (p(““/”P))Z..

The preference profile p(#:¥:?) is then obtained by p according to the following rules: for every
i € H, individual ¢ is renamed ¢(i); for every z € N, alternative = is renamed ¢(z); for every

r € {1,...,n}, alternatives whose rank is r are moved to rank p(r). For instance, if n =3, h =5
and
3 1 2 3 2
p=1]2 2 1 2 3|, ¢=(13425), =02, p=po=(13),
1 3 3 11

then we have

w
]
w
[N}
—
w
[N}
—
w
—

pleidid) — | 9 3 9 1 2 pldwid) — | 1 1 2 1 3|,
1 1 1 3 3 2 3 3 2 2
1 3 3 1 1 2 2 2 3 3
p(id,id,po) _ 2.2 1 2 3 p(%ﬂhpo) — 1 3 1 2 1
3 1 2 3 2 31 3 1 2

As it is easy to verify, if n = 2, then plidro-id) = plidid.po) for all p € P; if n > 3, then there do
not exist ¢ € Sy and 1 € S, such that, for every p € P, pl¢:¥id) = plididpo)  In other words,

top-down reversing preference profiles cannot be reduced, in general, to a change in individuals and
alternatives names.



2.4 Symmetric minimal majority rules

A rule (or social welfare function) is a function from P to L(N). Given a subgroup U of G, we say
that a rule F is U-symmetric if, for every p € P and (¢, v, p) € U,

F(p#¥r)y =y F(p)p.

The set of U-symmetric rules is denoted by FU. Note that if U’ < U, then FY C FU.

The concept of symmetry with respect to a subgroup U of G includes some classical requirements
for rules. For instance, a rule F is anonymous if and only if F e FS»x{idtx{id}. it i neutral if
and only if F' € FlidbxSnx{id}, it ig reversal symmetric if and only if F € Flidtx{idhx2 Voreover,
as explained in Sections 3 and 6, any combination of the principles of anonymity, neutrality (even
in their weak versions involving subcommittees and subclasses) and reversal symmetry can also
be described in terms of U-symmetry for a suitable choice of the subgroup U. Thus, we decided
to work first in the abstract and unifying setting of U-symmetric rules (Sections 3, 4 and 5), and
rephrase later the results obtained in more specific but better interpretable contexts (Sections 6
and 7).

Given v € NN (h/2, h], define, for every p € P, the set

Cu(p)={qe LIN):Vz,ye N,|[{i € H:x>,, y}| >v = z>,y},

that is, the set of preference relations having z € N preferred to y € N whenever, according to
the preference profile p, at least v individuals prefer  to y. In other words, we have that C,(p)
is the set of linear orders that are consistent with the principle of qualified majority with majority
threshold equal to v (briefly v-majority) applied to the preference profile p. For example, consider
h=9,n=23 (sothat H ={1,...,9} and N = {1,2,3}) and the preference profile

1122233233
p=1]2 2133111 2]|. (7)
333112221

A simple check shows that
|{i€H:1>Pi2}‘:5v |{7:EH:]‘>P7',3}‘:37 |{iEH:2>Pi3}‘:57
{ieH: 25, 1} =4, [{ieH:3>,1}|=6 [{icH:3>,2}=4

It is now immediate to compute, for every majority threshold v € NN (%, h] = {5,6,7,8,9}, the
set Cy(p). Indeed, C5(p) is the set of linear orders such that 1 is ranked above 2, 2 above 3, and
3 above 1, that is, C5(p) = &; Cgs(p) is the set of linear orders such that 3 is ranked above 1,
that is, Cs(p) = {[3,1,2]7,[3,2, 17, [2,3,1]T}; Cz(p) = Cs(p) = Co(p) = L(N) because, for every
v e{7,8,9} and z,y € N, we have |{i € H : « >,, y}| < v, that is, the v-majority principle applied
to p does not generate any constraint.

Of course, if v,v € NN (h/2,h] with v < ¢/, then we have C,(p) C C,/(p) for all p € P. Tt is
also known that* C,(p) # @ for all p € P if and only if v > =L h. For every p € P, define now

v(p) = min{v € NN (h/2,h] : C,(p) # o},

and note that v(p) is well defined as, for every p € P, Cr(p) # @. A rule F is said to be a
minimal magority rule if, for every p € P, F(p) € C,;(p). For instance, the preference profile
p defined in (7) is such that v(p) = 6, so that if F' is a minimal majority rule, then we have
F(p) € Cy(p)(p) = Cs(p). We denote the set of minimal majority rules by Fyin. Of course, the set
Fmin 18 nonempty by definition.

4See, for instance, Propositions 6 and 7 in Bubboloni and Gori (2014).



The next proposition exhibits an interesting connection between minimal majority rules and the
well-known method of simple majority decision, that is, the function S : P — R(N) defined, for
every p € P, as

S(p)={(z,y) e N*: [{i € H 1w 2y, y}| > h/2}. (8)

Recall that the image of .S is contained in the set of complete relations on N but, except for h odd
and n = 2, it is not contained in L£(NV).

Proposition 1. Let F be a minimal majority rule and p € P. Then F(p) = S(p) if and only if
S(p) € L(N).

Proof. The fact that F(p) = S(p) implies S(p) € L(N) is obvious. Assume now that S(p) €
L(N) and prove that F(p) = S(p) showing that C,,(p) = {S(p)}. Let v* = min{r € N: v >
h/2} = |2, Since v(p) > v*, it is enough to show that C,-(p) = {S(p)}. Observe first that
S(p) € Cu«(p). Indeed, let z,y € N such that [{i € H : z >,, y}| > v*, then  # y and
Hi€ H:x>p y}| > h/2, so that  >g¢,) y. In order to show that ¢ € C,-(p) implies ¢ = S(p),
it is enough to prove that, for every =,y € N, x >g(,) y implies * >, y. Let x,y € N such that
T >g(p) Y. Thus, x #yand [{i € H:2 >p, y}| > h/2. Since z # y and p; € L(N) for all i € H, we
get [{it € H : x >p, y}| > h/2. However, we cannot have [{i € H : © >,, y}| = h/2, since otherwise
we should also have (y,z) € S(p), against  >g¢,) y. Thus, [{i € H :  >,, y}| > h/2, so that
{i € H:x>,, y}| > v*. As a consequence, we have that z >, y. O

Let us finally define, for every U < G, the set F. = FU N Fin of the U-symmetric minimal
magjority rules. We are going to study under which conditions on the subgroup U the sets FU and
FU.  are nonempty. Indeed, after having introduced in Section 3 some fundamental algebraic tools,

in Section 4 we find out a condition on U, called regularity, that is equivalent to both FY # & and
FU. # & (Theorems 7 and 11).

min

3 Actions on the set of preference profiles

The next proposition, which generalizes Proposition 1 in Bubboloni and Gori (2014), shows that
any subgroup U of G naturally acts on the set of preference profiles P. That result is rich of
consequences as it allows to exploit many general facts from group theory.

