HARMONIC OSCILLATOR

The harmonic oscillator is the simplest
model to describe the vibrational motions of a molecule
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HARMONIC OSCILLATOR

A molecule can translate, rotate and vibrate.
How to compute the quantum dynamical states of a molecule?

(not electronic states)

We have to solve the Schrodinger equation for all the atoms of

the molecule / Coordinates of the atoms

[Tatoms(xl: Y1, ) + V(Xl, V1,21, X2,Y2, 27, )] l/) =F l/)

Imagine that the center of mass of the molecule is fixed and
that the molecule cannot rotate. With such restrictions, the

molecule can only vibrate.
For simplicity, let consider a biatomic molecule. In this case,
the potential energy depends only on the distance r between

the atoms

[Tatoms(™) + V()| () = E (1)



HARMONIC OSCILLATOR

How to compute the potential energy V (r) of two atoms?
(biatomic molecule)

1. We fix the nuclei at a distance r = r; and then we solve the
«complete» Schrodinger equation of the system. This gives the
energy of the 2 atoms at that distance, say V().

2. We put the nuclei at a slightly different distance r,,. The
Schrodinger equation of the system is solved again. This gives
the energy of the 2 atoms at the new distance, V(13).

And so on ...

3. Performing the calculation for many values of r, we build a
function V(7). In V(r) there are all energies of the system,
apart from the kinetic energies of the nuclei (they are zero in
each calculation). V(r) is to be considered the potential energy
of the atoms



HARMONIC OSCILLATOR

So, the state of the two atoms can be described by a wave-
function depending on their distance 7. This wave-function
can be obtained by solving the Schrédinger equation

[Tatoms () + V()] () = E (1)

The kinetic energy operator, T;,ms, depends on the r
coordinate. We will see this better when discussing the Born-
Oppenheimer approximation



HARMONIC OSCILLATOR

The potential energy of a harmonic oscillattor depends on
the distance between the two atoms as

1
V(xl,xz) — Ek(xz - x1 - 7‘0)2 V(T) = Ek(r _ rO)z

k is called force constant, while r, is the equilibrium distance
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CLASSICAL HARMONIC OSCILLATOR

Suppose that r(0) =1y r(t) =1, + AsinJk/ut
where u isthe
reduced mass A— --------------------
U= mym, sinat | here 1, =0
m1 + mz
[ ' K —7
| z 21T
Note: a = /k/‘u a 7

21T
Period of the oscillator: T = o= 2t/ u/k

1
Frequency of the oscillator: v = — k/u

T~ 21



QUANTUM HARMONIC OSCILLATOR

To make the treatment a bit more exciting, let consider a
biatomic molecule moving along only one direction, say x.
The molecule cannot rotate, but only translate and vibrate

To write down the Hamiltonian, we must find the classical energy
E, namely the sum of kinetic and potential energies

E

Py,  Px
=2 (e, — g — 1)
om, | 2m, 2 (x2 —x1 — 1)

Transforming the classical quantities into QM operators,
we get the Hamiltonian in the variables x; and x,
h% 04 ht 04 1

— +=k(x, —x; —1p)°
2my 0x?  2m, 0x2 2 (2 =1 = 7o)

A=-

(non in libro)



QUANTUM HARMONIC OSCILLATOR

The Hamiltonian cannot be written as sum of independent
«pseudo-Hamiltonians» because the variables are mixed in
the potential energy term. To solve the problem, it is easier to
change the variables from x; and x, to X and r, where

mqix; + myx,
B M r=X; — X

Center of mass coordinate Interatomic distance
with M =m;+m,
The potential energy is trivial. It changes as follows

1
V(xy,xp) = %k(xz — X4 — 1p)* - V(r) = ik(r —19)*

(non in libro) 0



QUANTUM HARMONIC OSCILLATOR

The problem is now to convert the partial derivatives

0 0 , 0 0
—— and — into — and
dx4 0x; 0X or

We use the chain rule for derivatives
d B 0X d N or d
dx; \dx;) 00X \oxy) or
X2 X2

0 (0X\ O . or\ 0
0x; \0xz) 090X \dxp) or
1 1

(non in libro) 11



d oX d or d
QUANTUM HARMONIC OSCILLATOR a_xf<ax1> aX+<ax1> 2

mixy + myX;

Memo o v o [(ox\ & [or) 9
r=2X, — X oxy <5_x2>x1& ' <6x2>x1 ar
(OX) _ my or
o) T M (—) = -1
1 X2 axl X,
(6X> m; ( or )
_ __ 4 or —1
6x2 1 M axz .
Applying the chain rule we get
d my 0 0 d my 0 N 0
dx; M 90X Or dx, M 9X oOr

(non in libro) 12



QUANTUM HARMONIC OSCILLATOR

mix{ +m-x
|V|emO X: 171 272 ’I‘=x2—x1

M

Actually, the square partial derivatives, reported below, appear
in the Hamiltonian:

