ANGULAR MOMENTUM of a ONE-PARTICLE SYSTEM

Why the angular momentum? It gives information about the
rotational motion of a particle around a center (electron
around the nucleus or a molecule around its own center of
mass). For atoms, the angular momentum can be obtained by
measuring the magnetic moment, which is proportional to the
angular momentum. So, if we are able to predict the angular
momentum then we can also predict the magnetic moment,
which can eventually be compared with experiments

Moreover, the solutions of the eigenvalue problems related to
the angular momentum are employed to find the
wavefunctions of the hydrogen atom



ANGULAR MOMENTUM of a ONE-PARTICLE SYSTEM

In QM, there are two kinds of angular momentum:

Orbital angular momentum results from the motion of a
particle through the space, and is the analog of the
classical-mechanical quantity L

Spin angular momentum is an intrinsic property of many
microscopic particles and has no classical-mechanical

analog (we will see later).

We are considering only the orbital angular momentum
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The aim is to find the possible outcomes of a measurement
of the angular momentum of a particle

Consider a moving particle of mass m. We set up a Cartesian
coordinate system that is fixed in space. Let r be the vector
from the origin to the instantaneous position of the particle

r=xi+yj+zKk

where x, y, and z are the particle's coordinates at a given
instant. These coordinates are functions of time. Hence, we
can define the velocity vector v, which corresponds to the
time derivative of the position vector

dr dx dy. dz _ _
= 1+—]+Ek=vx1+vy1+vzk
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The particle's linear momentum vector p is
p =mv =pyi+pyj+pk

The particle's angular momentum L with respect to the
origin is defined in classical mechanics as

L=r><m

Ly=yp,—zpy
Cartesian
components Ly =Zpy —xp,
of L

Lz:xpy_ypx
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First step. We get the QM operators for the components of
orbital angular momentum of a particle by replacing the
coordinates and momenta in the classical equations by their
corresponding operators
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ANGULAR MOMENTUM of a ONE-PARTICLE SYSTEM

Since the commutation relations determine which physical
guantities can be simultaneously measured with arbitrary
precision (Heisenberg uncertainty principle), we investigate
these relations for angular momentum

HEISENBERG 1 o
UNCERTAINTY 0405 = > f $*|4, B|W¥ dt
PRINCIPLE

If 2 operators commutate, then it is possible to measure the
corresponding physical quantities simultaneously. Otherwise
we cannot do it (only 1 quantity can be measured at a given

time

ANGULAR MOMENTUM COMMUTATION RULES

L, L,| =inl, |[L, Ly|=inl, |L, L,|=ihL,
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Since L is a vector quantity, we cannot determine how it
commutates with the single components L, L, and L,. However
|L|% is a scalar and we can do that

IL|*=L-L=1L%+L5+L;

We can transform the quantity |L|? in the QM operator
exploiting the operators related to the components L,, L, and L,

IL|> > [* =13+ L5 + L2

weobtain  [1%,L,]=0 [i21,]=0 [E2L,]=0

We can do a simultaneous measure of |L|?> and one component of it 7
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To which of the quantities L?, L, Ly, L, can we assign definite
values simultaneously? Because L? commutes with each of its
components, we can specify an exact value for L% and any one
component. However, no two components of L commute with

each other, so we cannot specify more than one component
simultaneously

[°P=bF

To find L% or one component, say L,, b b-and ¢ are the

we must find the eigenvalues of L2 R eigenvalues (results
and L, LZG — c (G  of ameasure)

It is traditional to take L, as the component of angular
momentum that will be specified along with L2. Note that

in specifying L% we are not specifying the vector L, only its
magnitude
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In order to deal with partial differential equations separable, we
carry out a transformation to spherical polar coordinates

x = rsin @ cos ¢ Osr=ow 0=f0=m O0=¢=2n
y =rsinf sin ¢

Z =71Ccosf

ré =x%+4+y*+z°

z
(x2 + y2 + z2)1/2

cos @ =

tan¢ = 24
4 X Spherical coordinates
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To transform the angular-momentum operators to spherical
coordinates, we must transform 0/0x, 0/0y, and 0/0z into
these coordinates. To perform this transformation, we use
the chain rule

o [(or\ 0 . 00 0 . 0 0
dx \ox) or \ox) 06 \ox) 0d¢
Y,z v,z Y,Z
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ar _ a0 cos 8 cos ¢ 700 sin ¢

— = sin @ cos ¢ — = — = ——

dx d0x r d0x rsinf
Y.z V,z Y.z

a .
(&) anane (%) oo (on) _ons
Y/ %2 0y Xz r dy 2 rsinf

ar B g 20 _ sin# 040 _ 0
oz) 9z) 7 oz
x’y x’y x’y
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After substitutions, we obtain

d cosBcosgp 0 sing 0

a=51n9cos¢§+ r 09_rsin86qb

_ cinfsi d _I_CosHsincp d N cosp 0
ay_sm Sm('bar r d0 rsinf dp
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Using the previous results for the partial derivatives into the
expressions of the angular momentum operators, we have