Proposition 2. Let U < G. Then:

i) for every p € P and (p1,v1,p1), (92, Y2, p2) € U, we have

p(ww,%wz,mm) — (p (802,1#2,02))(%’%&1); (9)

i) the function f:U — Sym(P) defined, for every (p,v,p) € U, as

f(sO’ wa p) : P —> P7 p |—> p(wvva)7

is well defined and it is an action of the group U on the set P.
Proof. i) Fix p € P and (¢1,%1,p1), (p2,1%2,p2) € U. For every i € H, by (6), we have

pi(solwz,wa,plpz) = ¢1¢2p(¢1¢2)71(i)f)1pz7

and also, recalling that €2 is abelian,

<p(902’¢2’P2)>(.%7w17p1) = (p(wﬂ/)mpz))W

RN V1Pt (o1 () P2P1 = P1U2D(10) 1 (5) PLP2-
1

K2



il) Fix (p, %, p) € U and prove that f(p, 4, p) € Sym(P). Since P is finite, it is enough to show
that f(¢, 1, p) is surjective. Consider then p € P and simply observe that, by (6) and (9),

flp,v,p) (p(wl”/flvﬂ’l)) - (p(@717w717p71))
Since by (9) we also have that’ for every (3017'(/}17/71), (@2##%02) S Ua

F((p1, %1, p1) (2, Y2, p2)) = f(p1,91, p1) f (P2, Y2, p2), (10)

we get that f is an action of U on P. O

(¢.¥,0) — plidiidiid) — 4,

Thanks to the fact that the function f defined in Proposition 2 is an action, we can use in
our context notation and results concerning the action of a group on a set. For every p € P, the
set {p9 € P : g € U} is called the U-orbit of p and is denoted by pV. It is well known that
the set PV = {pU : p € P} of the U-orbits is a partition® of P. We denote the order of PY

by R(U). Any vector (pj)f':(ll]) € PR such that PV = {p/V : j € {1,...,R(U)}}, is called a
system of representatives of the U-orbits. The set of the systems of representatives of the U-orbits
is nonempty and denoted by &(U). For every p € P, the stabilizer of p in U is the subgroup of U
defined by

Staby(p) = {g € U : p? = p},
and it is well known that ol
Staby (p)|

From Proposition 2, we gain the following simple but expressive result.

Y| =

Proposition 3. Let U,V < G. Then FUNFY = FUV),

Proof. Since (U, V) contains both U and V, we get F{U'V) € FUNFV. Let us now fix F € FUNFV
and prove F € FU'V) Note first that by the definition of generated subgroup, for every g € (U, V),
there exists k € Nand g1,...,gx € UUV such that g = g1 - - - g. Let us define then, for every k € N,
the set (U, V) of the elements in (U, V) that can be written as product of k elements of U U V.
Then, we obtain F € FUV) showing that, for every k € N, p € P and g = (¢,%,p) € (U, V), we
have F(p(%‘p’p)) = ¢F(p)p. That can be easily proved by induction on k using (9) and recalling
that Q is abelian. O

Proposition 3 has interesting consequences. For instance, it implies that if F' is a rule, then F
is anonymous and neutral if and only if F' € Fon*S»x{id}. [ is anonymous and reversal symmetric
if and only if F € FS»*{id}xQ. [ is neutral and reversal symmetric if and only if F' € Flid}xSnxQ,
F is anonymous, neutral and reversal symmetric if and only if F € F¢.

4 Existence results

In this section we study under which conditions on U the sets FV and FY,

in are nonempty. Through-
out the section, U is a fixed subgroup of G.

5A partition of a nonempty set X is a set of nonempty pairwise disjoint subsets of X whose union is X.



4.1 U-symmetric rules

For every p € P, define the set

SY(p) = {g € LIN) : Y(p, 4, p) € Staby (p),Yap = q} -
Lemma 4. Let F € FU. Then, for every p € P, F(p) € SV (p).

Proof. Let p € P and (p, 1, p) € Staby (p). Then p = p(»¥) and so F(p) = F(p»¥r)) = F(p)p,
which says F(p) € SY(p). O

Proposition 5. For every (pj)f’z(rlj) € 6(U) and (qj)fz(llj)
F € FY such that, for every j € {1,...,R(U)}, F(p?) = g;.
Proof. Let (")) € &(U), ()] € xSV (p7) and set J = {1,...,R(U)}. Since {p'V :
j € J} is a partition of P, given p € P, there exist a unique j € J and (p,,p) € U such that
p = p? ®»¥P) Note that, if for some j € J there exist (¢1,%1,p1), (02,02, p2) € U such that
pl (Pr¥nen) — pi(@2,92.02)  then 1gjp1 = aq;p2. Indeed, by (9), we have that pl (prvnen) —
p? (P2:¥2:02) implies (5 ' p1,105 1, py ' p1) € Staby(p?). Since g; € SY(p?) and Q is abelian, we
have that q; = 5 "1h1g;p5 " p1 = 13 b1g;p1p5 ", and thus Yigjp1 = 1haq;po.

As a consequence, the rule F' defined, for every p € P, as F(p) = vq;p, where j € J and
(¢,, p) € U are such that p = p/ »¥#)_is well defined. Moreover, for every j € J, F(p’) = g;.
Let us prove that F € FU. Consider p € P and (p,%,p) € U and let p = p/ (¢1:¥1:r1) for some
j € J and (1,91, p1) € U. By the definition of F' and by (9), we conclude that

€ xfz(llj)S{J(pj), there exists a unique

) (¢,,p) .
F@(%%ﬂ)) —F ((pJ (sol,wl,m)) ) = F(p’ (saw,wwhppl)) = (Y1)q(pp1)

= (V1) (p1p) = Y(Wrgp)p = YF(p! C-¥1))p =y F (p)p.

In order to prove the uniqueness of F, it suffices to note that if F/ € FU is such that, for every
j€J, F'(p?) = q;, then F'(p? (#¥P)) = opgqip = F(p? ¥¥P) for all j € J and (p,,p) € U. Thus,
for every p € P, F'(p) = F(p). O

Given (p7)f:([1]) € 6(U) and (qj)f:([{) € xf:([{)S?(pj), denote by F [(pj)f:(({),(qj)f:([{) the
unique F' € FY such that, for every j € {1,...,R(U)}, F(p’) = q;. The next result, which is an
immediate consequence of Lemma 4 and Proposition 5, provides a formula to count the elements
in 7Y, when a system of representatives is known. That formula is important under a theoretical
perspective (see, for instance, the proof of Theorem 7) but it can also be useful in practical situations
as shown in Section 7.

Proposition 6. Let (pj)f:([{) € 6(U). Then the function
R(U ; R(U \R(U R(U
P08t @) = L 1 (@) = F o0 )] (12)

is bijective. In particular, |[FY| = Hf:(g]) 1SY (p7)].

Let us introduce now a crucial definition. A subgroup U of G is said to be regular if, for every
peP,
there exists ¥, € S, conjugate to pg such that

Staby (p) C (S, x {id} x {id}) U (Sh x {tx} x {po}) -
Note that, within our notation, two permutations 01,09 € S,, are conjugate if there exists u € S,
such that o7 = uoou™t. If U is regular and W < U, then W is regular too, because Staby(p) =
W N Staby (p). In particular, G is regular if and only if each subgroup of G is regular. The next
theorem shows the deep impact of the concept of regular subgroup in our research.

(13)
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Theorem 7. FU # @ if and only if U is reqular. Moreover, if U is reqular, then (QL%J L%J!)R(U)

divides | FY|.

Proof. Assume that FU # @ and pick F € FY. Fix p € P and define ¢, = F(p)poF(p)~* .
Given (p,1,p) € Staby(p), let us prove that p = id implies ¢ = id, and p = po implies ¢ = 1.
Observe that F(p) = F(p'#¥)) = ¢F(p)p. As a consequence, if p = id then we get F(p) = ¢ F(p)
and thus ¢ = id; if p = pg we get F(p) = vF(p)po and thus, due to |pg| = 2, we find that

U =F(p)poF(p)" = s
Next assume that U is regular and fix p € P. Let 1, = upou!, for a suitable u € S,,, as in
(13). We show that

SY(p) = { L(N) if Staby(p) < Sp x {id} x {id}

uCs, (po) if Staby(p) £ Sp x {id} x {id}.
The first fact is a trivial consequence of the definition of SY(p). Assume now that there exists
(04, s, po) € Staby(p). By the regularity of U, the only elements of Staby (p) affecting SV (p) are
those belonging to Sy, x {1} x {po}, so that SV (p) = {q € L(N) : v.qpo = q}. However,

a€Sp) e Yi=qroat & polulq) = (urg)po
& ul'qgeCs,(po) < qe€uCs,(po),

which means SV (p) = uCs, (po)-
Since [£(N)| = n! and it is well known that |Cs, (po)| = 2L2)[ 2 ]!, we also get

Y () { o Sty E Sodid i)

2L5)( 2|1 if Staby(p) £ Sy x {id} x {id}.