T M2 0X2 ' 9r2 M 9Xor

0> (my 0 9\ m 0 9° _amy O’
ox? \M 9X or

0> _(my 0 0 * m§ 92 L0 2my 07
o0x2 \M 90X or) M?29X%2 0r2 M 0Xor

(non in libro) 13



QUANTUM HARMONIC OSCILLATOR

Using the previous derivatives in the Hamiltonian, we get

hs 0% h%* 9% 1

i—i:— — —k _ 2
oM 9x2 zparz T2k o)

(non in libro)
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QUANTUM HARMONIC OSCILLATOR

The potential energy is independent on time. We look for
stationary state solutions (time-independent Schr. eq.)

oy _mov 1 k(r =) = E
T 2M X% 24 or? ron) W =Ey

We can adopt the method of “separation of variables”.

Wave-function Energy
(X, 1) =FX) g() E,=E + Eyx
h* 9°F(X)

_ TRRETE = ExF(X) Schr. Eq.for a free particle

As we are interested only in

2 Q2
the intermolecular distance, h® 0°g(r) 5
we must solve the following 2‘u o012 t5 k(r —19)°g(r) = Eg(r)

equation
(nonin libro) 15



QUANTUM HARMONIC OSCILLATOR

Vibrational wave-functions

u

g(r) = e~ @(r=T0)*/2 z c,(r —1rp)" For u even
n=0,2,4,...

u

g(r) = e~ @r-10)*/2 Z cp(r —ry)" For u odd

n=1,3,5,...
2a(n —u) T Y
where Cnip = Mt DM+ D Cn o@=— H

u=01273,..

) Vibrational quantum number
2

1
Energy E = hv (— +u

25



QUANTUM HARMONIC OSCILLATOR

Are all coefficients ¢,, known? Let consider, for example, a
wave function corresponding to a even value, say u = 4. For
the sake of simplicity, we use the variable x rather than r. At
the end we can substitute back x with r

ax?

4
Y(x) = e=ax*/2 z c,x™ =e" 2 (cg+ Ccyx? + cux?h)
n=0,2,.

c, = —4a c, =——c2 # =—Co

4a?
W(x) = e~ ®x°/2 ( — 4acyx? +Tcox )

4o 4) co is found by

— —ax?/2 _ _
P(x) =coe (1 4ax® + 3~ normalization

26



QUANTUM HARMONIC OSCILLATOR

The harmonic-oscillator ground-state energy is nonzero; this
energy, hv/2, is called the zero-point energy. This would be
the vibrational energy of a harmonic oscillator at a temperature
of absolute zero. The zero-point energy can be understood
from the uncertainty principle

If the lowest state had an energy of zero, both its potential and
kinetic energies, which are nonnegative, would have to be zero.
Zero kinetic energy would mean that the momentum was
exactly zero (no uncertainty on it). Zero potential energy would
mean that the bond is fixed (no uncertainty on the position of
the atoms). But we cannot know both momentum and position
at the same time



QUANTUM HARMONIC OSCILLATOR (even and odd functions)

even function odd function

P (x) P(x),

-~

P(=x) = P(x) P(=x) = —P(x)

fjll/)(x) dx =2 foatp(x) dx f;tp(x) dx =0

even x even = even even x odd = odd odd x odd = even
28



QUANTUM HARMONIC OSCILLATOR

Find the explicit form of of the wave functions of the lowest
three levels

o = (afm)ie” 12
'»”l — (4a3/71')1/4xe_“"2/2

U, = (a/4dm)*2ax? — 1)e ¥/

29



QUANTUM HARMONIC OSCILLATOR

. Y& and [Pp)I* .,

30



QUANTUM HARMONIC OSCILLATOR (paradox)

According to the QM solution, we can find the particle at any
point on the x axis (except at the nodes). Classically, E =T +V
and the kinetic energy T cannot be negative. Hence, E — V =

T = 0andV < E. Aclassical particle is confined to the region of
space where V' < E (classically forbidden region)

In QM we have that E = (T) + (V) and (T) > 0, so (V) < E, but
we cannot write IV < E, and a particle has some probability to
be found in classically forbidden regions



QUANTUM HARMONIC OSCILLATOR

In the figure, we report the
potential energy for the vibration of
a diatomic molecule (solid curve)
and of a harmonic oscillator (dashed
curve). Also shown are the bound-
state vibrational energy levels for
the diatomic molecule. In contrast
to the harmonic oscillator, a
diatomic molecule has only a finite
number of bound vibrational levels

Potential energy
of the harm. osc.

The energy levels of a harmonic oscillator are separed by a fixed quantity: hv.
In a molecule, instead, the energy levels become closer each other with
increasing the quantum number. A molecule is an anharmonic oscillator.
However for the lowest energy levels the harmonic oscillator model is a good

approximation
32