- 0 0
L, = ih(singba + cot 8 cos ¢ ¢>

- _ 0 0
L, = —in (cosgb Y — cot@sing ¢>
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We now find the common eigenfunctions of L? and L, which
we denote by Y (this is possible because the operators
commutate; we have seen a theorem about). Since these
operators involve only 8 and ¢, Y is a function of these two
coordinates: Y = Y (0, ¢). (Of course, since the operators are
linear, we can multiply Y by an arbitrary function of r and still
have an eigenfunction of L? and L,). We must solve

ZZY(H: ¢) =bY(6, ¢)
L?Y(6,¢) = cY(6,¢)

where b and c are the eigenvalues of the two operators
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We now see L, —lﬁ—¢Y(9 ,d)=bY(6,0qp)

Since the operator does not involve 8, we try a separation of
variables, writing

Y(6,¢) =5(60) T(¢)

Considering the periodic boundary condition T(¢) = T (¢ + 2m),
the solution is

Eigenfunctions T(p) = Ae'™? m=20,%1,%2,..

Eigenvalues b=mhn
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Normalization in spherical polar coordinates

If the eigenfunction is a function of x, yand z, i.e. f(x,y, z), we
know that © o o

jjjlf(x,y,z)lzdxdydz=1

—00 —0C0 —O0O

Transforming f (x, y, z) into a function of the spherical polar
coordinates, such that f(x,y,z) = F(r,0, $), the volume

element transforms into
dx dy dz = r?sin 6 dr d6 d¢

2T

T ©O
Normalization j j j |F(r, 9, ¢)|2 r2sin O dr d@ dqb —1
becomes ;)
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If F (7,0, ¢) happens to have the form

F(r,0,¢) = R(r) S(0) T(¢)

0 2TC T
we get jIR(r)l2 rzdrj |T(qb)|2dqbf|5(9)|2 sinf do =1
0 0 0
It is convenient to normalize each factor of F (7, 0, ¢) separately:

0 21T 1T
flR(T')lz ridr = 1 f |T(¢)|2d¢ —1 flS(Q)lz singdo = 1
0 0 3
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The normalized eigenfunctions of L, are

1 .
Tn(9) = =€ m=0+142,..

Eigenvalues b=mh
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ANGULAR MOMENTUM of a ONE-PARTICLE SYSTEM
(2= _p2 az+ t96+ L o
B 362 " °"7 30 " sin2 6 9¢?
[?Y(6,¢) = cY(6,9)

VMO N y0,6) = S0) T, ()
T, ( )_Leimcb
=7

The above info can be collected in the following equation

h? az+ 64— > S(0) L oim ) = S(0) L imo
962" °'7 36 T sin2 0 92 N2 RN
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which leads to ...

d*S ds m? c
22 footo = - _g-_Z5
do? LY 40 sin2o %
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I—|m|

S, () =sin™ g Z a; cos’ 6
Associated Legendre m (6) j=135 J

functions j=0,2,4,...

[=0,1,2,3, ..
Quantum numbers

The solution for S(0) is

m=-[,—-l+1,..,0,...,1 —1,1

where the sum is over even or odd values of j, depending on
whether | — [m| is even or odd. The coefficients a; satisfy
the recursion relation

G+ ImDG+Im|+ 1) =11+ 1)
EACE G+D( +2) Y

Eigenvalues c=1(l+1)Ah?
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ANGULAR MOMENTUM of a ONE-PARTICLE SYSTEM (summary)

Eigenfunctions of L? and L, are spherical harmonics
L,Y™(0,¢) = mhY™(6,¢) [=0,1,23,..
L2Y™(6,¢) = I(1 + DA* Y™(6, ¢)

Y0, ¢) = Sim(6) T ()

l—|m|
' — cinlml , j
T(®) = ——eimb  Sin(0) =sin™6 > a;cos) 0
Vam j=13.5,..
j=0,2,4,...

G+ImDG+Im|l+1D) -1+ 1)
G+1D(+2) 4

Recursion relation Ajyy =
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Since we cannot specify L, and L,, the vector L can lie
anywhere on the surface of a cone whose axis is the z axis

The magnitude of the orbital angular |L| = [l + 1))V
momentum of a particle is
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The possible orientations of L with respect to the z axis for the
case [ = 1 are shown in the figure. For each eigenvalue of L?,
there are 21 + 1 different eigenfunctions Y, corresponding to
the 21 + 1 values of m. We say that the L? eigenvalues are

(21 + 1)-fold degenerate
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