Thus, by Proposition 6, | FY| > 1. Moreover, since Cs, (pg) < S,, we have that |Cs, (pg)| divides
n! and then (213 L%J!)R(U) divides |FU|. o

4.2 U-symmetric minimal majority rules

We start our study of FU; with a preliminary lemma dealing with the behaviour of the set Cy(,)(p)

with respect to the action of U.

Lemma 8. Let v € NN (h/2,h], p € P and (p,1,p) € G. Then C,(p»¥P)) = »C,(p)p,
V(p(¢,¢,p)) =v(p) and cy(p(w,p))(p(w,w,p)) - wCu(p) (p)p.
Proof. By Lemma 10 in Bubboloni and Gori (2014) we know that C,,(p(#¥») = 4C,(p) for all
p € P and all (¢,v,id) € G. Since, by (9), cy(p(w,w,po)) — C’y((p(%l/),id))(Zd,zd,po)), We can prove
the first part of the statement showing that, for every p € P, we have

C, (pli 4 4#0)) = C, (p) po.

(id,idspo) _ pipo and recalling that |pg| = 2, we immediately have

4

Cu(p(id’id’p")) ={qe L(N):Vz,ye N,{i € H:x>,,,, y}| >v=10>,y}

However, due to p

={qge L(N):Vz,ye N,{i € H:y >p, x}| > v =y >qp, x}
={qipo € LIN):Va,y e N,{i € H : y >p, z}| > v =y >4 x} = Cu(p)po.

-

In order to complete the proof, note that |C, (p(¥¥+?))| = |C,(p)| and thus C,(p¥¥*) # & i
and only if C,(p) # @, that is, v(p¥¥)) = v(p). It also follows that C’V(pw,w,p))(p(“”w’p))

Co(p) (PO VP) = Cy,) (p)p. O
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For every p € P, define the set

S5 (p) = ST (p) N Cup) (p)-

Lemma 9. Let F € FU. . Then, for every p € P, F(p) € SY(p).

min

Proof. Let p € P. Since F € FY, by Lemma 4, we know that F(p) € SY(p). Moreover, as
F € Fuin, we also have that F(p) € Cy(,)(p). Thus F(p) € SY (p). O

Proposition 10 below is analogous to Proposition 6. We stress that it is a fundamental tool to
prove Theorem 11.

Proposition 10. Let (pj) ) e S(U) and f defined as in (12). Then
f( R(U SQ ( )) ‘Fgll‘l

In particular, |FY, | = HR(U 1S5 (p7)].

Proof Set S = XR(U SY(p?) and J = {1...,R(U)}. In order to prove that f(S) C FU. | le
(qj)j 1 ) € S and prove that F = F [( ) 7([{), (g );%((1] } € FU. . By Proposition 6, we immediately

have that F € FY. Consider now p € P. Then there exist j € J and (p,%,p) € U such that
p = pl@¥P)  As, for every j € J, we know that q = F(p’) € C’y(pj)(]ﬂ), by Lemma 8, we also
have ) )

F(p) = ¢qip € vCyopiy(P?)p = Cpipi ov.0) (P (ev:0)) = Cuip)(p),

as desired.
In order to prove that FU, C f(9), let F e FY.

mimn — min

by Lemma 9, we immediately have (qj) ) € S and since F = f ((q]) w )) we get F e f(S). O

and define, for every j € J, ¢; = F(p’). Then
j=1

The following theorem emphasizes the importance of regular groups. Indeed, it shows that those
groups are consistent not only with the symmetry of rules, as established in Theorem 7, but also
with the minimal majority principle. Its quite technical proof can be found in Section 8.

Theorem 11. # @ if and only if U is regular.

mln

5 Regular groups

Due to Theorems 7 and 11, it is important to find some simple criteria to check whether a group
is regular or not. In this section we characterize those groups via two properties that, as shown
in Section 6, are simple to verify in some remarkable situations. To present that characterization
result, we need to say something more about permutations.

5.1 Orbits and types of permutations

Fix o € Sym(X). For every x € X, the o-orbit of x is defined as 2{”) = {¢™(z) € X : m € N}. It is
well known that |{?)| = s if and only if s = min{m € N : ¢™(z) = }. The set O(c) = {z{?) : z €
X} of the o-orbits is a partition of X, and we denote its order by r(c). A system of representatives
of the o-orbits is a vector (xj);gl) € X" such that O(c) = {z{”, ... ,xi‘(fi)} Note that

X={o"(zj) e X:meN,je{l,...,r(0)}}, (14)
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and
for every m,¢ € N, and j1,j2 € {1,...,r(0)},

o™ (zj,) = ot(x;,) if and only if j; = jo and |:v | divides ¢ — m.

(15)

A system of representatives of the o-orbits (xj)r(a) € X"(?) is called ordered if |x<0>\ > |x<‘7>| for

all j1,72 € {1,...,7(0)} with j; < js.
Given k € N7 the set of partitions of k is

H(k‘): 7,1{/\ 1ENT'Z§:1/\]':]€,>\1Z...Z}\T}.

Let us consider now the well known surjective function

T Upen Sk = Upen 1K), 0 T(o) = (T3(0))}7) = (j={7 )57,

where (J;j);fl) is any ordered system of representatives of the o-orbits. Note that T" is well defined
since T'(0), called the type of o, does not depend on the particular ordered system of representatives
of the o-orbits chosen. Note also that if o € Si, then T'(o) belongs to II(k). Moreover, the number
of components equal to 1 in the vector T'(o) is equal to the number of fixed points of o, and
|o] = lem(T(o)). For instance, if o = (123)(456)(78) € Sy, then r(o) = 4, an ordered system of
representatives of the o-orbits is (1,4,7,9) € {1,...,9}*, the type of ¢ is T(0) = (3,3,2,1) € T1(9),
and |o| =lem(3,3,2,1) = 6.

The theoretic importance of the concept of type relies on the fact that two permutations are
conjugate if and only if they have the same type. Looking at the specific purposes of the paper,
we are going to see how checking the regularity of a group U < G reduces to check, for every
(p,%, p) € U, some arithmetical properties of the order of ¢ and the type of .

Given a prime m and o € |J; oy Sk, We set |0|r = max{7® : a € NU{0}, 7 | |o]}.

5.2 Characterization of regular groups
Theorem 12. Let U < G. U is regular if and only if the two following conditions are satisfied:
a) if (¢,,id) € U is such that ¢ # id and 7 is a prime with ||, = 7 for some a € N, then

7t ged(T'());
b) if (0,0, po) € U is such that 1? =id and 1 is not a conjugate of po, then 24 ged(T(p)).

Proof. We first prove that conditions a) and b) are necessary for the regularity of U.

We begin showing that if a) does not hold, then U is not regular. By assumption there exist
g = (p,¢,id) € U with ¢ # id, a prime 7 and a € N such that 7% = |[¢|, | ged(T(p)), which
means that each ¢-orbit has order divisible by 7. Consider the positive integer m = |¢|/7®* and
let g™ = (o™, ™, id) € U. Set g™ = §, ¢™ = ¢ and ™ = 1. Since 7 { m, each @-orbit has
order divisible by 7, that is, 7% | ged(T()); moreover, by construction, || = 7% > 1. Let (i])7(wl)
be an ordered system of representatives for the ap—orblts so that, by (14), H = {¢"(i;) : k €
N,j e {l,...,7(¢)}}. Let p € P be defined by pgr( =% for all j € {1,...,7(®)} and k € N.
We show that the definition of p is well posed. Let Q% (i) = ¢ (ijy)s for some k,¢ € N and
J1,72 € {1,...,7(¢)}. Then, by (15), we have j1 = jo and T}, (9) | £ — k. So we also have 7% | £ — k
and, since |w| = 7%, we finally obtain % = 9)’. We now see that p? = p, that is, for every i€ H,
Po(i) = = tp;. Pick i € H; then there exist j € {1,...,7(¢)} and k € N such that i = ¢*(i;) and
thus Dp(i) = Pp(pk(iz)) = Pprti(iy) = 1[)k+1 = 1/;p¢k(ij) = 1/;pi. So we have ((,27,1[),7,(1) € Staby (p), with
1& = id, which implies that U is not regular.

Next we show that if b) does not hold, then U is not regular. By assumption there exists

g = (p,1,po) € U with ¢? = id and 1 not a conjugate of py such that 2 | ged(T'(p)). Let (i; )T(“D)
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be an ordered system of representatives for the ¢-orbits, so that, by (14), H = {¢*(i;) : k € N, j €
{1,...,7(¢)}}. Let p € P be defined by p,r¢;,) = Wk, for all j € {1,...,7(p)} and k € N. Since
¥? = p¢ = id, this simply means Pok(iy) = id for k even and Pyork(i;) = ¥po for k odd. We show
that the definition of p is well posed. Let ©*(i;,) = ¢’(i;,), for some ji,j2 € {1,...,7(p)} and
some k,¢ € N. Then, by (15), j1 = jo and T}, () | £ — k, which implies 2 | £ — k and therefore
Wk § = wepé. We claim that p? = p, that is, for every i € H, p,;) = ¥pipo. Pick i € H; then there
exist j € {1,...,7(¢)} and k € N such that i = ©*(i;), and thus pu()y = Pu(r,) = Per+i(,) =
PhHLphtl — YDk (i,)P0 = Ypipo. So we have (¢,1, po) € Staby (p), with ¥ not conjugate to py and
thus U is not regular.

Let us prove now that conditions a) and b) are sufficient for the regularity of U. First of all, we
show that, for every p € P,

(0,9, id) € Staby (p) = [ | ged(T'()). (16)

Namely, from p»%4) = p we get Doy = ¥pi for all i € H and thus also pyky = YFp; for all
ke Nandall i € H. Let (z]);(fl) be an ordered system of representatives for the p-orbits. Then
1) (ij) = ij and so p;; = Pty i) = YTi@p, . which says ¢7/(?) = id. Therefore, for every
je{l,...,r(@)}, [¥] | T;(p), that is, [¢] | ged(T ().

Let now p € P be fixed. In order to get the regularity of U, we first prove that, for every
(¢,1,1d) € Staby(p), we have ¢ = id. Consider then g = (p,%,id) € Staby(p) and assume by
contradiction that ¢ # id. Thus, there exists at least one prime 7 with ||, > 1, say |¢|, = 7*
for some a € N. Moreover, there exists m € N such that 7 { m and [¢p™| = 7®. Since Staby(p) is a
subgroup of U, we have that ¢"™ = (¢™,¢™,id) € Staby (p). Thus, by (16), 7 = |[¢™]| | ged(T(p™)).
Yet, it is easily observed that ged(T'(¢™)) | ged(T(v)) and so we also have 7% | ged(T'(p)), against
condition a). We finally need to show that there exists ¥, € S, conjugate to py such that, for
every (¢,1, po) € Staby(p), ¥ = ¢,.. Consider g = (¢, 1, po) € Staby(p) and first prove that ¢ is
a conjugate of pg. Note that g2 = (2,12, id) € Staby (p) and thus, by the previous case, ¥? = id.
Assume, by contradiction, that v is not a conjugate of py. Since g € Staby (p) < U, we have that
Per(iy = YFpipg for all k € N and all i € H. Due to ¢* = pj = id, that means p,r ;) = p; for
k even and pyk;y = ¥pipo for k odd. If there exists a p-orbit i{?) of odd order k, then we have
Di = Dok (i) = ¥Ppipo and therefore 1 = p;pop; s a conjugate of po, against our assumption. So, for
every j € {1,...,7r(¢)}, Tj(p) is even, which contradicts condition b). Thus, we are left with proving
that if g = (©,%,p0), ¢ = (¢, ', po) € Staby (p) then ¢ = ¢’. This is immediately done noting
that gg'~1 = (¢’ =1, y'~1,id) € Staby (p) which, as already proved, implies 13’1 = id. O

6 Subcommittees and subclasses

In this section we focus on rules that are anonymous with respect to subcommittees, neutral with
respect to subclasses and reversal symmetric. To begin with, let us formalize those versions of the
principles of anonymity and neutrality in terms of U-symmetry.

Given B = {B;};_; a partition of H, we define

V(B)={p € Sh:9(B;)=B; forall j €{l,...,s}},
and given C' = {Cy}!_, a partition of N, we define

W(C)={y €S, :¢Y(Cy)=Cy forall ke {1,...,t}}.
Note that V(B) is a subgroup of S, and W(C) is a subgroup of S,,. Moreover, V({H}) = S, and
W({N}) =5,.
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A rule is said to be anonymous with respect to a partition B of H, briefly B-anonymous, if it
is V(B) x {id} x {id}-symmetric. A rule is said to be neutral with respect to a partition C' of N,
briefly C-neutral, if it is {id} x W(C) x {id}-symmetric. Thus, referring to the discussion carried
on in the introduction, if B is interpreted as the set of subcommittees in which H is divided, then
B-anonymous rules are those rules which do not distinguish among individuals belonging to the
same subcommittee. Analogously, interpreting C' as the set of subclasses in which N is divided,
we have that C-neutral rules are those rules equally treating alternatives within each subclass.
Note also that, because of Proposition 3, a rule is B-anonymous and C-neutral if and only if
it is V(B) x W(C) x {id}-symmetric. Similarly, a rule is B-anonymous, C-neutral and reversal
symmetric if and only if it is V(B) x W(C) x Q-symmetric.

Using Theorems 11 and 12, we can now prove the main result of the paper, that is, Theorem
15 below. It provides simple tests to check whether, given a partition of individuals into subcom-
mittees and a partition of alternatives into subclasses, there exists a minimal majority rule which
is anonymous with respect to the considered subcommittees, neutral with respect to the considered
subclasses and possibly reversal symmetric.

Lemma 13. Let B = {B;};_; be a partition of H and C = {Ck}i_, be a partition of N. Then,
for every (v,v,p) € V(B) x W(C) x 2, we have

ged(T(p)) | ged(|B;|)j=y  and  [¢] | lem(|Ck )iy

Proof. Let (p,1,p) € V(B) x W(C) x Q. Since ¢ € V(B), each element of O(¢p) is a subset of a
suitable element of B, which immediately implies gcd(T'(¢)) | ged(|B;);-;. On the other hand, since

¥ € W(C), we have that ) = uy - - - u for suitable pairwise commuting permutations u, ..., us € S,
such that, for every k € {1,...,t}, uy fixes all the elements in N \ Cj, so that |ug| | |Ck|!. As a
consequence, we have that |¢| = lem(|uq|, ..., |u]) and then |¢| | lem(|Ck|!)i_;. O

Theorem 14. Let B = {B;}3_, be a partition of H and C = {Cy}}._, be a partition of N. Let
|Cl| = max{|Cy|},_;. Then:

i) V(B) x W(C) x {id} is regular if and only if

ged (ged(1B; )51, [Cr- 1) = 1 (17)
it) V(B) x W(C) x Q is regular if and only if

ged (gcd(\BjD;:l, lem(2, \Ck*\!)) =1. (18)

Proof. Let Uy =V (B) x W(C) x {id} and Uy = V(B) x W(C) x Q.

We first prove statement ii). Assume that condition (18) holds true and show that U is regular.
By Theorem 12, we need to show that conditions a) and b) are satisfied. Let (¢, v,id) € Uy with
¥ # id and 7 be a prime such that |[¢|, = 7@ for some a € N. By contradiction, assume that
7 | ged(T(yp)). By Lemma 13, ged(T(¢)) | ged(|Bjl)5—; and [¢] | lem(|Ck[)fz; = [Cr-[!. In
particular, m | ged(|B;])j=; and 7 | [Cg+|!, so that 7 | ged (gcd(|Bj|)§:1, lem(2, |Cy-[!)) = 1 and
the contradiction is found. Let now (p,1, pg) € U with ¥? = id, 1 not a conjugate of py and, by
contradiction, assume that 2 | ged(T'(¢)). Then by Lemma 13, we get 2 | ged(|B;|);_;. Therefore,
2 | ged (ged(|B;)5=y, lem(2, |Cy-

Assume next that there exists a prime 7 such that 7 | ged (gcd(\BjD;:l, lem(2, |Cy-]!)) , and
show that Us is not regular. Note that 7 | |B;| for all j € {1,...,s}. If |Ck-| = 1, then 7 = 2 and
we show that condition b) in Theorem 12, fails. Indeed, choose ¢ € S}, cyclically permuting all the
elements in B; for all j € {1,...,s}, and consider (¢, id, py) € U. We have that id? = id and id is
not conjugate of pg, because |po| = 2. However, by the definition of ¢, 2 | ged(T'()) = ged(|B;);5-;-

1)) =1, a contradiction.
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If |Cy+| > 2, then 7 | |Cy+|!, that is, 7 < |Ck+|. We show that condition a) in Theorem 12, fails.
Choose ¢ € S}, cyclically permuting all the elements in B; for all j € {1,...,s}, and ¢ € S, acting
as a cycle of length 7 on the set Cy~ and leaving fixed any other element in N. Clearly, ¥(Cy) = Cy
for all k € {1,..., 1}, s0 that (¢, ,id) € Up and 7 = || = || | ged(T(¢)) = ged(|B; )i

We now prove statement i). Assume that condition (17) holds true and show that U; is regular.
If |Ci«| = 1, then Uy < Sy, x {id} x {id}, so that U; is regular. If instead |Ci«| > 2, then (17)
implies (18), and so, by ii), Us is regular. Since Uy < Us, Uy is regular too.

Assume next that there exists a prime 7 such that 7 | ged (ged(|B;])3—;, |Ci-[!) , and show that
Uy is not regular. Note that 7 | |B;| for all j € {1,...,s}, and 7 | |Cy+|!, that is, 7 < |Cg+|. Thus,
the same argument used to conclude the proof of statement ii) shows that condition a) in Theorem
12 fails. O

Theorem 15. Let B = {B;}3_, be a partition of H and C = {Cy}}._, be a partition of N. Let
|Cl+| = max{|Cy|},_;. Then:

i) there exists a minimal magjority rule that is B-anonymous and C-neutral if and only if
ged (ged(|B;])5-1, [Cr-|!) = 1

i1) there exists a minimal majority rule that is B-anonymous, C-neutral and reversal symmetric
if and only if
N) =1

Proof. Apply Theorems 11 and 14. O

ged (ged(|B; )52y, lem(2, [Cy-

It is worth noting that if C' has an element which is not a singleton, then the existence of
a minimal majority rule that is B-anonymous and C-neutral is equivalent to the existence of a
minimal majority rule that is B-anonymous, C-neutral and reversal symmetric.

We propose now some simple but interesting consequences of Theorem 15. Corollary 16 shows
that we can always build a neutral and reversal symmetric minimal majority rule that allows all
individuals but one to be anonymous. That special type of partial anonymity can be naturally
associated with the presence of a president in the committee. Corollary 18 generalizes Theorem 14
in Bubboloni and Gori (2014) to rules also satisfying reversal symmetry.

Corollary 16. Let B = {By, B2} be a partition of H such that By is a singleton. Then, for every
partition C' of N, there exists a minimal magjority rule that is B-anonymous, C'-neutral and reversal
symmetric.

Proof. Observe that ged(|B1], |Bz]) = 1 and apply Theorem 15. O

Lemma 17. The following conditions are equivalent:
i) G is regular;
i1) Sp x Sy x {id} is regular;
ii1) ged(h,n!) = 1.
Proof. i) = ii). This immediately follows from Sj, x S, x {id} < G.

il) = iii). Let S, x S, x {id} be regular. Given a prime 7 with 7 < n, we need to show that
71 h. Consider ¢ € S, a cycle of length 7, ¢ € S}, a cycle of length h and (¢, v, id) € S, x S, x {id}.
Then by Theorem 12, m = |¢| { gcd(T(p)) = h.

iii) = i). Let ged(h,n!) = 1. Since G = V({H}) x W({N}) x Q, we immediately get the
regularity of G using Theorem 14. O
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Corollary 18. The following statements hold true:

i) there exists an anonymous and reversal symmetric minimal magjority rule if and only if h is
odd;

i1) there exists a neutral reversal symmetric minimal majority rule;
ii1) there exists an anonymous and neutral minimal majority rule if and only if ged(h,n!) = 1;

iv) there exists an anonymous, neutral and reversal symmetric minimal majority rule if and only
if ged(h,n!) = 1.

Proof. i) By Theorem 11, we have to study the regularity of U = Sp x {id} x Q. Note that
U=V(B)xW(C)xQ, where B={H} and C = {{i} : i € {1,...,n}}. Then, by Theorem 14, we
have that U is regular if and only if ged(h,2) = 1, that is, h is odd.

ii) By Theorem 11, we have to study the regularity of U = {id} x S, x Q. Note that U =
V(B) x W(C) x Q, where B = {{i} :i € {l,...,h}} and C = {N}. Then, by Theorem 14, we get
that U is regular .

iii) By Theorem 11, we have to study the regularity of U = S}, x S,, X {id}. By Lemma 17, we
know that U is regular if and only if ged(h,n!) = 1.

iv) By Theorem 11, we have to study the regularity of G. By Lemma 17, we know that G is
regular if and only if ged(h, n!) = 1. O

7 Some applications

The algebraic approach we employ has the advantage to provide a method to potentially build and
count all the rules belonging to FY and FY,, for all U < G regular. In this section we show how

to perform such computations in two simple cases.

7.1 Three individuals and three alternatives

Let h = n = 3 so that H = {1,2,3}, N = {1,2,3}, |P| = 6% and pg = (13). In this case, by
Corollary 18, there is no anonymous, neutral and reversal symmetric minimal majority rule because
ged(3,3!) # 1. Consider then the partition B = {{1,2},{3}} of H distinguishing individual 3, who
can be thought, for instance, to be the president of the committee, and the partition C = {N}
of N. Corollary 16, guarantees the existence of B-anonymous, neutral and reversal symmetric
minimal majority rules, that is, U-symmetric minimal majority rules, where U = V(B) x S3 x Q.

Note that U has order 24 and if (p,%,p) € U, then ¢(3) = 3. By Propositions 6 and 10, we can
completely describe these rules by finding a system of representatives of the U-orbits P = (p’ )f:([{),
and determining, for every j € {1,..., R(U)}, the sets SY (p’).

Since, for every p € P, the orbit pU contains a preference profile with preference relation
associated with individual 3 given by id, we construct P by selecting the preference profiles in

pid — {p € P : p3 = id}. We claim that if p € Pid_ then

StabU(p) <T= {(Zdv ida Zd)7 ((12)’Zd7 Zd)v (Zda )007/)0)7 ((12)7p0a pO)}'

Namely, since ps = id, if (¢,1, p) € Staby (p), then we also have pg“o’w’p) = id. Moreover, ¥p = id,

so that ¢ = p~! = p. In other words, Staby(p) < {(v,p,p) : ¢ € {(12),id}, p € Q} = T. It
immediately follows that, for every p € P, we have

sU( ):{ L(N) it Staby(p) N {(id, po, po), ((12), po,p0)} = @
' Qi Stabu(p) N {(id, po, po), ((12), p0s po)} % 2,
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since the centralizer Cg,(po) is equal to .

Note that T is a group of order 4 which is generated by ((12),d, id) and (id, pg, po). In particular,
for every p € P, we have that |Staby (p)| divides 4 and therefore, recalling (11), we get {|pY| : p €
P} C {6,12,24}. We split the set PU of U-orbits into the three disjoint subsets

A={p" ePV pY| =6}, B={p" eP?:pY|=12}, c={p" ePY:pY| =24},

and put @ = |A|, b= |B|, ¢ =|C|. Since the U-orbits give a partition of P, we have 6a+12b+ 24c =
63, that is,
o+ 2b+ e = 36. (19)

We construct P selecting separately a set of representatives for the orbits in A, B and C. Let
p = (0, p|id) € P, where o, u € S3. The symbol | is introduced to put in evidence the elements
of the partition B. If pV € A, then Staby(p) = T. From ((12),id,id) € Staby(p), it follows that
o = u, while (id, po, po) € Staby (p) gives poopy = o and therefore o € Cs,(pg) = Q. Thus, we have
just two choices for p given by p' = (id,id|id) and p? = (po, po|id). Both of them lie effectively
in A and (p")Y # (p?)V because p' has three equal components while p? has not. This proves
a = 2 and gives the first two representatives in P. Next let pV € B. Then |Staby(p)| = 2, so
that Staby(p) is generated by one element belonging to {((12),id, id), (id, po,po), ((12),po,po)}-
We analyse, by a case by case argument, those three possibilities leaving some easy details to
the reader. Staby(p) = (((12),4d,id)) if and only if ¢ = p, with o ¢ ; the preference profiles
p3 = ((132),(132) |id) and p* = ((23),(23)|id) generate distinct orbits, while ((123), (123) |id) €
(p*)Y and ((12), (12)|id) € (p*)Y. Staby(p) = ((id, po, po)) if and only if o = id and pu = po or
o = po and p = id; these choices lead to preference profiles both in the orbit of p° = (id, po | id).
Staby (p) = (((12), po, po)) if and only if u = poopg, with o & Q; this gives the two distinct orbits
()Y and (p")Y, where p® = ((123), (132) | id) and p” = ((12),(23)|id). It is easily checked that
no coincidence is possible among the orbits (p/)V for j € {3,...,7}, and thus b = 5. By relation
(19), we then have ¢ = 6 and R(U) = 13. As a consequence, we are left with finding 6 preference
profiles whose orbits are distinct and in C. It can be easily proved that the desired representatives
are p8,...,p" in the list below, where we explicitly write in the matrix form all the representatives
for the U-orbits:

1 1|1 3 3|1 3 3|1 1 11
=12 2|2, p*= 212, pP=|1 1|2, p'=1|3 2 |,
| 3 3|3 | |1 1|3 ] 2 3 ] |2 2|3 |
1 3]1] (2 3]1] 2 1)1 1 21 ]
pPP=12 2121, =3 1|2, p’=|1 32|, P =2 1|2],
|3 1|3 |1 2|3 ] | 3 2|3 ] | 3 3|3 ]
1 21 3 3|1 3 1|1 2 11
P=12 3|21, pP=|2 12|, pt=|2 3|2/, p*=]|3 3|2/,
3 1|3 1 2(3 1 23 1 23
2 2|1
p3=13 1|2
1 3|3

Little further work allows to get the following table:
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L I & ] Cs | 57 | 55 |

pt [ {1,237} {[1,2,3"} {[1,2,3]7,3,2,1]” {[1,2,3]"}
p’ [ {B.2.1]"} L£({1,2,3}) {[1,2,3]", 3,2, 1]} {B.2,17}
P BT} {237 [1,3.27, B L2 ) | £({1,2,3)) {33,1,2]}
p* {13,277 {[1.2,3]"[1,3, 2"} £({1,2,3}) {[1,3,2]7
p° || {[1,2,3]"} L£({1,2,3}) {[1,2,3]7,[3,2, 1]} {[1,2,3]"}
p° %] £({1,2,3}) {[1,2,3]7,3,2, 17} | {[1,2,3]",[3,2,1]"}
p | {0,237} | {[1,2,3]7,[2,1,3]7,[1,3,2]"} | {[1,2,3]",[3,2, 1"} {1,2,3]"
p® [ {[1,2,3]"} {1,2,3]",12,1,3"} L£({1,2,3}) {[1,2,3]"}
7 {5237 [ {[L,2,3]7.2, 1,37, 3,2, 1]7} L£({1,2,3}) {11,2,3]"}
p | {3, 1, 2]"} £({1,2,3}) £({1,2,3}) {3.1,2]"}
pt | {[1.3,2]7} L£({1,2,3}) L({1,2,3}) {[1.3.2]"}
p [ {0L,2,3]7) | {(1,2,3]",[2,1,3]7,[2,3,1]"} L£({1,2,3}) {[1.2,3]"}
p {2137} [ {[1,2,3]",[2,1,3]", 2,3, "} L({1,2,3}) {213}

Looking at the table and using Propositions 6 and 10, we deduce that |FV| = 21338 and | FY, | = 2.
In particular, there are only two U-symmetric minimal majority rules one for each possible choice
related to pS.

We finally observe that the rules in FY,
S defined in (8). Indeed, we have that FY,.
p € P, as

Thus, having found an agreement on the principles of minimal majority, neutrality, reversal sym-
metry and anonymity with respect to the subcommittees {1,2} and {3}, we have that committee
members are left with deciding which rule to employ between F; and Fy. Of course, if individual 3
is assumed to have more decision power than other individuals, then the choice of F} is definitely
more appropriate.

can be effectively described in terms of the function
= {Fy, F>}, where F; and F; are defined, for every

and  Fy(p) = {

7.2 Five individuals and three alternatives

Let h = 5 and n = 3 so that, as in the previous example, pg = (13). Since ged(5,3!) = 1, by
Corollary 18, there exists an anonymous, neutral and reversal symmetric minimal majority rule,
that is, a G-symmetric minimal majority rule where G = S5 x S5 x Q. In order to apply Propositions
6 and 10, we need a system of representatives of the G-orbits. Bubboloni and Gori (2014, Section
10) consider U = S5 x S5 x {id}, compute R(U) = 42, and construct a system of representatives
of the U-orbits P = (p")#2,. Here we extract from Pa system of representatives of the G-orbits
i\R(G)
P :( J)j:l :
In order to determine P, we scroll the list P starting from the beginning, inquiring if a certain
P’ has a stabilizer containing an element of the type (p,1,(13)) € G, with ¢ a conjugate of (13),
that is, v € {(12), (13),(23)}. If that happens, then [Stabg(p?) : Staby (p))] = 2, (5")¢ = (p")V and
SE(pY) = {q € L£({1,2,3}) : ¥q(13) = ¢}; in this case we put p’ in the list P. If that does not
happen, then there exists a unique k& € N with i < k < 42 such that (p°)¢ = (p")V U (p*)V and we
have SC(p') = £({1,2,3}); in this case we put * in the list P and eliminate p* from the list P.6

6 All the facts above are consequence of [G : U] = 2. Further details about this example can be found in Bubboloni
and Gori (2013).
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At the end of the described procedure we get the following list of representatives for the G-orbits,

expressed in the matrix form:

)

3

1

1 1
2 2 2 2 2
33 3 31

1

|

1 1 1 2
2 2 2 21
3 3 3 3 3

B

11111
pl=12 2 2 2 2
3 33 33

|
|

]

1112 2 111 3
1], p=12 2 2 2 2
33311
11121

Copl=12 2 2

2 2 21
3 3 3 3 3

| |

|

1
2 2 2 2 3
33 3 3 1

1

3 3 3 3 2

1 2
2 2 2 1 2
3 3 3 31

1 2
2 2 2 3 3
33 3 11

11

)

b

)

N — M A [aa RN\ EE ] a o - ™M — A
™M AN N~ ™M A oM A Ao
— ™ AN~ ™M A~ N~ ™M N — ™
— A ™ — O ™ — AN ™ — O ™ — AN ™
— AN ™ — O™ — AN ™ — O™ — AN ™
L L L L L
Il Il Il Il Il
N 0 0 — <
— — —~ [a] (o]
& SY & SY &
r r r r r
™ — A T AN - N — ™ — M A N
N~ ™ A~ ™ aN ™ T AN — M A
— ™M AN~ ™ A N~ ™M N — ™
— AN ™ — O ™ — A ™ — O ™ — A ™
— AN ™ — O™ — AN ™ — O™ — AN ™
L L L L L
Il Il Il Il Il
— < ~ o )
— — —~ [ (o]
& S & SY &
r r r r r
N ™M — A N — ™ a o - ™ — AN
N~ ™ a o - o AN - ™ — A M AN~
— ™M — ™M ™M AN ™M — A N — ™M
— A ™ — O ™ — A ™ — O ™ — A ™
— AN ™ — O™ — AN ™ — O™ — AN ™
L L L L L
Il Il Il Il I
o ™ © @ N
— — —~ — (o]
& SY & SY &

] |

26. Looking at the representatives, a simple but tedious computa-

A -
— M A
T AN -
AN~ ™
— O ™M
| I |
Il

©

Q

ISH
—
T — AN
A -
T AN -
— O™
— ™M
| I |
Il

0

3]

IS

In particular, we obtain R(G)

tion leads to the following table:
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Looking at the table and using Propositions 6 and 10, we deduce in particular that | F¢| = 226316
and |F&, | = 2. Then, there are only two possible anonymous, neutral and reversal symmetric
minimal majority rules, one for each possible social outcome associated with p?°. As [1,2,3]7
is present in p?® twice, while [3,2,1]7 only once, the choice of [1,2,3]7 could be judged more
appropriate.

We finally observe that FY, \ FS. # @ because, as proved in Bubboloni and Gori (2014,
Section 10), |FY. | = 18. That shows, as expected, that there are anonymous and neutral minimal

majority rules that are not reversal symmetric.

8 Proof of Theorem 11

Assume that FY, # @. Then FU # @ and, by Theorem 7, U is regular. In order to prove the
converse, assume that U is regular. By Theorem 7, we know that FV # & and then, for every p € P,
SY(p) # @. We are going to prove that, for every p € P, S¥(p) # @, as well. Indeed, by Proposition
10, that implies FU, # @. Of course, for every p € P such that Staby (p) < Sy x {id} x {id}, we
have SY (p) = L(N) so that S¥(p) = Cy(,)(p) # @. Thus, we are left with proving that, for every

p € P such that there exists (i, 1, pg) € Staby (p) with v conjugate to pg, we have SY (p) # @.

From now till the end of the section, let us fix p € P and (¢,, po) € Staby (p) with ¥ conjugate to
po. For simplicity of notation, we set v = v(p). Recall that, under the assumption that U is regular,
we have to prove that S¥ (p) = SV(p)NC,(p) # @ .

We are going to exhibit an element of the set SY(p), namely the linear order ¢ defined in
(24). The construction of ¢ is quite tricky and relies on some preliminary lemmas concerning the
properties of the relations ¥, (p) and X¢(p) defined in (20) and (21). Thus, the first part of the
section is devoted to the study of such relations.

First of all, being v a conjugate of py, we have that 1 has the same type of pg and, in particular,
|| =2. Let k =r(v), K={1,...,k}, and let (:fsj)?:l € N* be an ordered system of representatives
of the 1-orbits. Then, we have

OW) ={{z;,v(2;)} : j € K}

Note that if n is even, then k = %; [{Z;,9(Z;)}| = 2 for all j € K ¢ has no fixed point. If instead
n is odd, then k = 2L [{2;,¢(&;)}| = 2 for all j € K \ {k}; &y, is the unique fixed point of v.
Consider now the relation on N given by

Y,(p) ={(z,y) e Nx N:|{i€ H:xz >, y}| >v}. (20)

So (z,y) € ¥,(p) means that at least v individuals prefer z to y with respect to the preference
profile p. Observe that C,(p) = {f € L(N) : f 2 X, (p)} and since C,,(p) is non-empty, we have that
Y., (p) is acyclic. Note also that X, (p) is asymmetric and generally not transitive and not complete.
Thus, * >x, () ¥ is equivalent to >y, () y and implies x # y. We will write, for compactness,
x >, y instead of >y () y. Our first result is about the role of ¢ in the relation ¥, (p).

Lemma 19. Let x,y € N. Then x >, y if and only if ¥(y) >, ¥ (z).

Proof. Let xz,y € N and consider the two subsets of H given by A = {i € H : © >,, y} and
B ={ie H:Y(y) >p, ¥(x)} Clearly it is enough to show |A| = |B|. We do that proving that
p(A) € B and p(B) C A. If i € A, then we have x >, y and thus, by the properties (4) and (5),
we get Y(y) >ypipo ¥(x). But since (¢,9,po) € Staby(p), we have that 1p;po = py(;y and thus
V() >p,. Y(x), that is, p(i) € B. Next let i € B, that is, ¥(y) >p, 1 (). Arguing as before, we
get @ = Yih(z) >, ¥(y) =y, which means ¢(i) € A. O
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Given x,y € N with © # y, a chain v for X,(p) (or a X, (p)-chain) from z to y is an ordered
sequence x1,...,x;, with [ > 2, of distinct elements of NV such that z; = =, x; = y, and, for every
jged{l,...;l =1}, (zj,zj41) € Eu(p). The number [ — 1 is called the length of the chain, z its
starting point and y its end point.

Consider then the following relation on N,

%) = {(z,y) € N x N : there exists a ¥, (p)-chain from z to y}, (21)

and note that X% (p) 2 X, (p).
Lemma 20. XC(p) is asymmetric and transitive. Moreover, for every x,y € N, (z,y) € £ (p) if

and only if ((y), ¥(z)) € S (p).

Proof. Let us prove first that ¢ (p) is asymmetric. Let (x,y) € X5 (p). Then, there exists a 3, (p)-
chain from z to y, that is, there exist [ > 2 distinct z1,...,x; € N such that © = z1, y = z; and,
for every j € {1,...,1—1}, x; >, x,;41. Assume, by contradiction, that (y,z) € 5 (p). Then there
exist m > 2 distinct y1,...,Ym € N such that y = y1, © = y,,, and, for every j € {1,...,m — 1},
y;j >v Yj+1. Consider now the set A = {j € {2,...,m} : y; € {z1,...,21-1}}. Clearly, because
Ym = T1, we have m € A # &. Let us define then m* = min A, so that there exists I* € {1,...,l1—1}
such that y,,» = x;=. Then it is easy to check that xy«, xj=41,...,21,Y2,...,Ym~ is a sequence of at
least three elements in N, with no repetition up to the x;« = y,,«, which is a cycle in X, (p) and
the contradiction is found.

Let us prove now that %$(p) is transitive. Let (z,y), (y,2) € X5 (p). Then, by the definition
of Zf(p), there exist [ > 2 distinct x1,...,2; € N such that x = z;, y = x; and, for every
je{1,...,1—1}, x; >, z,41; moreover, there are m > 2 distinct y1, ..., ¥y € N such that y =y,
z = Ym, and, for every j € {1,...,m —1}, y; >, y;4+1. Consider then the sequence 7 of alternatives
L1,y T, Y2, Ym- We show that those alternatives are all distinct. Assume that there exist
ie{l,...,l} and j € {1,...,m} with z; = y;. Then we have a ¥, (p)-chain with starting point
x; and end point y as well as a 3, (p)-chain with starting point y and end point y; = x;, that is,
(zi,y) € X9(p) and (y, ;) € B9 (p), against the asymmetry. It follows that v is a chain from z to
2, so that (x,z) € £ (p).

We are left with proving that (x,y) € XS (p) if and only if ((y), v (x)) € 5 (p). Let (z,y) €
»%(p) and consider I > 2 distinct z1,...,2; € N such that = 21, y = 2; and, for every j €
{1,...,1 =1}, ; >, x;41. Defining, for every j € {1,...,1}, y; = ¥(x;—;+1) and using Lemma 19,
it is immediately checked that ¢ (y) = y1, ¢(x) = y; and that, for every j € {1,...,l=1}, y; >, yj41.
In other words, we have a X¢ (p)-chain from 1(y) to ¥(x), that is, (1(y),¥(x)) € X5 (p). The other
implication is now a trivial consequence of |¢)| = 2. O

In what follows, we write 2 <, y instead of (z,y) € X5 (p) and =+, y instead of (z,y) ¢ X9 (p).
As consequence of Lemma 20, for every z,y,z € N, the following relations hold true: x <, x;
x <, y implies y %, z; x <, y and y <, z imply = <, z; © <>, y is equivalent to ¥ (y) <, ¥(x).
Define now, for every z € N, the subset of N

I(z)y={zeN:x <=, 2}

Note that z ¢ I'(z) and that it may happen that I'(z) = @. This is the case exactly when, for every
r € N, the relation x >, z does not hold. Define now the subset of IV

L =U,en[T(2) NT((2))].

This set represents those alternatives © € N from which we can reach, by a ¥, (p)-chain, both =
and 1(z), for some z € N. Our idea is that I" collects those alternatives which necessarily belong to
the superior half part of each vector in S¥(p), because the majority relations implied by p oblige
them. Symmetrically, 1)(I") collects those alternatives which necessarily belongs to the inferior half
part of each vector in SY (p). To make that fact explicit we proceed by steps.
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Lemma 21. Letx,y € N. Ify €T and x —, y, then x € T.

Proof. Let x,y € N and x <, y with y € I'. Thus, there exists z € N such that y <, 2z and
y <, ¥(z). By transitivity we conclude that also x <, z and x <, ¥(2), that is, z € T. O

Lemma 22. The following facts hold true:
i) T ) = o,
it) if n is odd, then & ¢ T U (T). Moreover, if x € T, then &y %, x;
ii) for every x € N, |[{z,¢(x)} NT| < 1.
Proof. 1) Assume that there exists z € N with « € T' and = € ¢(I'). Since |¢| = 2, this gives
Y(x) € T, so that there exist z,y € N with

Tz, v p(2), Y(@) 2wy, (@) o Y(y). (22)
By Lemma 20 applied to the second and fourth relation in (22), we also get
Z = 1/)(55)7 Y X (23)

From (22) and (23) and by transitivity of <, we deduce that ¢(z) <,  and x <, 1(x), against
the asymmetry of ¥¢ (p) established in Lemma 20.

ii) Assume that £, € T' U ¢(I'). Then, by i), we have 2, = ¢¥(2,) € T' N (') =
contradiction. Next let x € T' and & <, x. Then, by Lemma 21, we also have &) €
contradiction.

iii) Assume there is * € N such that both x and ¥ (x) belong to I'. Then x € ¥(T') and so
x el NyY() = o, against i). O

g, a
I, a

Lemma 23. Let n be odd and x € N. Then:
i) © <=, & implies {x,Y(x)} NT = {a};
i) Tx <>y, x implies {z,¥(z)} NT = {Y(x)}.
Proof. i) From x <, %y, we get € I'(Zx) C I" and thus Lemma 22 i) gives ¢(z) ¢ I". It follows

that {z,¢¥(z)} NT = {z}.
i) From & <, x, using Lemma 20, we obtain ¢ (z) <, Zj and i) applies to ¥ (z), giving

{z,¥(x)} NT = {(z)}. O
Given X C N, define
Colp, X) ={f € LX) : f 2 5u(p) N (X x X)}.

Note that C,(p, N) = C,(p). Note also that if Y C X C N and f € C,(p, X), then the restriction
of f toY belongs to C,(p,Y).

For every j € K, consider {Z;,(Z;)} NI'. By Lemma 22 iii) the order of this set cannot exceed
1. Define then the sets

J={je K:|{&;,¥(&;)} NT|

1}y, J ={je K\ J:|{&;,¢(%)} =2}

Of course, for every j € K\ J, {Z;,¥(&;)} NT = @. Note also that, when n is even, we have
JUJ* = K; if n is odd, by Lemma 22 ii), we have JU J* = K \ {k}. For every j € J, let us call y;
the unique element in the set {z;,¢(&;)} NT so that I' = {y; : j € J}.

Consider now the subset of N defined by

24



and note that 7' D T". We consider the relation ¥, (p) N (T x T). That relation is acyclic, because
included in the acyclic relation X, (p), and thus we have C,(p,T) # @. Let f € C,(p,T) and for
j € J*, let y; be the maximum of {&;,1(Z;)} with respect to f, so that y; >, ¥(y,). Define

M={y;:jeJUJ}

Observe that if n is even, then M Uy(M) = N; if n is odd, then M Uyp(M) = N\ {Z}. Moreover,
we have [M| = 5|, M N¢Y(M) =@ and I' € M C T. The restriction of f € C,(p,T) to M is a
linear order g € C\,(p, M), say

g=lan,....a;3]]"

where M = {ay, ..., ajz| }. Finally, consider the linear order on N given by

. [al,...,aL%J,w(aL%J),...,w(al)]T if n is even (24)
a1, yaps ), @k ¥(ags)),. .. d(ar)]” ifnis odd,

and prove that ¢ € SY (p). Note that in the upper part of ¢ there are the alternatives in M and in
the lower one those in ¢(M); in the odd case, the fixed point &y of ¢ is ranked in the middle, at

s _ ntl
the position k = *7=.

By construction, we have that ¢ gpg = ¢, which implies, due to the regularity of U, that ¢ €
SY(p). As a consequence, we have that, for every z,y € N,

y >4 ¢ if and only if ¢¥(z) >4 ¥(y). (25)
Indeed, by (4) and (5), we have

Y>qT S Yy T S Ty y & (r) >qU(y).

In order to complete the proof we need to show that ¢ € C,(p), that is, that for every z,y € N,
x >, y implies ¢ >, y. Since when n is even we have N = M U (M) and when n is odd we have
N =M Uy(M) U {2}, we reduce to prove that, for every z,y € M:

a) = >, y implies >, y;
b) « >, ¥(y) implies x >, ¥(y);
) (@) >y () implies P(z) >, ¥(y);
d) ¢(z) >, y implies ¥(x) >4 v,
and, in the odd case, showing further that, for every x € M:

C

e) x>, Ty implies x >, x;
f) & >, x implies & >4
g) $(x) >, & implies ¥(x) >, dx;
h) & >, ¥(x) implies & >, Y(x).

Fix then z,y € M and prove first a), b), ¢) and d). Note that x # ¥(z) and y # ¥ (y), because we
have observed that if ¢ admits the fixed point Zy, then &) ¢ M.

a) Let x >, y. Since g € C,,(p, M), we have x >, y and then also z >, y.
b) By the construction of ¢, for every x,y € M, we have z >, ¥(y).

c) Let ¢(x) >, ¥(y). Then, by Lemma 19, we also have y >, = and by a) we get y >, =, which
by (25) implies ¥(x) >4 ¥(y).
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d) Let us prove that the condition ¢ (z) >, y never realizes. Indeed, assume by contradiction
¥(x) >, y. Then, by Lemma 19 we also have ¢(y) >, z. If y € T, then, by Lemma 21, we
have ¢¥(z) € T C M and thus © € M Ny(M) = &, a contradiction. Thus, we reduce to the
case y € I'. If x € T, then, again by Lemma 21, ¢)(y) € ' C M and we get the contradiction
y € MNyY(M)=o. If instead x ¢ T', then z,9(x),y,¥(y) € T. As a consequence, P(z) >, y
implies ¥(x) >y y and ¢(y) >, = implies ¥(y) >; x. Moreover, as y is the maximum
of {y,¥(y)} with respect to f, we also have y >, 1¥(y). By transitivity of f, we then get
(z) > x, which is a contradiction because x is the maximum of {z,(x)} with respect to

f.
Assume now that n is odd. Then fix z € M and prove e), f), g) and h).

e) This case is trivial, because, by the construction of ¢, for every x € M, we have x >, y.

f) Let us prove that it cannot be &y >, x. Assume, by contradiction, & >, . Then, by Lemma
23 ii) we get ¥(z) € T C M, against M Nyp(M) = 2.

g) Let us prove that it cannot be ¥(x) >, &. Assume, by contradiction, ¢(x) >, ). Then, by
Lemma 23 i), we get ¥(z) € T' C M against M NyY(M) = @.

h) This case is trivial because, by the construction of ¢, we have &, >, ¥(x) for all x € M.
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